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FURTHER RESULTS ON ODD LABELING
OF SOME SPLITTING GRAPHS

R. Vasuki, S. Suganthi and G. Pooranam

ABSTRACT. Let G = (V, E) be a graph with p vertices and ¢ edges. A graph
G is said to have an odd mean labeling if there exists a function f : V(G) —

{0,1 — 1} satisfying f is 1 — 1 and the induced map f* : E(G) —
{1, 3 5 q — 1} defined by
) w if f(u) + f(v) is even
w) =
W if f(u) + f(v) is odd

is a bijection. A graph that admits an odd mean labeling is called an odd
mean graph. In this paper, we have studied the odd mean labeling of some
splitting graphs.

1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple
graph. Let G(V,E) be a graph with p vertices and ¢ edges. For notations and
terminology we follow [3].

Path on n vertices is denoted by P, and a cycle on n vertices is denoted by
Cpn. Ki,m is called a star and it is denoted by S,,. The bistar B, , is the graph
obtained from Ky by identifying the center vertices of K ,, and K, , at the end
vertices of Ky respectively. B, n, is often denoted by B(m). The H-graph denoted
by H,, is the graph obtained from two copies of P,, with vertices vy, vs, ..., v, and
U1, Usg, - .., Uy, by joining the vertices Ung and Ung1 if nis odd and vz 44 and uz if
n is even. If m number of pendant vertices are attached at each vertex of G, then
the resultant graph obtained from G is the graph G©®@mK;. When m =1, G ©® K;
is the corona of G.
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The graph obtained by attaching m pendant vertices to each vertex of a path of
length 2n — 1 is denoted by B(m)(y). The slanting ladder SL,, is a graph obtained
from two paths ujugus ... u, and v1v9v3 ... v, by joining each u; with v;41,1 < i <
n — 1.

The splitting graph S(G) was introduced by Sampathkumar and Walikar [7].
For each vertex v of a graph G, take a new vertex v’ and join v’ to all the vertices of
G adjacent to v. The resulting graph is the splitting graph of G, denoted by S(G).

The graceful labeling of graphs was first introduced by Rosa in 1961 [1] and R.
B. Gnanajothi introduced odd graceful graphs [2]. The concept of mean labeling
was first introduced and studied by S. Somasundaram and R. ponraj [8]. Further
some more results on mean graphs are discussed in [5, 6, 9, 10]. The concept of
odd mean labeling was introduced and studied by K. Manickam and M. Marudai
[4]. Also, odd mean property for some graphs are discussed in [11, 12].

A graph G is said to have an odd mean labeling if there exists a function
f:V(G) — {0,1,2,...,2¢g — 1} satisfying f is 1 — 1 and the induced map f* :
E(G) — {1,3,5,...,2q — 1} defined by

. B f)+f) if f(u) + f(v) is even
f(uv) = { w if f(u)+ f(v) is odd

is a bijection. A graph that admits an odd mean labeling is called an odd mean
graph.
For example, an odd mean labeling of SL5 is shown in Figure 1.

16 18 20 22 23
0 2 4 6 8

Figure 1.

In this paper, we prove that the splitting graph of H-graph, H, ® K for n > 2
and B(m)(n) for m > 1,n > 1 are odd mean graphs.

2. Odd Mean Graphs

THEOREM 2.1. S’(H,,) is an odd mean graph.

PROOF. Let ui,uo,...,u, and vy,vs,...,v, be the vertices of the H-graph
H,. Let V(H,,) together with u},u}, ..., u,, and v},v5, ..., v], form the vertex set
of S’(H,,) and the edge set of S’(H,,) is E(H,,) together with {w;u;y1,v;vi41, ust;t1,

! / ! - Vi /
ViVit1, Wilkiy1,ViVirq © 1 €4 < n-1}U {'U,”n;—lvn-é—l,un+1/l]n,-2¢—1,Un-2%—1vn+1
2 2

! / . ;
(u§+1v%,u%+lv%,Ug+1v%) :n is odd (even) }.
Case (i). n is odd.
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Define f: V(G) — {0,1,2

6i — 2, 1
f(“i)_{()’i—lo, 1
flui) =6i—6, 1<i<

~{ 6n+6i— 10,
f(vi)_{6n+6i—27
(

f(vi) =6n+6i —6,
and f(v),) =12n—T1.

,-.,12n — T} as follows:

<i<nandiis odd
<7< nandiis even,

n,

1<i<nandiisodd
1 <i<nand7is even,

1<i<n—-1

The induced edge labeling f* is obtained as follows:

f*(uiulqu) =61 — 3,

)00, _ 61 — 57
f (uiuZJrl) - { 6i — 17
oy f 61,
f (uzuiJrl) - { 67 — 5’

f* ("Uﬂ)i_'_l) = 6n + 67 — 3,

fr(vjvip) = { 22122 :é
RCCIES B
I (Uﬂw;—l 'Un-gl) =6n — 3,
I (dagrvan ) = { o1
i 7 (nsts) ={ 27

i<n—1and 7 is odd
i <n—1and 1 is even,

1<

1<
1<1<n—1andiisodd
1<i<n-—1andiiseven,
1<

1< n—1,

, 1<7<n—1and7isodd
, 1<i<n-—1andiis even,
, 1<i<n-—1and7isodd
, 1<i<n-—1and:iis even,
"erl is odd
”Tﬂiseven
”;rl is odd
”Tﬂiseven.
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Thus, f is an odd mean labeling of S’(H,). Hence, S’(H,) is an odd mean
graph. For example, an odd mean labeling of S’(H;) and S’(Hy) are shown in

Figure 2.
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0 4 %8
0 ® 4 38 42 6 2 100
6 » 2 52 48 12 16 86
12 16 50 54 18 14 88

14 28

18 & o ——
64 74

24 » 28 62 66 30 2% 76
30 26 76 72 36 40 62
36 ® 40 74 77 42 38 64

S'(Hr)
48 52 50
S'(Hs)

Figure 2. An odd mean labeling of S’(H7) and S’(Hy).

Case (ii). n iseven.
Define f: V(G) — {0,1,2,...,12n — 7} as follows:

Flus) = 67 — 2, 1<i<nandiisodd
| 60— 10, 1 <4< nandiis even,

f(u)) =6i—6, 1<i<n,

Fv;) = 6n +6i —2, 1<i<nandiisodd
DT 6n+6i—10, 1<i<nandiiseven,

fW)=6n+6i—6, 1<i<n-—1
and f(v}) = 120 — 7.

The induced edge labeling f* is obtained as follows:

N
3

_]_7

P () = 67 — 5, 1<i<n—1and:iis odd
) =Y 6i—1, 1<i<n—1andiis even,
Fe(ugdl, ) = 6i — 1, 1<i<mn-—1andiisodd

LT 60— 5, 1<i<n—1andiis even,

101

9

920

78

72

66

60
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f*(lli’tli+1)=6n+6i—3, 1§i§n—1,
f*(v'v- ) = 6n + 67 — 5, 1<1<n-—1andiisodd
LT 6n+ 66 — 1, 1<i<n-—1andiis even,
£ (ws0), _J bn+61—-1, 1<i<n-—1andiis odd
Yilit1) T 6n + 6i — 5, 1<i<n-—1andiis even,
fr (u%Hv%) =6n — 3,
(7 _J 6n—1, 5 is odd
/ (U%HU%) o { 6n — 5, 2 is even
6n —5 2 is odd
n n = ’ 2
and f (u +1v ) { 6n — 1, 5 is even.

Thus, f is an odd mean labeling of S’(H,). Hence, S’(H,) is an odd mean
graph. For example, an odd mean labeling of S’(Hg) and S’(Hs) are shown in
Figure 3.

0 4 52 48

0 4 40 36 6 2 50 54
6 2 33 2 12 16 64 60

52 62
12 16 48 18 14 66
18 50 54 24 76 7
14 28
24 28 64 60 30 2 74 78
30 2 62 65 36 40 88 84
S'(He)
4 38 86 89
S'(Hzg)

Figure 3. An odd mean labeling of S’(Hg) and S’ (Hs).
t

THEOREM 2.2. The splitting graph of H, ® K1 is an odd mean graph forn > 2.
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PROOF. Let u;, v, i,y : 1 <4 < n be the vertices of H,, ® K;. Let u}, v}, ., y!
(1 € i € n) be the new vertices corresponding to w;, v;, Z;, y;(1 < ¢ < n) respec-
tively.

Then, V(S'(H,0K1)) = V(H,0K1)U{u}, v}, z;,y; : 1 <i<n}and E(S"(H,®
Ky)) = E(H, © Ki) U {uuj , uliz1, 0V, VVit1 :

1 <i < n—1}U {uz,wzh, vy, vy, 0 1 < i < npU UH;I’U/”+1,U/”+1’U7L<2FI
2 2

(Un+l v'n,u'nﬂvn) :nis odd (n is even)}
The graph S’(H,, ® K1) has 8n vertices and 12n — 3 edges.

Case (i). nis odd.
Define f: V(S'(H, ® K1)) — {0,1,2,...,2¢ — 1 = 24n — 7} as follows:

n and ¢ is odd
n and 1 is even,

16n+4i—6, 1<i
4i — 4, 1<

47 — 4, 1<
16n + 44 — 6, 1<

4i — 2, 1<i
16n+4i—8, 1<

o
-1
-l 3
{16n+4z—8, 1<
o
-]

n and 7 is odd
n and ¢ is even,

n and ¢ is odd
n and ¢ is even,

n and 7 is odd
n and 7 is even,

4i — 2, 1<i

dn + 4i — 4, 1<
0m+4i—6, 1<

20m+4i—6, 1<i

n and ¢ is odd
n and 7 is even,

n —1 and 7 is odd

NN NN NN N NN N N

dn + 4i — 4, 1<i<n-—1andiis even,
)=24n—7
| 20n +4i -8, 1<i<nandiisodd
T\ 4n+4i -2, 1 <i<nandziis even
and f(y)) = dn + 4i — 2, 1<i<nandiisodd
(yi) = 20m + 41 — 8, 1 <i<nandiis even.

The induced edge labeling f* is obtained as follows:

ff(ujuipr) =8n+4i—3, 1<i<n—1,

f*(u»u’ ) = 16m + 47 — 5, 1<i<n-—1andiisodd
PRAL T 44— 1, 1<i<n-—1andiis even,
f*(u’u- ) = 47— 1, 1<i<n-—1and7isodd
i T 160 + 4i — 5, 1<i<n—1andiis even,
f(uz;)) =8n+4i—5, 1<i<n,

) = 41— 3, 1<i¢<nandiisodd
S 16n+4i - T, 1< i< nandiis even,
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Fr(ugal) = 16n + 41 -7, 1 <7< nandqisodd
U 43, 1 <i<nandiis even,
Froi) =12n+4i -3, 1<i<n—1,
Frlol,,) = dn+4i—1, 1<i<n-—1andiisodd
LT 20m + 4i — 5, 1<i<n-—1andiis even,
P (i) = 20n+4i—5, 1<i<n-—1andiisodd
VYT dn o+ 4i - 1, 1<i<n—1andiis even,

f*(' )= 20n +4i— 7, 1<i<nandiisodd
iYi) = dn + 47 — 3, 1 <i<nandiis even,
f*('/ dn + 47 — 3, 1<i<nandiisodd
Villi 20m +4i — 7, 1 <i< nandiis even,

]M< ('LLn;lUnTH) =12n — 3,
f*(' )7 4n —1 if"T'Hisodd
Unp1tUngd )= 920n — 5 if "T'H and 7 is even

20n — 5 if ”TH is odd
4dn — 1 if ”TH and 7 is even.

Thus, f is an odd mean labeling of S'(H,, ® K1). Hence, S'(H, ® K1)) is an
odd mean graph. For example, an odd mean labeling of S’(H; ® K;)) is shown in
Figure 4.

S'(H7 ® K1))

Figure 4. An odd mean labeling of S'(H7; ® K1))

Case (ii). n is even.
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Define f : V(S'(H, ® K1)) — {0,1,2, ..

ﬂW):{ %giﬁﬁ—&
sy - { 2oy
sy ={ i
ﬂ%)_{‘%gﬁﬁm—&
f@”_{g&;ﬁjfé
o= { Bt
ren={ s
=L
and f(y,,) = 24n — 7.

.,2q — 1 =24n — 7} as follows:

1<i<nandiisodd
1 <i< nand7is even,
1<i<nandiisodd
1 <i<nand:iis even,
1<i<nandiisodd
1 <i<nandiis even,
1 <i<mnand:iisodd
1 <i< nandiiseven,
1<i<nandiisodd
1 <i<nandiis even,
1<i<nandiisodd
1 <i<nand:iis even,
1<i<nandiisodd
1 <i<nand:iis even,
1<i<n-—1and7isodd
1<i<n-—1andiiseven

The induced edge labeling f* is obtained as follows:

f*(uiuiﬂ) =8n+ 41— 3,

1<i<n—1,

w( ] 4i-1, 1<i<n-—1andiisodd
O 16n+4i—5  1<i<n—1andilis even,
f*(/ ) = 16n + 4i — 5, 1<i<n-—1andiisodd
Witlit1) = 45 1, 1<i<n-—1andiis even,
f(uz;)) =8n+4i—5, 1<i<n,
£ (s ,)_ 16n +4i — 7, 1<i<nandiisodd
i) =\ 4i -3, 1< i< nandiis even,
£ (us ,)_ 47 — 3, 1 <i<nand:iisodd
Wity) = 16n +4i — 7, 1< i< nandiis even,

f* (Uivi+1) =12n + 45 — 3,

N | dn+40 -1,
f (UzUi+1) - { 20m + 47 — 5’
e[ 20n44i -5,
f“W“ﬁ_{4n+M—L

f (viy;) = 12n + 4i — 5,

1<i<n—1,

1<t1<n—1andiisodd
1<i<n-—1andiis even,
1<i<n-—1and¢7isodd
1<i<n-—1and:iis even,

1<i<n,
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. i< ..
f*(v' ):{ 20n 4+ 41— 7, 1<i<nandiisodd

iYi 4n + 4i — 3, 1 <i<nandiis even,
£ (v ) dn + 47 — 3, 1<t<nandiisodd
iYi 20n + 4i — 7, 1<i<nandiis even,
(u%ﬂvg) =12n —
( ) 4n — 1 if & is odd
Ug+1% 20n — if 2 and i is even
20n — if% is odd
and f* (qulvn) { 4n — 1 if % and 7 is even.

Thus, f is an odd mean labeling of S’(H,, ® K1). Hence, S'(H, ® K1)) is an
odd mean graph. For example, an odd mean labeling of S'(Hg ® K1)) is shown in
Figure 5.

A e
R e

S'(He © K1))

Figure 5. An odd mean labeling of S’(Hgs ©® K7)).

THEOREM 2.3. The graph S'(B(m)(,)) is an odd mean graph.

PROOF Let u;, vi, uij,v;5 + 1 <4 < n,1 < j < mbe the vertices of B(m )(n) and
ul,vz,uu7 ” 1 <1< n,1 <j<m be the Vertlces corresponding to u;, v;, Uij, Vij
of B(m)(,) which are added to obtain S"(B(m),))-

Then V(S"(B(m)n)) = {ui,vi, wij, vij, uj, v, ug;vg; 1 < 1 < nl <j<
m} and E(S’(B( m)my) = {Wivs, Vitliy1, Usllij, ViV, UiV, Vi, U u”,vzvm, ViU,
Vil 1, iug, viv; s 1 <d<n, 1< j < m

The graph S’( (m)(ny) has 4(m + 1)n vertices and 6(m + 1)n — 3 edges.

Define f: V(S (B(m)mn)) — {0,1,2,3,...,2¢—1 = 12(m+1)n — 7} as follows:
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For1<i<n,1<7<m,

flu) =4(m+1)i—2(2m+1)
flv)=8n+4i)(m+1)—38
fluj) = Bn+4i—4)(m+1)+4(j — 2)
flvij) =4G—1)(m—1)+8i —2+4(j — 1)
fu))=0Bn+4i—4)(m+1)—2

fvj) =4i(m+1) —4

flui;) = (4i—4)(m +1) +4(j — 1)

f(vj;) = (8n+4i—4)(m+1)+4(j — 1) + 2 and

f(vnnz) - 12(m + l)n —T.

The induced edge labeling f* is obtained as follows:
For1<i<n,1<j5<m,

fH(uv;) =4(n+i—1)(m+1)+2m—1

[ (uiugj) =4n+i—1)(m+1)+2(j —1) -1
fflov) =4n+i—1)(m+1)+2m+1+2(j — 1)
[ (uv)) =4(m+1)i —2(m+2) +1

[(viuy) = 8n+4i —4)(m + 1) +2m — 3

[ (ugug;) = 4(m+1)i — (4m +3) +2(j — 1)
fr(vivyy) = (8n+4i —4)(m+1) +2m —1+2(j — 1)

[ (uigu;) = Bn+4i—4)(m+1) —34+2(j — 1)
)

[ (vijv)) =4(m+1)i— (2m+1) +2(j — 1)
Fori<i<n—-1,1<j57<m,

i) =4n+i—1)(m+1)+4m+1

(i) =46 —1)(m+1) +4m +3

froiui ) = (8n+4i —4)(m+ 1) +4m — 1.

Thus, f is an odd mean labeling of S’(B(m) ). Hence S’(B(m)(,,)) is an odd mean
graph. For example, an odd mean labeling of S’(B(4)s) is shown in Figure 6. [
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116120 124 146 |10 19 136|140 144) 148126 [30 3
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0o 4 8 12122126 130134 20 24 28 32 142 146 150 154 40 44 48 52 162 166 170 173

Figure 6. An odd mean labeling of S’(B(4)(s))

SHAVYD DNILLITS HINOS A0 DNITIIVT NVHIN ddO NO SIINSHY HHHIYMNA
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COROLLARY 2.1. S'(B(m)) is an odd mean graph.

Proor. It follows from Theorem 2.3. O
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