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RESIDUATED MAPPINGS ON
ALMOST DISTRIBUTIVE LATTICES

G. C. Rao and S. S. Raju

ABSTRACT. In this paper, we introduce the concept of residuated mapping
on an Almost Distributive Lattice(ADL) L and its residual. We give certain
properties of residuated mappings on ADL’s. If P and @ are two ADL’s, then
we have characterized residuated maps in terms of principal initial segments.
If ff : Q » Pisaresidual of f: P — Q and gt : R — Q is a residual of
g:Q — R, then we prove that f+ o g* is a residual of g o f.

1. Introduction

Swamy and Rao [3] introduced the concept of an Almost Distributive Lattice
[ADL] as a common abstraction of almost all the existing ring theoretic general-
izations of a Boolean algebra (like regular rings, p—rings, biregular rings, associate
rings, P;—rings etc.) on one hand and distributive lattices on the other. In [2],
Swamy and Murty has discussed certain properties of residuated mappings of a
partially ordered set P into another partially ordered set Q.

In this paper, we introduce the concept of a residuated mapping on an ADL
and its residual and study their basic properties.

In Section 2, we recall the definition of an Almost Distributive Lattice (ADL)
and certain elementary properties of an ADL. These are taken from Swamy and
Rao [3] and Rao [1].

In Section 3, we give the definition of a residuated map on an ADL and its
residual and derive equivalent conditions for an isotone map to be residuated. If
P and @ are two ADL’s, then we have characterized residuated maps in terms of
principal initial segments. We deduce that a map f : P — @Q to be residuated
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it is necessary and sufficient that there exists an isotone g : @ — P such that
gy)Ax =z ifand only if y A f(z) = f(z), foranyx € Pye Q. If ft: Q — Pis
a residual of f: P — Q and g7 : R — @ is a residual of g : Q — R, then we prove
that f* o g™ is a residual of g o f.

2. Preliminaries

In this section, we collect a few important definitions and results which are
already known and which will be used more frequently in the paper.

DEFINITION 2.1. ([1]) A relation L on A satisfying the property reflexive, anti
symmetric and transitive is called a partial order relation on A.
7 <7 is generally used for partial orders. If 7 <7 is a partial order on A, then we
call (A, <) as a partially ordered set (Poset).

DEFINITION 2.2. ([1]). A poset (L,<) is called a lattice if every subset of
L with exactly two elements has supremum and infimum in L. (L, <) is a lattice
a,b € L if and only if {a,b} has supremum and infimum in L. If (L, V,A) be any
lattice. Then

(i) non empty set H of L is called a sublattice of LifaAb€ H andaVbe H
for all a,b € H;

(ii) A sublattice H of L is said to be convex if

(Va,be H)(Vce L)(a<bAa<c<b= c€H).

DEFINITION 2.3. ([1]) If in a poset (P, <) for every a,b € P, either a < b or
b < a holds, then (P, <) is called a chain or simply ordered set.

Every chain is a lattice but not vice versa.

DEFINITION 2.4. ([1]) An algebra (L, V, A) of type (2,2) is called a lattice if it
satisfies the following axioms:

(la) Ve =xand (1b) z Az =ux;

(2a) tVy=yVa and (2b) zAy=yAux;

(3a) (xVy)Vz=xV(yVz) and (3b) (zAy)Az=xA(yAz);

(4a) ) (zVy)Ay=y and (4b) (xAy)Vy=y.

In any lattice (L, V, A) the following are equivalent:

zA(yVz)=(xAy)V(zAz),
(xVy)Az=(xAz)V(yAz),
xV(yAz)=(xVy)A(xzVz)and
(xAy)Vz=(xV2)A(yV=2).

DEFINITION 2.5. ([1]) A Lattice (L, V, A) satisfying any of the above four equa-
tions is called a distributive lattice.

DEFINITION 2.6. ([1]) If (L, V, A) is a lattice then an element 0 € L is called
a zero element or least element of Lif 0ANa =0V a € L and an element 1 of L is
called 1 element or greatest element if aV1 =1V a € L. If L has 0 and 1 then L
is called a bounded lattice.
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DEFINITION 2.7. ([1]) A bounded lattice L is called complemented if to each
a € L there exists b € L such that a Vb =1 and a Ab = 0. A lattice L is said to be
relatively complemented if for any x,y € L such that x < y, the bounded lattice
[z,y] ={z € L |z < z <y} is a complemented lattice.

It is well known that a lattice L is distributive if and only if relative compliments
of any element in any interval [z, y], z < y are unique.

DEFINITION 2.8. ([1]) A bounded distributive and complemented lattice is
called a Boolean algebra.

DEFINITION 2.9. ([1]) A sublattice I of L is called an ideal of L ifi € I,a € L
imply a Ai € I.
(1) An ideal I of L is said to be proper if I # L
(2) An ideal I of L is said to be prime if
() anbel,a,be L = either a€lorbeland

(2) I £ L.
(3) An ideal M of L is called maximal if
() M #£L
(ii) If U is an ideal of L such that M C U C L = either M = U or
U=L.

In the following, we give the definition of an ADL:

DEFINITION 2.10. ([1]) An almost distributive lattice (in further ADL) is an
algebra (L, V, A) of type (2,2) satisfying
(1) (avb)Ac=(aNc)V(bAc)
(2) an(bVe)=(aAb)V(aAc)
(3) (aVb)Ab=b
(4) (avb)Aha=a
(5) aV(aAb)=a,
for all a,b,c € L.

It can be seen directly that every distributive lattice is an ADL. If there is an
element 0 € L such that 0 Aa = 0 for all a € L, then (L, V, A,0) is called an ADL
with 0.

ExaMPLE 2.1. ([1]) Let X be a non-empty set. Let fix o € X. For any
x,y € L, define

| =z, fx =20 Sy, ifr=x
x/\y_{y, ifx # xq x\/y—{x’ ifz # xg.
Then (X, V,A,z0) is an ADL, with z( as its zero element. This ADL is called a
discrete ADL.

For any a,b € L, we say that a is less than or equals to b and write a < b, if
a Ab=a. Then “<” is a partial ordering on L.

The following hold in any ADL L. Here onwards by L we mean an ADL
(L,V,A,0).
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THEOREM 2.1 ([1]). For any a,b € L, we have
(1) an0=0and 0Va=a

(2)aNa=a=aVa

() (anb)Vvb=b, aV(bha)=a and aA(aVbd)=a
4)aNb=a<=aVb=band aNb=b<=aVb=a
(5) aAb=bAa and aVb=>bVa whenever a <b

(6) anb<band a<aVb

(7) A is associative in L

(8) anbAc=bAaAc

(9) (avb)Ac=(bVa)Ac

(10) aANb=0<=bAa=0

(11) av (bVa)=aVb.

It can be observed that an ADL L satisfies almost all the properties of a
distributive lattice except, possible the right distributivity of V over A, the com-
mutativity of Vv, the commutativity of A and the absorption law (a A b) V a = a.
Any one of these properties convert L into a distributive lattice.

THEOREM 2.2 ([1]). Let (L,V,A,0) be an ADL with 0.
Then the following are equivalent:

(1) (L,V,A,0) is a distributive lattice

(2) avb=>bVa foralabe L

(B) anb=0bAa forall a,beL

(4) (anb)Ve=(aVe)A (V) forall a,bce L.

ProproSITION 2.1 ([1]). Let (L,V,A,0) be an ADL. Then for any a,b,c € L
with a < b, we have

() anc<bAc

(2) cAha<cAb

(3)cVa<eVd.

DEFINITION 2.11. ([3]). An element m € L is called maximal if it is maximal
as in the partially ordered set (L, <). That is, for any a € L, m < a implies m = a.

THEOREM 2.3 ([1]). Let L be an ADL and m € L.
Then the following are equivalent:

(1) m is mazimal with respect to <

(2) mVa=m forall a€L

(3) mAa=a forall a€ L.

LEMMA 2.1 ([1]). Let L be an ADL with a mazimal element m and z,y € L.
Ifx Ny =y and y AN x = x then x is maximal if and only if y is maximal.Also the
following conditions are equivalent:

zAy=yandyAhzx=x

(ii) x Am =y Am.

3. Residuated Mapping’s on ADL’s

In this section, we give the definition of a residuated map on an ADL and
that of its residual. Certain equivalent conditions for an isotone map to become a
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residuated map are discussed. If P and () are two ADL’s, then we prove that a map
f: P — Q is residuated if and only if f~!(I) is a principal initial segment in P,
for any principal initial segment I in @ and deduced that f : P — @ is residuated
if and only if there exists an isotone g : @ — P such that g(y) Az = z if and only
ifyA f(z)= f(z),foranyz € P,y Q. If ft+:Q — Pisaresidualof f: P — Q
and g7 : R — Q is a residual of g : @ — R, then we prove that ftog" is a residual
of gof.

DEFINITION 3.1. Let P and @ be two Almost Distributive Lattices(ADL’s). A
mapping f : P — @ is said to be an isotone if for any a,b € P,

anb=b = f(a)A f(b) = f(b).

DEFINITION 3.2. Let P and @ be two ADL’s. An isotone f : P — @ is called
residuated if there exists an isotone map g : @ — P such that g(f(z)) Az = =,
for any x € P and y A f(g(y)) = f(g9(y)), for any y € Q. In this case, g is called a
residual of f.

ExaMPLE 3.1. Let P = Z, the set of all integers and let @ = R, the set of all
real numbers together with the usual orderings. Define f : P — @ by f(n) = n, for
any n € Z. Then f is residuated and its residual g : Q — P is given by g(y) = [y],
the largest integer less than or equal to y.

From here onwards, P, @ and R denote ADL’s.

DEFINITION 3.3. A subset I of an ADL P is called an initial segment in P if
forany z,y € PyAx=xandyec l = x € 1.

DEFINITION 3.4. For any = € P, the set (z] = {a € P |2 Aa = a} is an initial
segment in P and is called the principal initial segment (PIS) generated by x.

THEOREM 3.1. Let P,Q be two ADL’s. A map f : P — @ is an isotone map
if and only if f=1(I) is an initial segment in P, for each initial segment I in Q.

PROOF. Let P and @ be two ADL’s. Assume that f : P — @ is an isotone

map and a,b € P. Let I be an initial segment in Q.
Suppose bAa =a and b € f~1(I). Then f(b) A f(a) = f(a) (since f is isotone). As
fb) eI, f(b)A f(a) = f(a) and I is an initial segment in @, we get f(a) € I. Then
a € f~Y(I). Therefore, f~1(I) is an initial segment in P, for each initial segment I
in Q.

On the other hand, assume f~!(I) is an initial segment in P, for each initial
segment [ in Q. Let a,b € Pand bAa =ain P and I = (f(b)]. Then I is an initial
segment in Q and f(b) € I. Thus b € f~1(I) and f~1(I) is an initial segment in P.
So, a € f~1(I) and f(a) € I = (f(b)]. Finally, f(b) A f(a) = f(a). Therefore, f is
an isotone map. U

THEOREM 3.2. Let f : P — @Q and g : Q — P be two maps. Then the following
conditions are equivalent

(i) foranyx € P,ye @, gly) Nz =z < yA f(x) = f(x).

(i) f~H () = (9(¥)), for any y € Q.



460 G. C. RAO AND S. S. RAJU

PROOF. (i) = (ii) Assume (i). Let y € Q. Thent € f~1((y]). Thus yAf(t) =
f@) andcg(y) At =t (By (i)). Sot € (g9(y)] holds. Therefore, f~1((y]) = (g9(y)], for
any y € (.

(i) = (i) Suppose f~1((y]) = (g( )] for any y € Q. Let z € P,y € Q. Then
g(y) Nz = x. Thus z € (g(y)] and = € f~((y]) By (ii). So, f(z) € (y] Finally
y A flz) = flz). O

THEOREM 3.3. Let P,Q be two ADL’s with a maximal element m. An iso-
tone map f : P — Q is residuated if and only if f~1(I) is a principal initial
segment(PIS) in P, for any principal initial segment(PIS) I in Q.

PRrROOF. Suppose f: P — @ is an isotone residuated map. Then there exists
an isotone map g : Q — P such that

g(f(x)) ANz ==, forall z € P and y A f(g(y)) = f(g(y)), for all y € Q.

)
Let I = (y] be a PIS in Q and take x = g(y). Let t € f~1(I). Then f(t) € [ =
(y] and y A f(t) = f(t). Thus g(y) A g(f(t)) = g(f(t)) (Since g is isotone) and
gy) AN g(f(t)) At = g(f(t)) At. Further, we have g(y) At =t (Since g(f(t)) At =1,
for any ¢t € P) and t € (g(y)]. Therefore, f=1(I) C (g(y)] — (1).

Now, let ¢ € (g(y)]. Thus g(y) At =t and f(g(y)) A f() = f(t) (Since f
i isotone). Now, y A (1) = y A flgy)) A 1(0) = J(gl) A S(©) = f(0). Thus
f(t) € (y] = I and hence t € f~1(I). Therefore, (g(y)] C f~1(I ) — (2).

From (1) and (2) we get that f~(I) = (g9(y)] Therefore, f~1(I) is a PIS in P.

On the other hand, assume the given condition. Suppose f : P — @ is an
isotone map. Define g : @Q — P as follows. Let y € Q. Then (y] is a PIS in
Q and f~1((y]) is a PIS in P. Thus f~'((y]) = (=], for some z € P. Define
g(y) = x Am, where f~((y]) = (z] = (x Am]. Let y1,92 € Q be such that y; = ys.
Thus (y1] = (y2] and f~1((y1]) = f~'((y2]). So, further, we have (z1] = (z2]
and 1 Am = 2o Am. Then g(y1) = g(y2). Therefore, g is well-defined. Since
Y] = (z] = (x Am] = (g(y)], for any y € @, by above Theorem 3.2, we get
that

gy he=x & yAf(z)= f(z), foranyr € P,ye Q, —,(3)

Then by taking y = f(z), we have g(f(z)) Az = x and by taking z = g(y), we have
y A flg(y)) = f(g(y)), for any z € P,y € Q.

Let 1,29 € P. Now, 2o A xy = 1 implies g(f(z2)) Axa Ax1 = g(f(x2)) Ay
and o A 1 = g(f(x2)) Axy (Since g(f(x2)) Axe = x2). Thus g(f(x2)) Az = x4
and f(z2) A f(z1) = f(z1) in Q (By (3)).

Let y1,y2 € Q. Now, y2 Ayr = y1 implies y2 Ay1 A f(g(y1)) = y1 A f(g(y1)) and

y2/f(g(y1)) = f(g(y1)) (Since y1Af(g(y1)) = f(9(y1)))- Thus g(y2)Ag(y1) = 9(y1)
in P (By (3)). Therefore, f and g are isotone maps.

Thus f is residuated. U

COROLLARY 3.1. An isotone map f : P — Q is residuated if and only if there
exists a map g : Q — P such that gly) Nz = =z < y A f(x) = f(x), for any
x € P,y € Q and in this case g is a residual of f.
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PROOF. Suppose f: P — (@ is an isotone residuated map. Then there exists an
isotone map ¢ : Q — P such that g(f(z)) Az =z, forany x € P and y A f(g(y)) =
f(g(y)), for any y € Q.

Suppose g(y) Ax = x. Then f(g(y)) A f(z) = f(xz) (Since f is isotone) and
yAf(gW) A fz) =y f(z). Thus f(g(y)) A f(z) =y A f(z) and f(z) =y A f(z).

On the other hand, assume y A f(x) = f(z). Then g(y) A g(f(z)) = g(f(x))
(Since g is isotone) and g(y) A g(f(z)) Ax = g(f(x)) Az. Thus g(y) Az = z.

Converse follows from Theorem 3.2 and Theorem 3.3. O

DEFINITION 3.5. Let P, @ be two ADL’s with maximal elements. Two maps
g,h : P — @ are said to be equivalent, if, g(x) Ah(x) = h(z) and h(z) Ag(z) = g(z)
for any z € P.

In the following result, we prove that the residual of a residuated map is unique
upto equivalence.

COROLLARY 3.2. Let P,Q be two ADL’s with maximal elements. Suppose an
isotone map f : P — @Q is residuated. If there exist two maps g : Q — P and
h:Q — P such that

() gy) Az =2 & YA f(z) = F(z) and

(ii) h(y) Ne=x & y A f(z) = f(z) for any x € P,y € Q,
then g, h are equivalent.

PROOF. Let x € P,y € Q. By the given hypothesis, we get that
gy hNz=z < hy) he=x — (1).

Since g(y) Ag(y) = g(y), by (1), we get that h(y) Ag(y) = g(y). Since h(y) Ah(y) =
h(y), by (1), we get that g(y) A h(y) = h(y). Hence g, h are equivalent. O

THEOREM 3.4. Let f : P = Q and g : @ — R be two isotone residuated maps.
If f© : Q — P is a residual of f and g7 : R — Q is a residual of g, then fTog™
is a residual of go f.

PROOF. Suppose fT : Q — P is a residual of f and ¢g© : R — Q is a residual
of g. Then, by Corollary 3.1, we have fT(y) Az =z & y A f(z) = f(z) and
g()/\y—y@z/\g() ()forallePyeQ,zeR. Now, for any
x € Pand z € R, fT(¢97(2)) A = x implies that g*(z) A f(z) = f(z) and
zAg(f(@)) = g(f(x)).

Now, 2Ag(f(2)) = g(f()) implies g* () A f(z) = f(z) and f+(g" () Az = 2.
By Corollary 3.1, we get that go f : P — R is an isotone residuated map. Thus
fT ogT is a residual of g o f. O

COROLLARY 3.3. Let f : P — Q be an isotone residuated map and f+ : Q —
P be a residual of f. Then
)

(1) (fof*of) () A f(x) = f(x
( ) A (fofTof)(z) = (fofTof)(x), for allz € P
)() = (fFofof)(y)

(2)
(3) fT) A(frofof™)(y
4) (ffofoft)y) A fH(y) = fH(y), for all y € Q.

~— —
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PROOF. Since f7 is a residual of f, then, by definition, we have f¥(f(x)) A
x =z, for all z € P and y A f(fT(y)) = f(f(y)), for all y € Q. So that
FUTf@)) A f2) = fla).

Also, we have y A f(fT(y)) = f(fT ().

Replacing y by /(2), we get that f(z) A F(f*(f(2)) = F(/* (f(2))).

Again, we have y A f(f*(y)) = f(fT(y)), so that f(y) A (fF(f(fT (1)) =

)
Finally, we have f(f(z)) Az = .
Replacing = by f*(y), we get that (f*(f(f* (1)) A fT(y) = (). O
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