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SOME RESULTS ON
ODD HARMONIOUS LABELING OF GRAPHS

P. Jeyanthi and S. Philo

ABSTRACT. A graph G(p,q) is said to be odd harmonious if there exists an
injection f: V(G) — {0,1,2,---,2g — 1} such that the induced function f* :
E(G) — {1,3,---,2q — 1} defined by f*(uv) = f(u) + f(v) is a bijection.
In this paper we prove that the m-mirror graph My, (G),m~- shadow graph of

Chpn, m-splitting graph of K2 n(r,s) and Wim,n) , (Cpn : K2,m : Cr), pyramid
graph PY,, are odd harmonious graphs.

1. Introduction

Throughout this paper by a graph we mean a finite, simple and undirected one.
For standard terminology and notation we follow Harary [3]. A graph G = (V, E)
with p vertices and ¢ edges is called a (p,q) — graph. The graph labeling is an
assignment of integers to the set of vertices or edges or both, subject to certain
conditions. An extensive survey of various graph labeling problems is available in
[1]. Labeled graphs serves as useful mathematical models for many applications
such as coding theory, including the design of good radar type codes, synch-set
codes, missile guidance codes and convolution codes with optimal autocorrelation
properties. They facilitate the optimal nonstandard encoding of integers. Graham
and Sloane [2] introduced harmonious labeling during their study of modular ver-
sions of additive bases problems stemming from error correcting codes. A graph G
is said to be harmonious if there exists an injection f : V(G) — Z, such that the
induced function f*: E(G) — Z; defined by f*(uwv) = (f(u) + f(v)) (mod ¢) is a
bijection and f is called harmonious labeling of G. The concept of odd harmonious
labeling was due to Liang and Bai [13]. A graph G is said to be odd harmonious
if there exists an injection f : V(G) — {0,1,2,---,2¢ — 1} such that the induced
function f* : E(G) — {1,3,---,2q — 1} defined by f*(uv) = f(u) + f(v) is a bi-
jection. If f(V(Q@)) ={0,1,2,---,q} then f is called as strongly odd harmonious
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labeling and G is called as strongly odd harmonious graph. The odd harmonious-
ness of graph is useful for the solution of undetermined equations. Several results
have been published on odd harmonious labeling. An interested reader can refer to
4, 5,6, 7, 8,9, 10, 11, 12].

We use the following definitions in the subsequent section.

DEFINITION 1.1. The m-shadow graph D,,(G) of a connected graph G is con-
structed by taking m- copies of G , say G1,G2,G3,....,G,, , then join each vertex u
in G; to the neighbors of the corresponding vertex v in G; ,1 < j < m.

DEFINITION 1.2. The m-splitting graph Spl,,,(G) of a graph G is obtained by
adding to each vertex v of G new m vertices, say v',v?,....,v™ such that v%,1 <
1 < m is adjacent to every vertex that is adjacent to v in G.

Hence, the 2-shadow graph is the known shadow graph D3(G) and the 1-
splitting graph is the known splitting graph.

DEFINITION 1.3. Let G be any graph with p vertices and g edges. Let G, Ga,
.cesy G, be m-copies of the graph G. The m-mirror graph M,,(G) is defined as the
disjoint union of G, Go, ...., G, together with additional edges joining each vertex
of G; to its corresponding vertex in G;y1, 1 < i < m — 1. Hence M,,(G) has mp
vertices and mgq + (m — 1)p edges.

DEFINITION 1.4. The wheel W, is obtained by joining a new vertex with every
vertices of n-cycle C,, by an edge.

DEFINITION 1.5. Gear graph W, is obtained from a wheel graph W,, by subdi-
viding each edge of the n-cycle by a vertex. The vertex and the edge set of the gear
graph W, are V(Wn) = {UZ/Z S [O, 271]}, E(Wn) = {vov%_l/i S []., TL]}U{Uﬂ)Z‘_l/i €
[2,2n]} U {vivap }.

DEFINITION 1.6. A pyramid graph PY,, is a graph with the vertex set

V(PY,) = {v11, V21, V22, V31, U32, V33, -or, Unl, Un2, covev Unn }

and the edge set E(PY,) = {vijvit;/l <i<n—-landl<j<n—-1}U
{Uiiv(i+1)(i+1)/1 <i<n—1}U {vijv(i+1)(j+1)/2 <i<n—land1<j<n—2}

DEFINITION 1.7. Let G be a graph on p vertices v1, v, ....vp, and Hy, Ha, ....H),
be p graphs isomorphic to a graph H with n vertices. The corona graph G () H is
obtained by joining each vertex v; of G with every vertices of H; for 1 < i < p and
1 < j < n. The comb graph is P, (O K.

DEFINITION 1.8. ([3]) The graph Ks ,,(r, s) is obtained from Kb ,, (n > 2) by
adding r and s (r,s > 1) pendent edges to the two vertices of degree n.

DEFINITION 1.9. Consider the bipartite graph Ks,, with the vertex set V =
ViUV, where Vi = {u, v} and Vo = {v1, va, ..., vy }. The graph G = (Cy, : Ko, : C)
is obtained by identifying the vertex u of V; with a vertex of C,, and the other vertex
v of V7 with a vertex of C,.
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DEFINITION 1.10. The graph W,, , is obtained from the gear graph W, as
follows: Join the vertices v; and v; o with the new vertices Uf 11 for 1 <j<mand
2 < i< n—2and join v, and ve with v{ for 1 < j < m.

2. Main Results

In this section we prove that the m-mirror graph M,,(G), m- shadow graph

of Cy,, m-splitting graph of Ky ,(r,s) and Wim,n) , (Cy, : K24, : Cp), pyramid
graph PY,, are odd harmonious graphs.

THEOREM 2.1. If G(p, q) is a strongly odd harmonious tree, then M,,(G) is an
odd harmonious graph.

PROOF. Let f be a strongly odd harmonious labeling of G. Then f(V(G)) =
{0,1,2,....,q} and f*(E(G)) ={1,3,....2¢—1}. Define anew labeling g : V(M,,(G)) —
{0,1,2,.....2¢ — 1} as g(u) = f(u)+ (1 —1)(2¢+ 1) fu € G; , 1 <i < m. The
induced edge labels of the edges between the graphs G; and G;41 is

={2f(u)+ (i —1)2¢+1)+i(2¢+1)/ue G} for 1 <i<m— 1.

={2f(u)+2¢+1)(2i—1)/ueG}for 1 <i<m—1

={(2¢+1)(2¢—1),2+(2¢+1)(2i—1),4+(2g+1)(2i—1), ...., 2g+(2¢+1)(2i— 1)}
for1<i<m-—1.
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Hence the induced edge labels of M,,(G) is = {1,3,...,2¢ — 1} U{2¢ + 1,2¢ +
3,ndqg+1}U{4g+3,4¢+5,...,6¢g+ 1} U{6¢ + 3,6¢ + 5,...8¢ + 3}....... U {4mgq —
6g+2m—3,....4mqg—4q+2m —3}U{dmqg—4q+2m —1,....,4mq — 2q + 2m — 3}
={1,3,5,...,4mq — 2q + 2m — 3}. Hence M,,(G) is odd harmonious. O

An odd harmonious labeling of M3(Ps © K) is shown in Figure 1.

Figure 1: An odd harmonious labeling of Ms(Ps; © K1)

THEOREM 2.2. The graph Wy, ,, forn = 0(mod 4) ;m > 1 is an odd harmonious
graph.

PROOF. Let V(G) = {vo,v1,-- ,,vn} U{vd, /1 <i < g,l < j < m}. Join
the vertices v; and v;49 with the vertices vfﬂ forl<j<mand2<i<n—2
and join v, and vy with v for 1 < j < m. Let G = W,,,,. Then |V(G)| =
n + % +1 and |[E(G)| = n(m+ 1) + g We define a labeling f : V(G) —
{0,1,2,--- ,2(n(m+1) + %) — 1} as follows:
f(v)=0; f(v;)=1i,1<i<nandifiis odd;
flw)=(—-1)+n+1landl gigng and if i is even;

f(vi):(i—1)+n+3andg<i<n—2andifiiseven;

flon)=mn; f(v, ) =2nj+2i—1,1<i< g and 1 <j < m.
The induced edge labelings are
vov)) =i ,1<i<nandifiisodd; f*(vyv1) =n+1;

f*(vivi+1):2i+n+1,1<i<g—2;

Fowien) =2i+n+3, 5 —1<i<n=-2;

f*(’Un_llln) :27’1—1,
f*vl_qv)=2nj+2i+n—-1,1<i< - —2andifiiseven, 1< j<m;
f*(vf;lvi)=2nj+2i—|—n+1,ggign—Qandifiiseven,1<j<m;
f*(vi_lvn) =2nj +2n —1;
f*(vivf+1):2nj+2i+n+1,1<i<g—2,ifiisevenand1<j<m;
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f*(vivf+1):2nj+2i+n+3,g<i<n72,ifiisevenandlgjgm;

Foavl) =205 +n+ 1.
In view of the above defined labeling pattern, the graph W, ,, is an odd harmonious
graph. O

An odd harmonious labeling of W g is shown in Figure 2.

Figure 2: An odd harmonious labeling of Wa 5.

THEOREM 2.3. The graph D, (Cyy,) is odd harmonious for allm > 2 andn > 1.

PROOF. Let Ul,vg, <o, vY and uf,uf, -+, ud be the vertices of the graph Cpy,
and vl,v§,~-~ , vl ,ul,ué,-u ,ul be the vertices of the jth copy of Cy, where
1<j<m-—1. Let G=D,, (C(m) Then |V(G)| =2mn and |E(G)| = m?*(2n —1).
We define a labeling f : V(G) — {0, e 2m2(2n — 1) — 1} as follows:
fl)=4mj, 0<j<m—1
fl) = (i—3)m2—|—2m(2m+j—1), i=3,5,---,n(odd) and 0 < j <m — 1;
f])=(G—2)m*+2m+1+2j, i=2,4,--- ,n(even) and 0 < j <m — 1;
f]) =142, 0<j<m—1
f(uf)szQn—I—(i 5m?+2m+1+2j, i=3,5,---,n(odd) and 0 < j < m—1;
ful) =2m2n+ (i — 2)m? — 2m +2mj , i =2,4,- (even) and0<j<m—1
The induced edge labels are
f(vlul)—4mj+1+2k 0<j,k<m—1;
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Frjvk) =dmj+2m+142k, 0<jk<m—1;
f*(v%vf):2m+1+2j+4mk, 0<j,k<m—1;
[rlvk ) =2(—2)m?+2m+1+2j+2m(2m+k—1), i =2,4,--- ,(n—1)(even),
Frlvl ) = (G —2)m?+2m + 1+ 25+ (i — 4)m? + 2m(2m + k — 1)
i=4,6,--- ,n(even), 0 < j,k<m—1;
vk ) = (i —3)ym? +2m(2m+j — 1) + (i — 1)m? + 2m + 1 + 2k
1=3,5,---,(n—1)(odd),0 < j,k <m—1;
frlvl ) =20 —-3)ym*+2m+ 142k +2m@2m +35—1), i =3,5,--- ,n(odd),
0 k< m—1;
Frlul) = (i = 3)m? + 2m(2m + j — 1) + 2mn + (i — 5)m> + 2m + 1 + 2k
1=23,5,---,n(odd), 0<jk<m—1;
f*(vfuf) =2(i —2)m?+2m +1+2j +2m?n — 2m + 2mk , i =2,4,--- ,n(even)
0 < ]7k < m — ]..
In view of the above defined labeling pattern, the graph D,,,(Cpy,) is an odd har-
monious graph. O

An odd harmonious labeling of D3(Chz) is shown in Figure 3.

Figure 3: An odd harmonious labeling of D3(Chz).

THEOREM 2.4. The graph Spl,,[Ka (7, s)] is an odd harmonious graph for all
n,r,s = 1.

PROOF. Let vo, ug, w1, ws, -+ ,Wr, V1,02, ,Vpn,Ur, U2, - ,Us be the vertices
of the graph K> ,,(r, s) and suppose v, uj), w], wy, -+ ,wd, v}, vd, -+ ol ul, ul, - ul,
1 < j < m be the vertices of the jth copy of Ka ,(r,s). Let G = Sply,[K2 (1, s)].
Then |V(G)| = (m+ 1) (n+7r+s+2) and |[E(G)] = 2m +1)(2n +r + s). We
define a labeling f: V(G) = {0,1,2,--- ,2(2m 4+ 1)(2n 4+ r + s) — 1} as follows:
floo) =05 fwi) =2i—1,1<i<r; fu)=2(i+7r) -1, 1<i<my

flug) =2n; flu)) =2(r+n+i)—1,1<i<s;

flw)) = (25 —1)(n+2r+2s)+2i—1,1<i<rand 1 <j<m;

F) = (25 —1)(dn +2r 4+ 25) +2r, 1 < j < m;
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(vf):6n+6r—|—28+2i—1—|—4(j—1)(2n+7°+s),1<i<nand1<j<m;
() =205n+2r+5)+4(j —1)2n+7r+5), 1<j<m
() =2(r+n+i)—14+4jC2n+r+s),1<i<sand 1 <j<m.

he induced edge labels are

fr(vow;) =2i— 1, 1 <i <

froow!) = (2§ —1)(An+2r +2s) +2i -1, 1 <i<rand 1 <j < my

f 810) (2]71)(4n+2r+25)+2r+2171,lgz\randlgjgm
fr(oovi) =2(i+7r)—1,1<i<

F*(vov?) 6n+6r+25+22—1+4(g—1)(2n—|—r—|—s),1<z<nand1<]<m;
o)) =20+r)—14+2j—1)4n+2r+2s)+2s, 1 <i<nand 1 <j<m
f )

1
f
f
f
f
1

v

J

v
o) =200 +7) —1+20n+2r+s)+4(F —1)2n+7r+s), 1 <i<nand
SJsm

j

8n+6r+2s+2i—1+4(j—1)2n+r+s),1<i<nand1<j<m;
2n+2(r+n+i)—1,1<i<s
Mm+2(r+n+i)—1+4j2n+r+s),1<i<sand 1 <j<m;
2r+n+i)—14+20n+2r+s)+4(G—12n+r+s), 1 <i< sand

)
J
7

*
IS
o
@

)

)

)

*(u; {))
<Jsm.

In view of the above defined labeling pattern, the graph Spl,,[Ka2 (7, s)] is odd

harmonious. (]

An odd harmonious labeling of Spl[K> 3(3,2)] is shown in Figure 4.

Figure 4: An odd harmonious labeling of Spl[K2 3(3,2)].

THEOREM 2.5. The pyramid graph PY, is an odd harmonious graph for all
n > 2.

PrOOF. The graph PY, with |V(G)| = n(n + 1) and |E(G)| = n(n — 1).
We define a labeling f : V(G) — {0,1,2,--- ,2n(n — 1) — 1} as follows: f(v;;) =
(1—2i+(2j-1),1<i<nand 1l < j < i The induced edge labels are
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{1,3,5,---,2n(n — 1) — 1}. In view of the above defined labeling pattern, the

graph PY,, is an odd harmonious graph.

An odd harmonious labeling of PY} is shown in Figure 5.

V11g

Figure 5: An odd harmonious labeling of PY}.

THEOREM 2.6. The graph G = (C,, : Ka,, : Cy) is an odd harmonious graph

for n,r = 0(mod 4) and m > 2.

O

PROOF. Let vy,v9, -+ ,v, and ui,us, -+ ,u, be the vertices of the cycles C,
and C, respectively. Consider the bipartite graph K5 ,, with vertex set V =V, UV,

where Vi = {u,v} and V5 = {wq,wz, -+ ,wy,}. Then G = (C), : Koy ¢

C,) is

obtained by identifying the vertex u of V; with the vertex vz of C), and the other
vertex v of Vi with the vertex u; of C,. Then |[V(G)| = 2n +m and |E(G)| =
2(m + n). We define a labeling f : V(G) — {0,1,2,--- ,4(m +n) — 1} as follows:

Case(i): Whenn=r
F)=i-1,1<i< 3

1+1 if7is odd n .
) = — <1< ng;
f(vi) {i—l if 7 is even ,2—1—1\2\11,
fwi):n+%+2i71<i<m;

(
Ju)=2m+ 2 +i=2,i=135. 51
no .. n n
f(ui)_23m+§+271_5—’_175—’_37"'7n_17
f(ui):7n+2m+i,i:2,4,6,---,n.

The induced edge labels are

Flovip) =2i—1,1<i < g 1 o) =241, D <i<n—1;

[ronw) =2(n+1i) -1, 1 <i<my ff(ww) =2(m+n+i) -1, 1<i <m;
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ffuuigpr) =2@2m4n+i)—1,1<i< - — 1

o3

frugunyr) =3n+4m +1; f*(uuigr)
Case (ii): When n # r.
Without loss of generality assume that n < r.

f(v1)22_1’1<l<;l7f(vz):{§+1 leISOd(L ’E+1<Z<n7

if7iseven ’2
F) =n+3 42, 1<i <m; flu) =2m+ 5 +i=2i=135- 51

f(ui):2m+g+i,i:g—kl,g—i—&---7r—1;

3
f(ui):7n+2m+i,i:27476’... 7.
The induced edge labels are
Frowipn) =2 =1L, 1<i< 5 =1 ff(owig) =2+ 1, 3 <i<n— 1
(ogw;) = 2n+i) — 1, 1<i <mi f*(ww;) =2(m+n+i)—1,1<i<m;

f(
M uuip) =22m+n+1) — 1, 1<i<g—1; (uzunyr) =2n+4dm+r+1;
(

2(2m+n+i)+1,g+1<i<n—1.

Flusuien) = 22m +n+i) + 1, %H <i<r—1.
In view of the above defined labeling pattern, the graph (C,, : K3, : Cy) is odd
harmonious. (]

An odd harmonious labeling of (Cs : K2 4 : Cg) and (Cs : K24 : Cy) are shown
in Figures 6 and 7.

Figure 6: An odd harmonious labeling of (Cs : K34 : Cg)
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Figure 7: An odd harmonious labeling of (Cs : Ka 4 : Cy)
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