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FURTHER RESULTS ON ODD LABELING

OF SOME SPLITTING GRAPHS

R. Vasuki, S. Suganthi and G. Pooranam

Abstract. Let G = (V,E) be a graph with p vertices and q edges. A graph
G is said to have an odd mean labeling if there exists a function f : V (G) →

{0, 1, 2, . . . , 2q − 1} satisfying f is 1 − 1 and the induced map f∗ : E(G) →
{1, 3, 5, . . . , 2q − 1} defined by

f∗(uv) =

{

f(u)+f(v)
2

if f(u) + f(v) is even

f(u)+f(v)+1
2

if f(u) + f(v) is odd

is a bijection. A graph that admits an odd mean labeling is called an odd

mean graph. In this paper, we have studied the odd mean labeling of some
splitting graphs.

1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple
graph. Let G(V,E) be a graph with p vertices and q edges. For notations and
terminology we follow [3].

Path on n vertices is denoted by Pn and a cycle on n vertices is denoted by
Cn. K1,m is called a star and it is denoted by Sm. The bistar Bm,n is the graph
obtained from K2 by identifying the center vertices of K1,m and K1,n at the end
vertices of K2 respectively. Bm,m is often denoted by B(m). The H-graph denoted
by Hn, is the graph obtained from two copies of Pn with vertices v1, v2, . . . , vn and
u1, u2, . . . , un by joining the vertices vn+1

2

and un+1

2

if n is odd and vn

2
+1 and un

2
if

n is even. If m number of pendant vertices are attached at each vertex of G, then
the resultant graph obtained from G is the graph G⊙mK1. When m = 1, G⊙K1

is the corona of G.
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The graph obtained by attaching m pendant vertices to each vertex of a path of
length 2n− 1 is denoted by B(m)(n). The slanting ladder SLn is a graph obtained
from two paths u1u2u3 . . . un and v1v2v3 . . . vn by joining each ui with vi+1, 1 6 i 6

n− 1.
The splitting graph S(G) was introduced by Sampathkumar and Walikar [7].

For each vertex v of a graph G, take a new vertex v′ and join v′ to all the vertices of
G adjacent to v. The resulting graph is the splitting graph of G, denoted by S(G).

The graceful labeling of graphs was first introduced by Rosa in 1961 [1] and R.
B. Gnanajothi introduced odd graceful graphs [2]. The concept of mean labeling
was first introduced and studied by S. Somasundaram and R. ponraj [8]. Further
some more results on mean graphs are discussed in [5, 6, 9, 10]. The concept of
odd mean labeling was introduced and studied by K. Manickam and M. Marudai
[4]. Also, odd mean property for some graphs are discussed in [11, 12].

A graph G is said to have an odd mean labeling if there exists a function
f : V (G) → {0, 1, 2, . . . , 2q − 1} satisfying f is 1 − 1 and the induced map f∗ :
E(G) → {1, 3, 5, . . . , 2q − 1} defined by

f∗(uv) =

{

f(u)+f(v)
2 if f(u) + f(v) is even

f(u)+f(v)+1
2 if f(u) + f(v) is odd

is a bijection. A graph that admits an odd mean labeling is called an odd mean
graph.

For example, an odd mean labeling of SL5 is shown in Figure 1.

b b b b b

b b b b b

16 18 20 22 23

0 2 4 6 8

Figure 1.

In this paper, we prove that the splitting graph of H-graph, Hn⊙K1 for n > 2
and B(m)(n) for m > 1, n > 1 are odd mean graphs.

2. Odd Mean Graphs

Theorem 2.1. S′(Hn) is an odd mean graph.

Proof. Let u1, u2, . . . , un and v1, v2, . . . , vn be the vertices of the H-graph
Hn. Let V (Hn) together with u′

1, u
′
2, . . . , u

′
n and v′1, v

′
2, . . . , v

′
n form the vertex set

of S′(Hn) and the edge set of S′(Hn) is E(Hn) together with {uiui+1, vivi+1, u
′
iui+1,

v′ivi+1, uiu
′
i+1, viv

′
i+1 : 1 6 i 6 n − 1} ∪

{

un+1

2

vn+1

2

, u′
n+1

2

vn+1

2

, un+1

2

v′
n+1

2
(

un

2
+1vn

2
, u′

n

2
+1vn

2
, un

2
+1v

′
n

2

)

: n is odd (even)}.

Case (i). n is odd.
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Define f : V (G) → {0, 1, 2, . . . , 12n− 7} as follows:

f(ui) =

{

6i− 2, 1 6 i 6 n and i is odd
6i− 10, 1 6 i 6 n and i is even,

f(u′

i) = 6i− 6, 1 6 i 6 n,

f(vi) =

{

6n+ 6i− 10, 1 6 i 6 n and i is odd
6n+ 6i− 2, 1 6 i 6 n and i is even,

f(v′i) = 6n+ 6i− 6, 1 6 i 6 n− 1

and f(v′n) = 12n− 7.

The induced edge labeling f∗ is obtained as follows:

f∗(uiui+1) = 6i− 3, 1 6 i 6 n− 1,

f∗(u′

iui+1) =

{

6i− 5, 1 6 i 6 n− 1 and i is odd
6i− 1, 1 6 i 6 n− 1 and i is even,

f∗(uiu
′

i+1) =

{

6i− 1, 1 6 i 6 n− 1 and i is odd
6i− 5, 1 6 i 6 n− 1 and i is even,

f∗(vivi+1) = 6n+ 6i− 3, 1 6 i 6 n− 1,

f∗(v′ivi+1) =

{

6n+ 6i− 1, 1 6 i 6 n− 1 and i is odd
6n+ 6i− 5, 1 6 i 6 n− 1 and i is even,

f∗(viv
′

i+1) =

{

6n+ 6i− 5, 1 6 i 6 n− 1 and i is odd
6n+ 6i− 1, 1 6 i 6 n− 1 and i is even,

f∗

(

un+1

2

vn+1

2

)

= 6n− 3,

f∗

(

u′
n+1

2

vn+1

2

)

=

{

6n− 5, n+1
2 is odd

6n− 1, n+1
2 is even

and f∗

(

un+1

2

v′n+1

2

)

=

{

6n− 1, n+1
2 is odd

6n− 5, n+1
2 is even.

Thus, f is an odd mean labeling of S′(Hn). Hence, S
′(Hn) is an odd mean

graph. For example, an odd mean labeling of S′(H7) and S′(H9) are shown in
Figure 2.
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S′(H9)
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b bb b

4 98 1010

54505248

Figure 2. An odd mean labeling of S′(H7) and S′(H9).

Case (ii). n is even.
Define f : V (G) → {0, 1, 2, . . . , 12n− 7} as follows:

f(ui) =

{

6i− 2, 1 6 i 6 n and i is odd
6i− 10, 1 6 i 6 n and i is even,

f(u′

i) = 6i− 6, 1 6 i 6 n,

f(vi) =

{

6n+ 6i− 2, 1 6 i 6 n and i is odd
6n+ 6i− 10, 1 6 i 6 n and i is even,

f(v′i) = 6n+ 6i− 6, 1 6 i 6 n− 1

and f(v′n) = 12n− 7.

The induced edge labeling f∗ is obtained as follows:

f∗(uiui+1) = 6i− 3, 1 6 i 6 n− 1,

f∗(u′

iui+1) =

{

6i− 5, 1 6 i 6 n− 1 and i is odd
6i− 1, 1 6 i 6 n− 1 and i is even,

f∗(uiu
′

i+1) =

{

6i− 1, 1 6 i 6 n− 1 and i is odd
6i− 5, 1 6 i 6 n− 1 and i is even,
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f∗(vivi+1) = 6n+ 6i− 3, 1 6 i 6 n− 1,

f∗(v′ivi+1) =

{

6n+ 6i− 5, 1 6 i 6 n− 1 and i is odd
6n+ 6i− 1, 1 6 i 6 n− 1 and i is even,

f∗(viv
′

i+1) =

{

6n+ 6i− 1, 1 6 i 6 n− 1 and i is odd
6n+ 6i− 5, 1 6 i 6 n− 1 and i is even,

f∗
(

un

2
+1vn

2

)

= 6n− 3,

f∗

(

u′
n

2
+1vn

2

)

=

{

6n− 1, n
2 is odd

6n− 5, n
2 is even

and f∗

(

un

2
+1v

′
n

2

)

=

{

6n− 5, n
2 is odd

6n− 1, n
2 is even.

Thus, f is an odd mean labeling of S′(Hn). Hence, S
′(Hn) is an odd mean

graph. For example, an odd mean labeling of S′(H6) and S′(H8) are shown in
Figure 3.
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S′(H8)

Figure 3. An odd mean labeling of S′(H6) and S′(H8).

�

Theorem 2.2. The splitting graph of Hn⊙K1 is an odd mean graph for n > 2.
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Proof. Let ui, vi, xi, yi : 1 6 i 6 n be the vertices of Hn⊙K1. Let u
′
i, v

′
i, x

′
i, y

′
i

(1 6 i 6 n) be the new vertices corresponding to ui, vi, xi, yi(1 6 i 6 n) respec-
tively.

Then, V (S′(Hn⊙K1)) = V (Hn⊙K1)∪{u
′
i, v

′
i, x

′
i, y

′
i : 1 6 i 6 n} and E(S′(Hn⊙

K1)) = E(Hn ⊙ K1) ∪ {uiu
′
i+1, u

′
iui+1, viv

′
i+1, v

′
ivi+1 :

1 6 i 6 n − 1} ∪ {u′
ixi, uix

′
i, v

′
iyi, viy

′
i : 1 6 i 6 n} ∪

{

un+1

2

v′
n+1

2

, u′
n+1

2

vn+1

2
(

un+1

2

v′n
2
, u′

n+1

2

vn

2

)

: n is odd (n is even)
}

.

The graph S′(Hn ⊙K1) has 8n vertices and 12n− 3 edges.
Case (i). n is odd.
Define f : V (S′(Hn ⊙K1)) → {0, 1, 2, . . . , 2q − 1 = 24n− 7} as follows:

f(ui) =

{

16n+ 4i− 6, 1 6 i 6 n and i is odd
4i− 4, 1 6 i 6 n and i is even,

f(xi) =

{

4i− 4, 1 6 i 6 n and i is odd
16n+ 4i− 6, 1 6 i 6 n and i is even,

f(u′

i) =

{

4i− 2, 1 6 i 6 n and i is odd
16n+ 4i− 8, 1 6 i 6 n and i is even,

f(x′

i) =

{

16n+ 4i− 8, 1 6 i 6 n and i is odd
4i− 2, 1 6 i 6 n and i is even,

f(vi) =

{

4n+ 4i− 4, 1 6 i 6 n and i is odd
20n+ 4i− 6, 1 6 i 6 n and i is even,

f(yi) =

{

20n+ 4i− 6, 1 6 i 6 n− 1 and i is odd
4n+ 4i− 4, 1 6 i 6 n− 1 and i is even,

f(yn) = 24n− 7,

f(v′i) =

{

20n+ 4i− 8, 1 6 i 6 n and i is odd
4n+ 4i− 2, 1 6 i 6 n and i is even

and f(y′i) =

{

4n+ 4i− 2, 1 6 i 6 n and i is odd
20n+ 4i− 8, 1 6 i 6 n and i is even.

The induced edge labeling f∗ is obtained as follows:

f∗(uiui+1) = 8n+ 4i− 3, 1 6 i 6 n− 1,

f∗(uiu
′

i+1) =

{

16n+ 4i− 5, 1 6 i 6 n− 1 and i is odd
4i− 1, 1 6 i 6 n− 1 and i is even,

f∗(u′

iui+1) =

{

4i− 1, 1 6 i 6 n− 1 and i is odd
16n+ 4i− 5, 1 6 i 6 n− 1 and i is even,

f∗(uixi) = 8n+ 4i− 5, 1 6 i 6 n,

f∗(xiu
′

i) =

{

4i− 3, 1 6 i 6 n and i is odd
16n+ 4i− 7, 1 6 i 6 n and i is even,
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f∗(uix
′

i) =

{

16n+ 4i− 7, 1 6 i 6 n and i is odd
4i− 3, 1 6 i 6 n and i is even,

f∗(vivi+1) = 12n+ 4i− 3, 1 6 i 6 n− 1,

f∗(viv
′

i+1) =

{

4n+ 4i− 1, 1 6 i 6 n− 1 and i is odd
20n+ 4i− 5, 1 6 i 6 n− 1 and i is even,

f∗(v′ivi+1) =

{

20n+ 4i− 5, 1 6 i 6 n− 1 and i is odd
4n+ 4i− 1, 1 6 i 6 n− 1 and i is even,

f∗(viyi) = 12n+ 4i− 5, 1 6 i 6 n,

f∗(v′iyi) =

{

20n+ 4i− 7, 1 6 i 6 n and i is odd
4n+ 4i− 3, 1 6 i 6 n and i is even,

f∗(viy
′

i) =

{

4n+ 4i− 3, 1 6 i 6 n and i is odd
20n+ 4i− 7, 1 6 i 6 n and i is even,

f∗

(

un+1

2

vn+1

2

)

= 12n− 3,

f∗

(

u′
n+1

2

vn+1

2

)

=

{

4n− 1 if n+1
2 is odd

20n− 5 if n+1
2 and i is even

and f∗

(

un+1

2

v′n+1

2

)

=

{

20n− 5 if n+1
2 is odd

4n− 1 if n+1
2 and i is even.

Thus, f is an odd mean labeling of S′(Hn ⊙K1). Hence, S
′(Hn ⊙K1)) is an

odd mean graph. For example, an odd mean labeling of S′(H7 ⊙K1)) is shown in
Figure 4.
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Figure 4. An odd mean labeling of S′(H7 ⊙K1))

Case (ii). n is even.
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Define f : V (S′(Hn ⊙K1)) → {0, 1, 2, . . . , 2q − 1 = 24n− 7} as follows:

f(ui) =

{

4i− 2, 1 6 i 6 n and i is odd
16n+ 4i− 8, 1 6 i 6 n and i is even,

f(xi) =

{

16n+ 4i− 8, 1 6 i 6 n and i is odd
4i− 2, 1 6 i 6 n and i is even,

f(u′

i) =

{

16n+ 4i− 6, 1 6 i 6 n and i is odd
4i− 4, 1 6 i 6 n and i is even,

f(x′

i) =

{

4i− 4, 1 6 i 6 n and i is odd
16n+ 4i− 6, 1 6 i 6 n and i is even,

f(vi) =

{

4n+ 4i− 2, 1 6 i 6 n and i is odd
20n+ 4i− 8, 1 6 i 6 n and i is even,

f(yi) =

{

20n+ 4i− 8, 1 6 i 6 n and i is odd
4n+ 4i− 2, 1 6 i 6 n and i is even,

f(v′i) =

{

20n+ 4i− 6, 1 6 i 6 n and i is odd
4n+ 4i− 4, 1 6 i 6 n and i is even,

f(y′i) =

{

4n+ 4i− 4, 1 6 i 6 n− 1 and i is odd
20n+ 4i− 6, 1 6 i 6 n− 1 and i is even

and f(y′n) = 24n− 7.

The induced edge labeling f∗ is obtained as follows:

f∗(uiui+1) = 8n+ 4i− 3, 1 6 i 6 n− 1,

f∗(uiu
′

i+1) =

{

4i− 1, 1 6 i 6 n− 1 and i is odd
16n+ 4i− 5, 1 6 i 6 n− 1 and i is even,

f∗(u′

iui+1) =

{

16n+ 4i− 5, 1 6 i 6 n− 1 and i is odd
4i− 1, 1 6 i 6 n− 1 and i is even,

f∗(uixi) = 8n+ 4i− 5, 1 6 i 6 n,

f∗(xiu
′

i) =

{

16n+ 4i− 7, 1 6 i 6 n and i is odd
4i− 3, 1 6 i 6 n and i is even,

f∗(uix
′

i) =

{

4i− 3, 1 6 i 6 n and i is odd
16n+ 4i− 7, 1 6 i 6 n and i is even,

f∗(vivi+1) = 12n+ 4i− 3, 1 6 i 6 n− 1,

f∗(viv
′

i+1) =

{

4n+ 4i− 1, 1 6 i 6 n− 1 and i is odd
20n+ 4i− 5, 1 6 i 6 n− 1 and i is even,

f∗(v′ivi+1) =

{

20n+ 4i− 5, 1 6 i 6 n− 1 and i is odd
4n+ 4i− 1, 1 6 i 6 n− 1 and i is even,

f∗(viyi) = 12n+ 4i− 5, 1 6 i 6 n,
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f∗(v′iyi) =

{

20n+ 4i− 7, 1 6 i 6 n and i is odd
4n+ 4i− 3, 1 6 i 6 n and i is even,

f∗(viy
′

i) =

{

4n+ 4i− 3, 1 6 i 6 n and i is odd
20n+ 4i− 7, 1 6 i 6 n and i is even,

f∗
(

un

2
+1vn

2

)

= 12n− 3,

f∗

(

u′
n

2
+1vn

2

)

=

{

4n− 1 if n
2 is odd

20n− 5 if n
2 and i is even

and f∗

(

un

2
+1v

′
n

2

)

=

{

20n− 5 ifn2 is odd
4n− 1 if n

2 and i is even.

Thus, f is an odd mean labeling of S′(Hn ⊙K1). Hence, S
′(Hn ⊙K1)) is an

odd mean graph. For example, an odd mean labeling of S′(H6 ⊙K1)) is shown in
Figure 5.
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Figure 5. An odd mean labeling of S′(H6 ⊙K1)).

�

Theorem 2.3. The graph S′(B(m)(n)) is an odd mean graph.

Proof. Let ui, vi, uij , vij : 1 6 i 6 n, 1 6 j 6 m be the vertices ofB(m)(n) and
u′
i, v

′
i, u

′
ij , v

′
ij : 1 6 i 6 n, 1 6 j 6 m be the vertices corresponding to ui, vi, uij , vij

of B(m)(n) which are added to obtain S′(B(m)(n)).
Then V (S′(B(m)(n)) = {ui, vi, uij , vij , u

′
i, v

′
i, u

′
ijv

′
ij : 1 6 i 6 n, 1 6 j 6

m} and E(S′(B(m)(n)) = {uivi, viui+1, uiuij , vivij , uiv
′
i, viu

′
i, uiu

′
ij , viv

′
ij , v

′
iui+1,

viu
′
i+1, uiju

′
i, vijv

′
i : 1 6 i 6 n, 1 6 j 6 m}.

The graph S′(B(m)(n)) has 4(m+ 1)n vertices and 6(m+ 1)n− 3 edges.
Define f : V (S′(B(m)(n)) → {0, 1, 2, 3, . . . , 2q−1 = 12(m+1)n−7} as follows:
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For 1 6 i 6 n, 1 6 j 6 m,

f(ui) = 4(m+ 1)i− 2(2m+ 1)

f(vi) = (8n+ 4i)(m+ 1)− 8

f(uij) = (8n+ 4i− 4)(m+ 1) + 4(j − 2)

f(vij) = 4(i− 1)(m− 1) + 8i− 2 + 4(j − 1)

f(u′

i) = (8n+ 4i− 4)(m+ 1)− 2

f(v′i) = 4i(m+ 1)− 4

f(u′

ij) = (4i− 4)(m+ 1) + 4(j − 1)

f(v′ij) = (8n+ 4i− 4)(m+ 1) + 4(j − 1) + 2 and

f(v′nm) = 12(m+ 1)n− 7.

The induced edge labeling f∗ is obtained as follows:
For 1 6 i 6 n, 1 6 j 6 m,

f∗(uivi) = 4(n+ i− 1)(m+ 1) + 2m− 1

f∗(uiuij) = 4(n+ i− 1)(m+ 1) + 2(j − 1)− 1

f∗(vivij) = 4(n+ i− 1)(m+ 1) + 2m+ 1 + 2(j − 1)

f∗(uiv
′

i) = 4(m+ 1)i− 2(m+ 2) + 1

f∗(viu
′

i) = (8n+ 4i− 4)(m+ 1) + 2m− 3

f∗(uiu
′

ij) = 4(m+ 1)i− (4m+ 3) + 2(j − 1)

f∗(viv
′

ij) = (8n+ 4i− 4)(m+ 1) + 2m− 1 + 2(j − 1)

f∗(uiju
′

i) = (8n+ 4i− 4)(m+ 1)− 3 + 2(j − 1)

f∗(vijv
′

i) = 4(m+ 1)i− (2m+ 1) + 2(j − 1)

For 1 6 i 6 n− 1, 1 6 j 6 m,

f∗(viui+1) = 4(n+ i− 1)(m+ 1) + 4m+ 1

f∗(v′iui+1) = 4(i− 1)(m+ 1) + 4m+ 3

f∗(viu
′

i+1) = (8n+ 4i− 4)(m+ 1) + 4m− 1.

Thus, f is an odd mean labeling of S′(B(m)(n)). Hence S
′(B(m)(n)) is an odd mean

graph. For example, an odd mean labeling of S′(B(4)(3) is shown in Figure 6. �
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H
S

4
8
5

r rr r r r

r rr r r r

r r r r r r r r r r r r r r r r r r r r r r r r

2 132 22 152 42 172

116 120 124 128 6 10 14 18 136 140 144 148 26 30 34 38 156 160 164168 46 50 54 58

118 16 138 36 158 56

r r r r r r r r r r r r r r r r r rr r r r r r

0 4 8 12 122 126 130 134 20 24 28 32 142 146 150 154 40 44 48 52 162 166 170 173

Figure 6. An odd mean labeling of S′(B(4)(3))
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Corollary 2.1. S′(B(m)) is an odd mean graph.

Proof. It follows from Theorem 2.3. �
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