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PERIPHERAL WIENER INDEX

OF GRAPH OPERATIONS

Afework Kahsay and Kishori Narayankar

Abstract. Peripheral Wiener index of a graph is the sum of the distance of
the peripheral vertices of a graph. In this paper the peripheral Wiener index

of graph operations is investigated.

1. Introduction

Throughout this paper we consider only simple connected graphs. For a graph
G, the sets V (G) and E(G) denote the vertex set and the edge set, respectively.
The distance between two vertices of a graph G is denoted by dG(u, v) (or simply
d(u, v), if there is no ambiguity), which is defined as the length of a shortest path
between vertex u and vertex v in G.

A graph invariant is a real number related to a graph G which is invariant
under graph isomorphism. In chemistry, graph invariants are known as topological
indices. Topological indices have many applications as tools for modelling chemical
and other properties of molecules [6, 4, 12]. The Wiener index is one of the
first and most studied topological indices, both from theoretical point of view and
applications in chemistry. The Wiener index of a graph G, denoted by W (G), was
introduced in 1947 by chemist Harold Wiener [14] as the sum of distances between
all vertices of G:

W (G) =
∑

{u,v}⊆V (G)

d(u, v).

The peripheral Wiener index is also defined in [11] as the sum of the distances of
unordered pair of peripheral vertices of a graph. That is

PW (G) =
∑

{u,v}⊆PV (G)

d(u, v)

where, PV (G) is the set of peripheral vertices of graph G.
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Computing topological indices of graph operations has been the object of some
papers. For instance, Yeh and Gutman in [13] computed the Wiener index in the
case of graphs that are obtained by means of certain binary operations (such as
product, join, and composition) on pairs of graphs. In this paper the peripheral
Wiener index of some graph operations is investigated. Throughout this paper our
notations are taken mainly from [2, 3].

The Cartesian product G�H of graphs G and H has the vertex set V (G�H) =
V (G) × V (H) and (a, x)(b, y) is an edge of G�H if a = b and xy ∈ E(H), or
ab ∈ E(G) and x = y [7].

Cartesian product of graphs has interesting properties.

Proposition 1.1 ([9]). The Cartesian product of two graphs is connected if
and only if both factors are connected.

Another property of Cartesian product is:

Corollary 1.1 ([9]). Let (u, v) and (x, y) be arbitrary vertices of the Cartesian
product G�H. Then

(1.1) dG�H((u, v), (x, y)) = dG(u, x) + dH(v, y).

Moreover, if Q is the shortest path between (u, v) and (x, y), then the projection
p1Q is a shortest path in G from u to x and the projection p2Q is a shortest path
in H from v to y.

By restricting the distance of vertices to the diameters of each factor graphs,
and number of peripheral vertices in each vertices sets in equation (1.1) of Corollary
1.1, we have the following corollary.

Corollary 1.2. If diameters of G and H are d1 and d2, respectively, then the
diameter diam(G�H) = d1 + d2. Moreover, If G and H has peripheral vertices of
k1 and k2, respectively, then G�H has k1 × k2 number of peripheral vertices.

Another graph operation is the join of two graphs. The join G1 + G2 of two
graphs G1 and G2 is a graph formed by a vertex set V (G1 +G2) = V (G1)∪V (G2)
and edge set E(G1 +G2) = E(G1) ∪ E(G2) ∪ {u1u2|u1 ∈ V (G1), u2 ∈ V (G2)} [8].

Lemma 1.1.

|V (G1 +G2)| = |V (G1)|+ |V (G2)|.
|E(G1 +G2)| = |E(G1)|+ |E(G2)|+ |V (G1)| × |V (G2)|.

Another well-known graph operation is the composition of two graphs. In [7]
the composition G1[G2] of graphs G1 and G2 is defined as V (G1[G2]) = V (G1) ×
V (G2) and two vertices u = (u1, u2), v = (v1, v2) of G1[G2] are adjacent whenever
[u1 = v1 and u2v2 ∈ E(G2)] or [u1v1 ∈ E(G1)].

Lemma 1.2.

|V (G1[G2])| = |V (G1)| × |V (G2)|.
|E(G1[G2])| = |V (G1)||E(G2)|+ |V (G2)|2|E(G1)|.
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In [7], the strong product G�H of G and H is defined as follows:

V (G�H) =V (G)× V (H).

E(G�H) ={(u, v)(x, y)|u = x, xy ∈ E(H), or ux ∈ E(G), v = y,

or ux ∈ E(G), vy ∈ E(H)}.

Proposition 1.2 ([7]). If (g, h) and (g′, h′) are vertices of a strong product
G�H, then

(1.2) dG�H((g, h), (g′, h′)) = max{dG(g, g′), dH(h, h′)}.

Corollary 1.3 ([7]). (Distance Formula) If G = G1 � G2 � · · · � Gk and
x, y ∈ V (G), then

dG(x, y) = max
16i6k

{dGi(pi(x), pi(y))}

where, pi is the ith projection.

Corollary 1.4 ([7]). A strong product of graphs is connected if and only if
every one of its factors is connected.

Corona product of graphs is also one of the well-studied graph operations. The
corona G1 ◦ G2 of graphs G1 and G2 is obtained by taking one copy of G1 and
|V (G1)| copies of G2, and by joining each vertex of the ith copy of G2 to the ith

vertex of G1, i = 1, 2, . . . , |V (G1)| [5].

2. Main results

Theorem 2.1. Let G1 and G2, be graphs with radius r1 > 2, and r2 > 2,
respectively. Then

PW (G1 +G2) = 2

(
n1

2

)
−m1 + 2

(
n2

2

)
−m2 + n1n2

where, ni are number of peripheral vertices and mi are number of edges of Gi, i =
1, 2, respectively.

Proof. Note that, since ri > 2, i = 1, 2 and the diameter of G1+G2 is 2, the
graph is a self-centered graph. Consequently, the peripheral vertex set of G1 +G2

consists of all the vertices V (G1) ∪ V (G2) and the peripheral Wiener index is the
same as Wiener index of G1 +G2. Therefore, by Theorem 2 of [13], the assertion
holds. �

Theorem 2.2. Let G1 be a graph with k1 number of peripheral vertices. For any
graph G2 of order n2 and size m2, the peripheral Wiener index of the composition
G1[G2] is

PW (G1[G2]) = n2
2PW (G1) + k1

[
2

(
n2

2

)
−m2

]
.

Proof. Let G1 be a graph of order n1, with k1 peripheral vertices. Let G2 be
any graph of order n2 and size m2. Observe that the composition G1[G2] can be
obtained by taking n1 copies of G2 and by joining all the vertices of the ith and the
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jth copy of G2 if and only if the ith and the jth vertices of G1 are adjacent. Hence
the vertices in each copy of G2 of G1[G2] are either adjacent (if they were adjacent
in G2) or are at a distance two (if they were non-adjacent in G2). Moreover,
the number of peripheral vertices of G1[G2] is k1n2. A pair of vertices of G1[G2]
belonging to different copies of G2 has the same distance as the corresponding two
vertices of G1. That is, the diameter of G1[G2] is equal to the diameter of G1.
Next we calculate the sum of the distances between all pairs of peripheral vertices
by considering the following two cases: Case 1, within one copy of G2 and case 2,
within different copies of G2.

Case 1: If u, v are peripheral vertices within one copy of G2, then∑
dG1[G2](u, v) = 2

[(
n2

2

)
−m2

]
+m2 = 2

(
n2

2

)
−m2.

Since we have k1 number of copies of G2 in the peripheral vertex set of G1[G2], this
sum should be multiplied k1 times.

Case 2: If u, v are taken from different copies of G2 in the peripheral vertices
set of G1[G2], ∑

G1[G2]

d(u, v) = n2
2

∑
{u,v}∈PV (G1)

dG1(u, v)

= n2
2PW (G1).

Thus,

PW (G1[G2]) =
∑

{u,v}⊆PV (G1[G2])

dG1[G2](u, v) = n2
2PW (G1) + k1

[
2

(
n2

2

)
−m2

]
.

�

Theorem 2.3. The peripheral Wiener index of strong product G�H of graphs
G and H is

PW (G�H) = n2
2PW (G) + k1W (H)

where, n1 and n2 are the orders of G and H, respectively.

Proof. Let G and H be two graphs with k1 and k2 peripheral vertices, re-
spectively. Without loss of generality, assume diam(G) > diam(H). By definition
of �, the peripheral vertices of G�H is k1×k2. By equation (1.2), the diameter of
G�H is max{diam(G), diam(H)}. Thus, if we denote u = (ui, uj) and v = (vk, vr)
arbitrary vertices from peripheral vertex set of G�H, by simple counting, we have

PW (G�H) =
∑

{u.v}⊆PV (G�H)

dG�H(u, v)

= n2
2

∑
{ui,vk}⊆PV (G)

dG(ui, vk) + k1
∑

(uj ,vr)∈V (H)

dH(uj , vr)

= n2
2PW (G) + k1W (H).

�
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Theorem 2.4. Let the diameter of a graph G1, diam(G1) = D > 2. Let G1

has k1 number of peripheral vertices and the order and size of G2 are n2 and m2,
respectively. The peripheral Wiener index of the corona product of G1 ◦G2 is given
by

PW (G1 ◦G2) = k1

[
2

(
n2

2

)
−m2

]
+ (D + 2)k1n2.

Proof. Let G1 be a graph of order n1, and diam(G1) = D > 2. Since the
corona product G1 ◦G2 is obtained by taking one copy of G1 and n1 copies of G2

and joining the ith vertex of G1 to each vertex of the ith copy of G2, the vertices
in each copy of G2 in G1 ◦ G2 are either adjacent (if they were adjacent in G2)
or are at a distance two (if they were non-adjacent in G2). Moreover the number
of peripheral vertices in G1 ◦ G2 = k1 × n2. The diameter of G1 ◦ G2 = D + 2.
Considering the two cases similar to the proof of Theorem 2.2, we arrive at:

PW (G1 ◦G2) = k1

[
m2 + 2

[(
n2

2

)
−m2

]]
+ (D + 2)k1n2.

�
The peripheral Wiener index of Cartesian product of G and H is calculated in

[11]. Here we give an alternative proof.

Theorem 2.5. The peripheral Wiener index of the Cartesian product G�H of
two graphs G and H is

PW (G�H) = k22PW (G) + k21PW (H),

where, k1 and k2 are the orders of PV (G) and PV (H), respectively.

Proof. Let V1 ⊆ V (G) and V2 ⊆ V (H). Then for V = V1×V2, it follows that

d(V, V ) = d(V1 × V2, V1 × V2)

=
∑

(u1,u2)

∑
(v1,v2)

d((u1, u2), (v1, v2))

=
∑

(u1,u2)

∑
(v1,v2)

(d(u1, v1) + d(u2, v2)) by Corollary 1.1

= |V2|2
∑
u1

∑
v1

d(u1, v1) + |V1|2
∑
u2

∑
v2

d(u2, v2)

= |V2|2d(V1, V1) + |V1|2d(V2, V2).

By letting V = V1×V2 = PV (G)×PV (H), we obtain the result of the theorem. �
G. Indulala and R. Balakrishnan defined the Indu-Bala product G1HG2 of

graphs G1 and G2 in [10] as a graph obtained from two disjoint copies of the join
G1 + G2 of G1 and G2 by joining the corresponding vertices in the two copies of
G2. Observe that:

(1) |V (G1HG2)| = 2(n1 + n2), where ni = V (Gi), i = 1, 2.
(2) |E(G1HG2)| = 2(m1 + m2 + n1n2) + n2, where, ni = |V (Gi)|, mi =

|E(Gi)|, i = 1, 2.



596 AFEWORK KAHSAY AND KISHORI NARAYANKAR

Theorem 2.6. Let G1 be a graph of order n1 and size m1. Then for any graph
G2; the peripheral Wiener index of the Indu-Bala product G1HG2 of G1 and G2 is

PW (G1HG2) = 3n2
1 + 2n1(n1 − 1)− 2m1.

Proof. Since G1HG2 can be obtained from two disjoint copies of the join
G1 + G2 of G1 and G2 by joining the corrosponding vertices in the two copies of
G2, the maximum distance of vertices occurs between vertices of different copies
of G1. Moreover, the maximum distance is 3. The set of the peripheral vertices of
G1HG2 contains only the vertices of the two copies of V (G1). Hence, if we denote
the peripheral vertex set of G1HG2 by PV (G1HG2) = V1(G1) ∪ V2(G1), where
V1(G1) and V2(G1) are the two copies of V (G1), then

PW (G1HG2) =
∑

{u,v}⊆PV (G1HG2)

d(u, v)

=
∑

{ui,vi}⊆Vi(G1)

d(ui, vi) +
∑

{ui,vj}⊆Vi(G1)∪Vj(G1)

d(ui, vj), i ̸= j, i, j = 1, 2

=

(
2

[(
n1

2

)
−m1

]
+m1

)
2 + 3n2

1

= 2n1(n1 − 1)− 2m1 + 3n2
1.

�

A. Arivalagan and et al [1] defined two graph operations . The first one is
defined as follows:

Let G be a graph. If we put two similar graphs G side by side, and any vertex of
the first graph G is connected by edges with those vertices which are adjacent to the
corresponding vertex of the second graph G and the resultant graph is denoted by
K2•G, then we have V (K2•G) = 2V (G) and E(K2•G) = 4E(G). This means that
K2 •G is the graph of K2 and G with the vertex set V (K2 •G) = V (K2)× V (G)
and (ui, vj)(uk, vr) is an edge of K2 • G whenever ui = uk and vjvr ∈ E(G) or
ui ̸= uk and vjvr ∈ E(G).

The second graph operation is defined as a graph formed by putting two copies
of graph G side by side, and any vertex of the first copy of G is connected by edges
with those vertices which are nonadjacent to the corresponding vertex (including
the corresponding vertex itself) of the second copy of G and the resultant graph is
denoted by K2⋆G, then we have |V (K2⋆G)| = 2|V (G)| and |E(K2⋆G)| = |V (G)|2.
Moreover, K2 ⋆ G is the graph of K2 and G with the vertex set V (K2 ⋆ G) =
V (K2) × V (G) and (ui, vj)(uk, vr) is an edge of K2 ⋆ G whenever ui = uk and
vjvr ∈ E(G) or ui ̸= uk and vjvr ∈ E(G).

By simple calculation, we have the following two results.

Theorem 2.7. Let G be a graph with k1 peripheral vertices and diameter,
D > 3. Then,

PW (K2 •G) = 4PW (G) + 2k1
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Theorem 2.8. Let G be a graph of order n and size m. Then

PW (K2 ⋆ G) = 3n2 − 2n+m.
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