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CIRIC TYPE FUZZY SOFT CONTRACTIVE MAPPING
IN FUZZY SOFT METRIC SPACES

A. F. Sayed, Jamshaid Ahmad and Aftab Hussain

ABSTRACT. This paper is view to introduce the notion of fuzzy soft metric
space with some of its important properties. In this way we introduce and
investigate Ciric type fuzzy soft contractive mappings to establish fixed point
theorem of the mapping in the context of fuzzy soft metric spaces.

1. Introduction

In daily life, the problems in many fields concern with uncertain data and
are not successfully modelled in classical mathematics. There are two types of
mathematical tools to deal with uncertainties namely fuzzy set theory introduced
by Zadeh [16] and the theory of soft sets initiated by Molodstov [12] which helps to
solve problems in all areas. Maji et al. ([10], [9]) introduced several operations in
soft sets, also Ahmad and Kharal [1] have coined fuzzy soft sets. Recently Beaula
et al. [3] introduced the notion of fuzzy soft metric space as a genearlization of soft
metric space.

The concept of fuzzy soft topology firstly introduced by Tanay and Kandemir
[14]. They defined the concept of fuzzy soft topology as a topology over the given
fuzzy soft set fa. So a fuzzy soft topology in the sense of Tanay and Kandemir
[14] is the collection 7 of fuzzy soft subsets of f4 closed under arbitrary supremum
and finite infimum. Tt also contains ¢ and E. But Roy and Samanta [13] redefined
the concept of fuzzy soft topology. The most significant reason for such a change
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is to make sure that the DeMorgan Laws hold in the new definition of fuzzy soft
topology. Here we recall the definition of fuzzy soft topology as introduced in [13].

In this paper, we examine some important properties of fuzzy soft metric spaces
and prove some fixed point theorems of fuzzy soft contractive mappings. In this
way, we generalize some fixed point results of soft metric spaces.

2. Preliminaries

Here, in this section we present some basic definitions of fuzzy soft set and
fuzzy soft metric space.
Throughout our discussion, X refers to an initial universe, £ the set of all param-
eters for X and P(X) denotes the power set of X.

DEFINITION 2.1. ([16]) A fuzzy set A in a non-empty set X is characterized
by a membership function pa : X — [0,1] = I whose value p4(z) represents the
”degree of membership” of x in A for x € X. Let IX denotes the family of all fuzzy
sets on X.

A member A in IX is contained in a member B of IX denoted A < B if and
only if pa(z) < up(x) for every x € X (see, [16]).

Let A, B € I, we have the following fuzzy sets (see, [16]).
(1) A= B if and only if pa(x) = pup(z) for all z € X. (Equality),
(2) C=AAB € IX by uc(z) = min{ua(z), up(z)} for all z € X. (Intersc-
tion),
(3) D= AV B € I* by pc(r) = mar{pa(x),up(z)} for all x € X.(Union),
(4) E=A° € I* by up(z) =1 — pa(z) for all z € X. (Complement).

DEFINITION 2.2. ([16]) An empty fuzzy set denoted by 0 is a function which
maps each 2 € X to 0. That is, 0(z) = 0 for all x € X. A universal fuzzy set
denoted by 1 is a function which maps each x € X to 1. That is, 1(z) = 1 for all
z € X.

DEFINITION 2.3. ([12]) Let A C E. A pair (F, A) is called a soft set over X if
F is a mapping F : A — P(X).

In other words, a soft set over X is a parameterized family of subsets of the
universe X. For € € A, F(e) may be considered as the set of e-approximate elements
of the soft set (F, A), or as the set of e-approximate elements of the soft set.

DEFINITION 2.4. ([9]) A pair (f, A), denoted by fa, is called a fuzzy soft set
over X, where f is a mapping given by f : A — IX defined by fa(e) = 1§, where

. 0, ife ¢ A;
'qu{

otherwise, if e € A.

(X, E) denotes the class of all fuzzy soft sets over (X, F) and is called a fuzzy
soft universe (see, [10]).

DEFINITION 2.5. ([11]) A fuzzy soft set F4 over X is said to be:
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(a) NULL fuzzy soft set, denoted by ¢, if for all e € A, fa(e) = 0.
(b) absolute fuzzy soft set, denoted by F, if for all e € A, fa(e)

=1
DEFINITION 2.6. ([13]) The complement of a fuzzy soft set (f, A), denoted
by (f,A)¢, is defined by (f, A)¢ = (f°,A),fq : E — IY is a mapping given by
1o = I- 1§ ,. where I(x) = 1for allz € X. Clearly (f$)° = fa.

DEFINITION 2.7. ([13]) Let fa,9p€(X, E). fa is fuzzy soft subset of gp, de-
noted by faCgpg, if A C B and K, < ungor alle € A, i.e. o (z) < Ko (z)for
allr € X and forall e € A.

DEFINITION 2.8. ([13]) Let fa,g5€(X, E). The union of f4 and gp is also a
fuzzy soft set hc, where C'= AU B and for all e € C,hc(e) = pj, = pu§, V ug,-
Here we write ho = faUgs.

—_~—

DEFINITION 2.9. ([13]) Let fa,gp€(X, E). The intersection of f4 and gp is
also a fuzzy soft set dc, where C' = ANB and for all e € C,dc(e) = pg, = pu§, Apg,,-
Here we write dc = faNgs.

—_~—

DEFINITION 2.10. ([8]) The fuzzy soft set fa€(X, E) is called fuzzy soft point
if there exist z € X and e € F such that u,(z) = a(0 < a < 1) and p$,(y) =0
for each y € X — {z}, and this fuzzy soft point is denoted by z¢ or f,.

DEFINITION 2.11. ([8]) The fuzzy soft point xt, is said to be belonging to the
fuzzy soft set (g, A), denoted by z(,€(g, A), if for the element e € A, a < p§ , (2).

DEFINITION 2.12. ([3]) Let fa be fuzzy soft set over X. The two fuzzy soft
points fe,, fe, € fa are said to be equal if uy, (x) = py,, (z) for all z € X. Thus

fer # fe, if and only py, () # py,, (z) for all x € X.

PROPOSITION 2.1 ([3]). The union of any collection of fuzzy soft points can be
considered as a fuzzy soft set and every fuzzy soft set can be expressed as the union
of all fuzzy soft points.

fa={0s ¢4, fc:e€ E}

PROPOSITION 2.2 ([3]). Let fa, [ be two fuzzy soft sets then faCfp if and
only if fe€fa implies fe€fp and hence fa = fg if and only if fe€fa and only if
feéfB-

DEFINITION 2.13. ([6]) Let R be the set of real numbers and B(R) be the
collection of all non-empty bounded subsets of R and F be taken as a set of pa-
rameters, A C E. Then a mapping f : A — B(R) is called a soft real set. If a soft
real set is a singleton soft set, it will be called a soft real number and denoted by
7, 3,1 etc. 0 and 1 are the soft real numbers where 0(e) = 0,1(e) = 1 for all e € E
respectively.

The set of all soft real numbers is denoted by R(A) and the set of all non-
negative soft real numbers by R(A)*.
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DEFINITION 2.14. ([5]) A (non negative) fuzzy soft real number is a fuzzy
set on the set of all (non negative) soft real numbers R(A), that is, a mapping

X R(A) — [0,1] , associating with each (non negative) soft real number #, its
grade of membership /:\(f) satisfying the following conditions:
(i) Nis convex o
that is, A(£) > min (A(3), A(7)) for § C
(ii) X is normal
that is, there exists to € R(A)* such that :\(fo) =1.
(iii) X is upper semi continuous provided for all # € R(A) and a € [0, 1]
j\(f) < a, there is a § > 0 such that || § — ¢ ||< & implies that 5\(5) <

St

DEFINITION 2.15. ([13]) A fuzzy soft topology 7 on X is a family of fuzzy soft
sets over X satisfying the following properties
(i) p,Eer
(ii) if fa,gp € 7, then faNgp € T, )
(iii) if fa, €7 for all & € A an index set, then (J,cafa, € 7.

DEFINITION 2.16. ([13]) If 7 is a fuzzy soft topology on X the triple (X, E, 7)
is said to be a fuzzy soft topological space. Also each member of 7 is called a fuzzy
soft open set in (X, E, 7).

The complement of a fuzzy soft open set is a fuzzy soft closed set.

DEFINITION 2.17. ([14]) Let (X, E, 7) be a fuzzy soft topological space. Let f4
be a fuzzy soft set over X. The fuzzy soft closure of f4 is defined as the intersection
of all fuzzy soft closed sets which contained f4 and is denoted by fa or cl(fa) we
write

) = ﬂ{gB : gp is fuzzy soft closed and fAéfB}~

DEFINITION 2.18. ([14]) Let (X, E,7) be a fuzzy soft topological space. Let
fa be a fuzzy soft set over X. The fuzzy soft interior of f4 denoted by f9 is the
union of all fuzzy soft open subsets of f4. Clearly, f is the largest fuzzy soft open
set over X which contained in f4.

DEFINITION 2.19. ([7]) Let (X,E,7) be a fuzzy soft topological space. Let

fa be a fuzzy soft set over X. The fuzzy soft boundary of f4 denoted by df4 is
defined as 0fa = fanf).

DEFINITION 2.20. ([8]) A fuzzy soft topological space (X, E, 7)) is said to be
a fuzzy soft normal space if for every pair of disjoint fuzzy soft closed sets ha and
ka, 3 disjoint fuzzy soft open sets g1 ,,¢92, such that h4Cg;, and k4Cga,.

DEFINITION 2.21. ([2]) Let (X, F) and (Y, E’) be classes of fuzzy soft sets over
X and Y with attributes (the set of all parameters)from F and E’ respectively. Let

X — Y and ¢ : E — E’ be two mapplngb Then en py = (p, 1) : (3(_,\_5) —
(Y E’) is called a fuzzy soft mapping from (X E) to (Y E").
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If ¢ and ¢ is injective then the fuzzy soft mapping ¢, = (¢, ) is said to be
injective.

If ¢ and 9 is surjective then the fuzzy soft mapping ¢y, = (¢, ) is said to be
surjective.

If ¢ and 1 is constant then the fuzzy soft mapping ¢, = (¢, ) is said to be
constant.

DEFINITION 2.22. ([15]) Let (X, E,71) and (X, E, 72) be two fuzzy soft topo-
logical spaces.

(i) A fuzzy soft mapping ¢y = (¢,¢) : (X, E,71) — (X, E,72) is called
fuzzy soft continuous if py,-1(gp) € 71,for allgp € 7o.

(ii) A fuzzy soft mapping ¢, = (¢,¢) : (X, E,71) — (X, E,72) is called
fuzzy soft open if @y €m,for allfa € 7.

Let A C E and The collection of all fuzzy soft points of a fuzzy soft set f4 over
X be denoted by FSC(fa).

Let R(A)* be the set of all non negative fuzzy soft real numbers. The fuzzy
soft metric using fuzzy soft points is defined as follows:

DEFINITION 2.23. ([3]) Let A C E and E be the absolute fuzzy soft set. A
mapping d: FSC(E) x FSC(E) — R(A)* is said to be a fuzzy soft metric on E if
d satisfies the following conditions:

(FSMl) : (f€17f€2)>0 for all f€17f€2€E
( ) (femfez)_()lfand Only 1ffe1 fe2 for al fe17fez€E
(FSMJ) (femfez)_d(femfm) for all fe17fe2€E
(FSMy) : d(feys fe) RA(furs fea) + A fuy, fog) for all fo, foy, furEE).
The fuzzy soft set E with the fuzzy soft metric d is called the fuzzy soft metric

space and is denoted by (E, d)

DEFINITION 2.24. ([4]) Let (E,d) be a fuzzy soft metric space and f be a
fuzzy soft real number and € € (0,1). A fuzzy soft open ball centered at the fuzzy

point f(,GE and radius f is a collection of all fuzzy soft points g. of E such that
(ge,fe)<t It is denoted by B(fe,t €) where B(f.,t,¢) = {ge€E|d(ge,fe)<t} with
| pg, (x) — p§ (z) | <éforallae B,z e X .

The fuzzy soft closed ball is denoted by é[fe,t:, & = {9.EE|d(g., fe)ét:} with
| g, (z) — p% (z) | <éforalla € B,z € X.

DEFINITION 2.25. ([4]) A sequence {f., } in a fuzzy soft metric space (E,d)
is said to converge to fer if (i(fen,fe/) — 0 as n — oo for every é>0 there exists
6>0 and a positive integer N = N(€) such that d(f., , f.')<é implies | ug, () —
n$,(x) |< € whenever n > N,a € E and € X. It is usually denoted as lim

n—ooJe, — fe’-

DEFINITION 2.26. ([4]) A sequence {f., } in a fuzzy soft metric space (E,d)
is said to be a Cauchy sequence if to every é>0 there exists 0>0 and a positive
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integer N = N(€) such that d(f., , fe, )<6 implies | n, (x) —pg, (@) |< € for all
n,m > N,a € FE and z € X that is d(f.,, fo, ) = 0 as n,m — co .

DEFINITION 2.27. ([4]) A fuzzy soft metric space (E,d) is said to be complete
if every cauchy sequence in E converges to some fuzzy soft point of E.

DEFINITION 2.28. ([4]) A fuzzy soft set f4 in a fuzzy soft metric space (E,d)
is said to be fuzzy soft open if for each fuzzy soft point f. of fa there exist a fuzzy

soft open ball B(fe,f, Cfa.

LEMMA 2.1 ([4]). Let (E,J) be a fuzzy soft metric space then the fuzzy soft
open ball B(f.,1,é) is a fuzzy soft open set.

TuEOREM 2.1 ([4]). Given a fuzzy soft metric space (E,d). Let & denote the
set of all fuzzy soft open sets in E. Then & has the following properties:
i) $,E€S
(ii) i angB €S then falgp € S )
(iil) if f4, €S foralla € A an mdez set, then Ufg €S

Cx

S is called the topology determined by the fuzzy soft metric d.

3. Fuzzy Soft Topology Generated by Fuzzy Soft Metric

In this section, we study some important results of fuzzy soft metric spaces.

Let E be the absolute fuzzy soft set over X and E be a parameter set and E,
be a family of fuzzy soft points i. e. Eo—{f.—(e,1): 1(z)—1,forallz € X,e € E}.
Then there exists a bijective mapping between the fuzzy soft set F and the set X.
If e # é0 € E, then E.,NE¢ =, and FSC(E) = UpcpFE..

Let (E,d) be a fuzzy soft metric space. It is clear that (Ee, d.) is a fuzzy soft
metric space for e € E: Then by using the fuzzy soft metric d., we define a metric
on X as do(z,y) = de(fe, ge), for all 2,y € X and f., g.EE..

Note that e # é € E, then d, and d¢ on X are generally different metrics.

PrOPOSITION 3.1. Ewvery fuzzy soft metric space is a family of parameterized
metric spaces.

PROOF. It is obvious from above. O

The converse of Proposition 3.1 may not be true in general. This is shown by
the following example.

EXAMPLE 3.1. Let E = R be a parameter set and (X,d) be a metric space.
We define the function d : FSC(FE) x FSC(E) — R by

d(fo,ge) = d(z,y) Wi @15, Wl for all £, g, € FSC(E).

Then for all e € E,d, is a metric on X. If J(fe,gé) =0, then this does not always
mean that f. = g¢ , so d is not a fuzzy soft metric on E.
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PROPOSITION 3.2. Let (E, cz) be a fuzzy soft metric space and 75 be a fuzzy soft
topology generated by the fuzzy soft metric d. Then for every e € E, the topology
(T7)e on X is the topology T4, generated by the metric d. on X.

PROOF. It is obvious. O

LEMMA 3.1. Let (E, ci) be a fuzzy soft metric space. Then the following expres-
sions are true:
(i) fe%fA & C{(fafA)i ;
(i) feEfq & d(fe, [3)>0; .
(iii) fe€0fa & d(fe, fa) =d(fe, [{) =

PRrROOF. It is clear.

O

Note that if f4 is a fuzzy soft closed set in the fuzzy soft metric space (E', )
and f.¢(f4), then there exists a fuzzy soft open ball é(fe, t:, €) such that
B(fet,90fa = 6.

THEOREM 3.1. Every fuzzy soft metric space is a fuzzy soft normal space.

PROOF. Let hs and kp be two disjoint fuzzy soft closed sets in the fuzzy
soft metric space (E, d) For every fuzzy soft points f.€h 4 and geékB, we choose
fuzzy soft open balls B(fe,t €) and B(fe,r ¢) such that B(fe,t e)ﬂkB = ¢ and
B(ge, 7, €)Nhg = ¢. Thus, we have hACUB(fe,t,e/Z%) = u4 and kBCUB(ge,r é/3)
= vgp. We want to show that uAﬁvB = qzﬁ

Assume that usNvg # 6. Then there exists a fuzzy soft pomt wy such

that wy ¢EuaNvp. Therefore, there exist fuzzy soft open balls (fe,t €/3) and
B(g&r ¢/3) such that w; GB(fe,t €/3) and w; GB(ge,r ¢/3). Here, we have
d(fe,wy)<e/3 and d(ge,wz)<é/3.
If we get max {¢/3, ¢/3} = /3, then we have
A(fe,9e)<d(fe,wy) + d(wy, ge)<e/3 + €/3<e

and so g:€B (fe, g, €) and which contradicts with our assumption. Therefore, uaNvg
= ¢. O

4. Ciric Type Fuzzy Soft Contractive Mapping

In this section we shall prove a fixed point theorem of Ciric type fuzzy contrac-
tive mapping.

DEFINITION 4.1. Let (E’, J) and (E" p) be two fuzzy soft mappings. The map-
ping @y = (p,¢) : (E,d) — (E',p) is a fuzzy soft mapping, if ¢ : E — E’ and
Y : E — E’ are two mappings.

PROPOSITION 4.1. For each fuzzy soft point f.€FSC(E), py(f.) is a fuzzy soft
point in E'.
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PROOF. Let f,EFSC(E) be a fuzzy soft point. Then

PulFO =,y 2 Uele) = (Ut
g

DEFINITION 4.2. Let (E,d) and (E’, ) be two fuzzy soft metric spaces and
v (E,d) = (E', p) is a fuzzy soft continuous mapping at the fuzzy soft point
f.EFSC(E) if for every fuzzy soft open ball é(g&w(fe),g, €) of (E’, ), there exists
a fuzzy soft open ball B(f.,1,&) of (d, E) such that @(B(f..%,8)CB(pu(f.), 7, &)
If oy(fe) is a fuzzy soft continuous mapping at every fuzzy soft point f. of

(E,d), then it is said to be fuzzy soft continuous mapping on (E,d).
Now, this definition can be expressed using & — 4 as follows:

DEFINITION 4.3. The mapping ¢y : (E,J) — (E’,ﬁ) is said to be a fuzzy soft
continuous mapping at the fuzzy soft point f.EFSC(E) if for every £>0 there exists
a 6>0 such that d(fe, g¢)<d implies that p(py(fe), Py (ge))<E.

THEOREM 4.1. Let ¢, : (E, d) — (E',p) be a fuzzy soft mapping. Then the
following conditions are equivalent:

(1) @y : (E,d) — (E',p) is a fuzzy soft continuous mapping,

(2) For each fuzzy soft open set gg in (E’, p), (pyp) HgB) is a fuzzy soft open
set in (E,d),

(3) For each fuzzy soft closed set hc in (E",p), (py) " he) is a fuzzy soft
closed set in (E,d),

(4) For each fuzzy soft set fa in (E,d), ¢u(Ffa)C(py(fa)) is a fuzzy soft
closed set in (E',p),

(5) For each fuzzy soft set gp in (E',p), ((py) " (98))C(py) " (gB) ,

(6) For each fuzzy soft set g in (E',p), (oy)”  (9%)C((vy) " (98))°-

PROOF. (1) = (2) Let o, be a fuzzy soft continuous mapping and gg be a fuzzy
soft open set in (E’, §). Consider the fuzzy soft set (py) " (gp)- If (py) ' (98) = ¢,
then the proof is completed. Let (¢4)~'(gp) # ¢. In this case there exists at
least one fuzzy soft point f.€(py) ' (g9p). Then we have ¢y, (fe)Egp. Since ggp is
a fuzzy soft open set, there exists a fuzzy soft open ball B(gpw( fe),li €) such that
B(gp¢ (fe), f’ €)CCygp holds. Also since ¢, is a fuzzy soft continuous mapping, there
exists a fuzzy soft open ball B(fe, T, €) such that P B(f..r, g))éé(gow(fe),f, é) .
Thus, B(fe, 7, )C(py)~ 1(30w)(3(fe,7§7 ) C(py) M (Blpy(fe), 1, E)C(0y) " (9m).

Consequently, (py) ' (gp) is a fuzzy soft open set.

(2) = (3) Let he be any fuzzy soft set in (E',5) Then h¢ is a fuzzy soft
open set. From (2), we have (¢y)~ ' (h¢)® is a fuzzy soft open set in (E,d). Thus
(0y) " t(he) is a fuzzy soft closed set.

(3) = (4) Let fa be a fuzzy soft set in (E,d). Since faC(py) 'wy(fa) and

n (E,
oy (fa)C(py(fa)),we have faC(py)™ oy (fa)C(pyp) ™ ((wy(fa)))- By part (3),
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since ((pw)jl(@w(fA))) is a fuzzy soft closed set in (F,d), FaC(oy) H((py(fa)))-

Thus ¢y (fa)Cey((wp) " ((pw(fa)))) is obtained.
(4) = (5) Let gp be a fuzzy soft set in (£, p) and (¢y) " '(98) = fa. By part

(4), we have ¢, (1) = 0o (P0) 1 (92))) (9o (e) (95))Cop- Then

((py)~1(gB)) = faClpy) (0w (fa))C(py) (9B)-

(5) = (6) Let gp be a fuzzy soft set in (E’, ). Substituting g% for condition
in (5). Then ((py) (9%))C(py) " (g%). Since g% = (9%)¢, then we have

(pu) M (9%) = (pu) " ((95)°) = ((py) M (95)) T((wy) ~Hg5)))"
= (((y)~1(gB))*)° = ((¢y) " *(gB))°.

(6) = (1) Let gp be a fuzzy soft open set in (E’, 5). Then since

()™ (98))°Cley) "tgn = (0p) " (95)C((0y) " (gB))°,

((py) " (gB))° = (y) '(gp) is obtained. This implies that (py) ' (gp) is a fuzzy
soft open set. O

DEFINITION 4.4. The fuzzy soft mapping ¢y : (E,d) — (E’,p) is said to be
fuzzy soft sequentially continuous at the fuzzy soft point f.EFSC (E) iff for every
sequence of fuzzy soft points { f., } converging to the fuzzy soft point f, in the fuzzy
soft metric space (E, d), the sequence @y, ({f., }) in (E’, p) converges to a fuzzy soft
point @y (f.)EFSC(E").

THEOREM 4.2. Fuzzy soft continuity is equivalent to fuzzy soft sequential con-
tinuity in fuzzy soft metric spaces.

PROOF. Let ¢y : (E, d) — (E/,ﬁ) be a fuzzy soft continuous mapping and
{fe,,} be any sequence of fuzzy soft points converging to the fuzzy soft point
f.EFSC(E). Let B(py(fe),1,¢) be a fuzzy soft open ball in (E', §). By fuzzy soft
continuity of ¢y choose a fuzzy soft open ball B ( fo, T, e) containing f. such that
04 (B(fe, ™€) CB(0p(fo),1,€). Since {f..} converges to f. there exists ng € N
such that {f., }éB(f., f, ¢) for all n > ng. Therefore for all n > ng we have
oL NERu(BUurF, )EB(pulf). 1.0, as roquived.

Conversely, assume for contradiction that ¢, : (E,d) — (E',p) is fuzzy soft
sequential continuous but not fuzzy soft continuous mapping. Since ¢, is not
fuzzy soft continuous at the fuzzy soft point fe, there exists such thaté>0 for all
6>0 there exists g¢€ FSC(FE) such that d(fe, g¢)<d and p(@y(fe), py(ge))>€o . For

n > 1(n € N), define 6, = 1/n . For n > 1 we may choose {g.;, } in (E, d) such that
d(fenvgén)%(sn and f’(@w(fe), Spw(gé))§80~

Therefore, by definition the sequence {g.;, }(n > 1) converges to f.. However,
by definition the sequence {¢y(ge;, )} (n > 1) does not converge to ¢y (fe). That is,
@y is not fuzzy soft sequentially continuous at fe. O
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DEFINITION 4.5. Let (E,d) be a fuzzy soft metric space. A function ¢, :
(E,d) — (E d) is called a fuzzy soft contraction mapping if there exists a soft real
number & with 0<@<1 such that for every fuzzy soft points fe, geEFSC(FE ) we
have d(@¢(fe)> Py (ge))gad(fea gé)-

DEFINITION 4.6. Let (E,d) be a fuzzy soft metric space. A function ¢y,
(E,d) — (E,d) i is called a Ciric type fuzzy soft contractive mapping if there exists a

soft real number & with 0<&<1 such that for every fuzzy soft points f,, gs€FSC(E)
we have

d(pu(fe)s Py (9¢) <G - max {d(fe, ge), d(fer 0y (fe)), d(ge, Pu(9¢)),
(9

i(
d(fe, pu(9e)) + dlge, 0y (fe >>}
2

PROPOSITION 4.2. Every fuzzy soft contraction mapping is a fuzzy soft contin-
UOUS MaApping.

PROOF. Let f,€FSC(E) be any fuzzy soft point and é>0 be arbitrary. If we
choose d(fe,ge)<0<é, then since @, is a fuzzy soft contraction mapping, we have
d(y(fe), pu(9e))<d(fe, gs)<a - 6<E and so @y, is a soft continuous mapping. O

THEOREM 4.3. Let (E7 dN) be a complete fuzzy soft metric space. If the mapping

¥ (E,d~) — (E~,c§) is a fuzzy soft contraction mapping on a complete fuzzy soft

metric space, then there exists a unique fuzzy soft point f.€FSC(E) such that
c»Oili(fe) = fc-

PROOF. Let f0 be any fuzzy soft point in FSC(E). Set
e = pu(fd) = ((f))wey Fo = op(fe)) = (@2 (Fw2(es -

S =y (f2) = (w”“(f?))w/u@,
We have
d(frrh ) = d(ey (1), eu(f270))
<a-max{d(fr, 70 dlee (£, foh), dey (F2), f2),

dlpy (), f2 1)er(w( e e"n)}

2

= &-max { d(f2, f270),d(f frh), A ),

(@w(fen) en 1)_|_d(feyL fen)
2
~ ~ d~ n , (:L—l
=d-m {d( s g, 1) m}
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== 30 fn n n (fnn+17 n)_’_d( enn7 enn_,l)
ga a’x{d( €n? En 1) (fentlﬁ ) - 2 -

:d«max{cz( e’;, €n— 1) (fnr:rll’ n)}

If max{ci( o1, (f;’ntll, gn)} = J(fe"n“;l17 o), for some n
n+1 n+1
d(foih, fr) < a-d(feih L)
gives us a contradiction and hence we have
n+l pn 7 n—1
d(feih fh) <a- d( en_ 1)

Gn 17 €n—2

<G d(f, 12)-

So forn >m

d(fr fr)<d(fr o) +d(rt ) o d(fE )
i(nledn 2+ +&m)'(el7f0)
S7—= 2
S (A 0)
We get i
5 . am N
d(fl, fh )<= -d( el,fe).
1-a

This implies ci( Jfor) — 0 as (n,m — o).
Hence {f2 } is a fuzzy soft Cauchy sequence, by the completeness of (
there is a fuzzy soft point fO€FSC(E) such that [ — fQas (n — o0).
Since

Ay (f2), FO<d(pu (1), 0u (f2) + d(py( e,L) f2)

<é-max { d(f2,, £0), d(py(£0), f2), d(wu(f2), £2),
( (en f0)+d 6”7301# fO } n+1 fO)

71+17

we have

Aoy (f0), JO<a - max { d(f2,, 12), d(ey (£), £O), dlpu(2,), 1),
dlpu(f2), ) + U2, oo (£)) } R

2

Taking limit as n — co, we have

1 -z ~ 1 0y 0 B
d(%(ff),fSKd~max{d(<pw(f§),f§)7W} 40,

E,d),

587
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and d(oy (f2), fO)<& - d(wy (£2), £2).

Hence, d(py(f2), f2) — 0. This implies ¢y (f0) = f2. So the fuzzy soft point

12 is a fixed fuzzy soft point of the mapping ¢,. Now, if gg is another fixed fuzzy
soft point of ¢, then

d(£2,99) = d(ey(f2),0u(92))
<a-max { d(f2,92),d(py(f2), £2), d(pu(9?). 92),

d(f2,05(92) + d(ey(£2), 92)
2

:O:éCZ( 2792)'

Hence, for a<1,d(f?,¢?) =0 = f2 = ¢9. Therefore, the fixed fuzzy soft point

e’ €

of ¢y is unique. O
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