BULLETIN OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE
ISSN (p) 2303-4874, ISSN (o) 2303-4955

www.imvibl.org /JOURNALS / BULLETIN

Vol. 9(2019), 591-598

DOI: 10.7251/BIMVI1903591K

Former
BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA
ISSN 0354-5792 (o), ISSN 1986-521X (p)

PERIPHERAL WIENER INDEX
OF GRAPH OPERATIONS

Afework Kahsay and Kishori Narayankar

ABSTRACT. Peripheral Wiener index of a graph is the sum of the distance of
the peripheral vertices of a graph. In this paper the peripheral Wiener index
of graph operations is investigated.

1. Introduction

Throughout this paper we consider only simple connected graphs. For a graph
G, the sets V(G) and E(G) denote the vertex set and the edge set, respectively.
The distance between two vertices of a graph G is denoted by dg(u,v) (or simply
d(u,v), if there is no ambiguity), which is defined as the length of a shortest path
between vertex u and vertex v in G.

A graph invariant is a real number related to a graph G which is invariant
under graph isomorphism. In chemistry, graph invariants are known as topological
indices. Topological indices have many applications as tools for modelling chemical
and other properties of molecules [6, 4, 12]. The Wiener index is one of the
first and most studied topological indices, both from theoretical point of view and
applications in chemistry. The Wiener index of a graph G, denoted by W (G), was
introduced in 1947 by chemist Harold Wiener [14] as the sum of distances between

all vertices of G:
WG =Y dunv).
{uv}CV(G)
The peripheral Wiener index is also defined in [11] as the sum of the distances of
unordered pair of peripheral vertices of a graph. That is

PW(G) = > duv)
{u,v}CPV(G)
where, PV (QG) is the set of peripheral vertices of graph G.
2010 Mathematics Subject Classification. 05C12, 05C76.
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Computing topological indices of graph operations has been the object of some
papers. For instance, Yeh and Gutman in [13] computed the Wiener index in the
case of graphs that are obtained by means of certain binary operations (such as
product, join, and composition) on pairs of graphs. In this paper the peripheral
Wiener index of some graph operations is investigated. Throughout this paper our
notations are taken mainly from [2, 3].

The Cartesian product GOH of graphs G and H has the vertex set V(GOH) =
V(G) x V(H) and (a,z)(b,y) is an edge of GOH if a = b and 2y € E(H), or
ab € E(G) and z =y [7].

Cartesian product of graphs has interesting properties.

ProPOSITION 1.1 ([9]). The Cartesian product of two graphs is connected if
and only if both factors are connected.

Another property of Cartesian product is:

COROLLARY 1.1 ([9]). Let (u,v) and (z,y) be arbitrary vertices of the Cartesian
product GOH. Then
(11) dggH((U,U),($7y)) = dG’(uw/L') +dH(Uay)

Moreover, if Q is the shortest path between (u,v) and (xz,y), then the projection
p1Q is a shortest path in G from u to x and the projection p2Q is a shortest path
in H from v toy.

By restricting the distance of vertices to the diameters of each factor graphs,
and number of peripheral vertices in each vertices sets in equation (1.1) of Corollary
1.1, we have the following corollary.

COROLLARY 1.2. If diameters of G and H are di and ds, respectively, then the
diameter diam(GOH) = dy + da. Moreover, If G and H has peripheral vertices of
k1 and ko, respectively, then GLOH has k1 X ko number of peripheral vertices.

Another graph operation is the join of two graphs. The join G; + G2 of two
graphs G; and G5 is a graph formed by a vertex set V(G1 4+ G2) = V(G1) UV (G2)
and edge set E(Gl + GQ) = E(Gl) U E(Gg) U {U1U2|U1 S V(Gl),U,Q S V(Gg)} [8]

LEMMA 1.1.

V(G + Go)| = [V(G1)| + [V(G2)|.
|E(G1 + Go)| = |[E(G1)| + |[E(G2)| + [V(G1)| x [V(G2)].

Another well-known graph operation is the composition of two graphs. In [7]
the composition G1[Gs] of graphs G; and Gs is defined as V(G1[G2]) = V(Gy) x
V(G2) and two vertices u = (u1, us2), v = (v1,v2) of G1|G2] are adjacent whenever
[’U,l = vy and ugvy € E(GQ)] or [Ul’Ul € E(Gl)]

LEMMA 1.2.

[V(G1[Ga))| = [V(G1)| x [V(G2)].
|E(G1[Ga])| = [V(G1)IIE(G2)| + [V (G2)|*| E(GY)].
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In [7], the strong product G X H of G and H is defined as follows:
V(GR H)=V(G) x V(H).
E(GRH) ={(u,v)(z,y)lu=2, xy<c E(H), or ux € E(G), v=y,
or ux € E(G), vye€ E(H)}.

ProposiTION 1.2 ([7]). If (g,h) and (¢',Rh') are vertices of a strong product
G X H, then

(1'2) dGIZH((g7 h)7 (9/7 h/)) = max{dg(g, g/)7 dH(h7 h/)}

CoRrOLLARY 1.3 ([7]). (Distance Formula) If G = G1 R G W --- K Gy, and
z,y € V(G), then

do(@.y) = max {de (pi(2). p: (1))

where, p; is the it" projection.

COROLLARY 1.4 ([7]). A strong product of graphs is connected if and only if
every one of its factors is connected.

Corona product of graphs is also one of the well-studied graph operations. The
corona (G1 o Gy of graphs G; and G5 is obtained by taking one copy of G; and
|V (G1)| copies of Go, and by joining each vertex of the i* copy of G5 to the it"
vertex of G1,i=1,2,...,|V(G1)] [5].

2. Main results

THEOREM 2.1. Let G and Gs, be graphs with radius r1 > 2, and ro > 2,
respectively. Then

PW(Gl + Gg) = 2(7;1) —mq + 2(7;2) — Mo + ning

where, n; are number of peripheral vertices and m; are number of edges of G;, i =
1,2, respectively.

PrROOF. Note that, since r; > 2, i = 1,2 and the diameter of G + G5 is 2, the
graph is a self-centered graph. Consequently, the peripheral vertex set of G; + G2
consists of all the vertices V(G1) U V(G2) and the peripheral Wiener index is the
same as Wiener index of G1 + G5. Therefore, by Theorem 2 of [13], the assertion
holds. U

THEOREM 2.2. Let G1 be a graph with k1 number of peripheral vertices. For any
graph Gy of order ng and size ma, the peripheral Wiener index of the composition

Gl[GQ] s
PROOF. Let GG be a graph of order ni, with k; peripheral vertices. Let G2 be

any graph of order ny and size msy. Observe that the composition G;[G3] can be
obtained by taking n; copies of Gy and by joining all the vertices of the i*" and the
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jth copy of G if and only if the i*” and the j** vertices of G are adjacent. Hence
the vertices in each copy of Gy of G1[G2] are either adjacent (if they were adjacent
in G3) or are at a distance two (if they were non-adjacent in G3). Moreover,
the number of peripheral vertices of G1[G3] is kina. A pair of vertices of G1[G3]
belonging to different copies of G2 has the same distance as the corresponding two
vertices of Gy. That is, the diameter of G1[Gs] is equal to the diameter of Gj.
Next we calculate the sum of the distances between all pairs of peripheral vertices
by considering the following two cases: Case 1, within one copy of G5 and case 2,
within different copies of Gs.
Case 1: If u, v are peripheral vertices within one copy of G, then

ZdGI[GQ](u,v) =2 K?) — mg} +mo = 2(”22) — ms.

Since we have k1 number of copies of G2 in the peripheral vertex set of G1[Gz], this
sum should be multiplied k; times.
Case 2: If u, v are taken from different copies of G5 in the peripheral vertices

set of G1[G4],
Z d(u,v) = n3 Z de, (u,v)
GI[GQ] {u,v}EPV(Gl)
= n2PW(G1).
Thus,
n
PW (Gl[GQ]) = Z dGl[G2](u, ’U) = n%PW(GH) + k1 [2( 22) — m2:| .

{u,v}CPV(G1][G2])
O

THEOREM 2.3. The peripheral Wiener index of strong product GRH of graphs
G and H is
PW(GXH) =n3PW(G) + kyW(H)
where, ny and ny are the orders of G and H, respectively.

PrOOF. Let G and H be two graphs with k1 and ko peripheral vertices, re-
spectively. Without loss of generality, assume diam(G) > diam(H). By definition
of X, the peripheral vertices of GX H is k1 X ko. By equation (1.2), the diameter of
GXH is maz{diam(G), diam(H)}. Thus, if we denote u = (u;, u;) and v = (v, vy)
arbitrary vertices from peripheral vertex set of GX H, by simple counting, we have

PW(GRH) = > domu(u,v)
{u.v}CPV(GXRH)

= nj > do(ui,ve) + k1 Y du(ug,v,)
{uz,vk}gPV(G) (uj,v,,.)GV(H)
=n3PW(G) + k,W (H).
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THEOREM 2.4. Let the diameter of a graph G1, diam(G1) = D > 2. Let Gy
has k1 number of peripheral vertices and the order and size of G are ny and ms,
respectively. The peripheral Wiener index of the corona product of G1 o Ga is given

by
PW(G1 o Gg) = k‘1 |:2 (T;Q) - m2:| + (D + 2)]617’12.

PROOF. Let G; be a graph of order n;, and diam(G1) = D > 2. Since the
corona product G1 o Gy is obtained by taking one copy of G; and n; copies of Gs
and joining the i*" vertex of G to each vertex of the i*" copy of Ga, the vertices
in each copy of Gy in G1 o G4 are either adjacent (if they were adjacent in G3)
or are at a distance two (if they were non-adjacent in Gs). Moreover the number
of peripheral vertices in G1 o Go = k1 X ny. The diameter of Gy o Go = D + 2.
Considering the two cases similar to the proof of Theorem 2.2, we arrive at:

n
PW(Gl @) GQ) = kl |:m2 +2 |:< 22> — m2:|:| + (D + 2)k1n2.
O

The peripheral Wiener index of Cartesian product of G and H is calculated in
[11]. Here we give an alternative proof.

THEOREM 2.5. The peripheral Wiener index of the Cartesian product GLH of
two graphs G and H is

PW(GOH) = k3PW(G) + k3PW (H),
where, k1 and ko are the orders of PV(G) and PV (H), respectively.
PrOOF. Let Vi C V(G) and Vo, C V(H). Then for V =V x V4, it follows that
d(V,V) = d(Vi x Va, Vi x V&)

= > ) d((ur,uz), (v1,02))

(u1,u2) (v1,v2)

= Z Z (d(u1,v1) + d(uz,v2)) by Corollary 1.1
(u1,uz2) (v1,v2)
= VBl Y > d(ur,vn) + VAP DD d(us, vo)
up U1 uz2 U2

= [Va[*d(V1, V1) + Vi [*d(V2, V2).
By letting V = Vy x Vo = PV(G) x PV (H), we obtain the result of the theorem. [

G. Indulala and R. Balakrishnan defined the Indu-Bala product G;V¥Gs of
graphs G; and G5 in [10] as a graph obtained from two disjoint copies of the join
G1 + G5 of Gy and G by joining the corresponding vertices in the two copies of
G5. Observe that:

(1) [V(G1VGo)| =
(2) |E(G1VGo)| =
[E(Gi)l, i=1

2(n1 + ng), where n; = V(G;), i=1,2.
2(my + ma + ning) + ng, where, n; = |V(G;)|, m; =
2
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THEOREM 2.6. Let Gy be a graph of order nqy and size my. Then for any graph
Gs; the peripheral Wiener index of the Indu-Bala product G1VGy of G1 and Gy is

PW(G1¥G3) = 3n2 +2ny(ny — 1) — 2my.

PROOF. Since G1¥G5 can be obtained from two disjoint copies of the join
G1 + G5 of G and G4 by joining the corrosponding vertices in the two copies of
G5, the maximum distance of vertices occurs between vertices of different copies
of GG1. Moreover, the maximum distance is 3. The set of the peripheral vertices of
(G1 VG4 contains only the vertices of the two copies of V(G1). Hence, if we denote
the peripheral vertex set of G1¥Gy by PV(G1¥Gs) = Vi(G1) U Va(Gy), where
V1(G1) and V2(Gy) are the two copies of V(G1), then

PW(G1VGy) = > d(u,v)
{’U.,’U}QPV(Gl 'Gg)

= Z d(u27v1)+ Z d(u17UJ)7Z7éj7 7’7j:172

{ui,0:}CV;(G1) {ui,v;}CV;3(G1)UV;(G)

G ]
=2ny(ny — 1) — 2my + 3n?.
]

A. Arivalagan and et al [1] defined two graph operations . The first one is
defined as follows:

Let G be a graph. If we put two similar graphs G side by side, and any vertex of
the first graph G is connected by edges with those vertices which are adjacent to the
corresponding vertex of the second graph G and the resultant graph is denoted by
Kye@G, then we have V(Kz0G) = 2V (G) and E(K2eG) = 4E(G). This means that
K5 e G is the graph of Ky and G with the vertex set V(K3 e G) = V(K3) x V(G)
and (u;,vj)(ug,v,) is an edge of K, ¢ G whenever u; = uj, and vjv, € E(G) or
u; # u and vv, € E(G).

The second graph operation is defined as a graph formed by putting two copies
of graph G side by side, and any vertex of the first copy of G is connected by edges
with those vertices which are nonadjacent to the corresponding vertex (including
the corresponding vertex itself) of the second copy of G and the resultant graph is
denoted by Ky%G, then we have |V (KoxG)| = 2|V (G)| and |E(K2xG)| = |V (G) 2.
Moreover, Ko *x G is the graph of Ky and G with the vertex set V(Ky x G) =
V(K2) x V(G) and (u;,vj)(ug,v,) is an edge of K9 » G whenever u; = u; and
vjur € E(G) or u; # uy and vjv, € E(G).

By simple calculation, we have the following two results.

THEOREM 2.7. Let G be a graph with ki peripheral vertices and diameter,
D > 3. Then,

PW(K; e G) = 4PW(G) + 2k,
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THEOREM 2.8. Let G be a graph of order n and size m. Then
PW (K% G) = 3n* — 2n 4+ m.
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