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CONVERGENCE OF BS -ITERATION PROCEDURE
IN UNIFORMLY CONVEX BANACH SPACES AND
COMPARISON OF ITS RATE OF CONVERGENCE

Venkata Ravindranadh Babu Gutti and Satyanarayana Gedala

ABSTRACT. In this paper, we introduce a new iteration procedure namely
BS—iteration procedure which generalizes modified Vatan two step iteration
procedure and modified AK —iteration procedure. We prove the strong con-
vergence of these iteration procedures to a fixed point of an asymptotically
nonexpansive map 71" defined on a nonempty closed convex and bounded sub-
set of a uniformly convex Banach space X under the assumption that 7' is
completely continuous. Also, we prove the weak convergence of these itera-
tion procedures when X satisfies the Opial condition. We provide examples
in support of our results and show that the modified AK —iteration procedure
converges strongly to a fixed point but the modified Picard iteration proce-
dure fails to converge. Further, we prove that the BS—iteration procedure
converges faster to a fixed point of a Zamfirescu operator than a modified
Mann iteration procedure in Banach spaces.

1. Introduction

In 1936, the concept of uniform convexity of a normed linear space was in-
troduced by Clarkson [6]. In 1972, Goebel and Kirk [7] introduced the class of
asymptotically nonexpansive maps and proved that every asymptotically nonex-
pansive selfmap defined on a nonempty closed convex and bounded subset of a
uniformly convex Banach space has a fixed point.

In 1972, Zamfirescu [18] proved the following theorem which is a generalization
of Banach contraction principle.
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428 V. R. B. GUTTI AND S. GEDALA

THEOREM 1.1. ([18]) Let X be a complete metric space and T : X — X be a
Zamfirescu operator, i.e., there exist 0 < a <1 and 0 < 8,7 < % such that for all
xz,y € X atleast any one of the following hold.

(1) d(Tz,Ty) < ad(z,y),

(i) d(Tz,Ty) < Bld(z, Tx) + d(y, Ty)],

(i11) d(Tx,Ty) < ~[d(z, Ty) + d(y, Tx)].
Then T has a unique fized point in X.

In 1989, Schu [11] introduced a modified Mann iteration procedure as follows:
Let K be a nonempty convex subset of a normed linear space X and T : K — K
be a map,

(1.1) 21 €K, zpy1 = (1 — an)rn + T,

for n = 1,2,... where {a,,}5; is a sequence in [0,1]. Schu [11] studied strong
convergence of this iteration procedure for asymptotically nonexpansive maps in
Hilbert spaces.

If o, =1 for all n in (1.1) then the iteration procedure (1.1) becomes

v € K, 2y =T"x,

and we call it ‘modified Picard iteration procedure’.
In 1994, Tan and Xu [14] introduced a modified Ishikawa iteration procedure
as follows:

(1.2) 21 €K, Tpy1=(1—an)z, + an,T((1 = Bn)xn + BnT 2n)

forn =1,2,... where {a}22; and {8}52, are real sequences in [0, 1]. Also, Tan and
Xu [14] proved that this iteration procedure converges weakly to a fixed point of
an asymptotically nonexpansive selfmap in the setting of uniformly convex Banach
spaces by using Opial condition.

An extensive research work is going on the topic 'the approximation of fixed
points by iterative methods for asymptotically nonexpansive maps’, for example,
we refer [2, 4, 5, 10, 12, 16] and the related references there in. Inspired and
motivated by this work, we modify the following iterations and study the weak and
the strong convergence of these iteration procedures.

In 2015, Karakaya, Bouzara, Dogan and Atalan [8] introduced Vatan two step
iteration process as follows.

T, € K
(1~3) Yn = T((l - Bn)xn + ﬁnT‘Tn)
Int+1 = T((l - an)yn + anTyn)
where {a, 152, and {8,}52, are sequences in [0, 1].
In 2016, Ullah and Arshad [9] introduced AK-iteration procedure
r1 € K
Yn =T((1 — an)zn + anTzy)
Tn+1 = Tyn

(1.4)
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where {a, 152, and {8,}52, are sequences in [0, 1].

Recently, Anthony and Mary [2] proved that the modified Mann iteration pro-
cedure (1.1) with «,, = 41 converges faster to a fixed point of Zamfirescu oper-
ator than the modified Mann iteration procedure (1.1) with € < a,, < (1 —¢€) for
n =1,2, ... in the setting of uniformly convex Banach spaces.

In Section 2, we define new iteration procedures namely BS—iteration proce-
dure, a modified Vatan two step iteration procedure and a modified AK —iteration
procedure. Also, we present basic concepts that are required to develop the paper.
In Section 3, we prove that these iteration procedures with appropriate conditions
on control sequences converge strongly to a fixed point of an asymptotically non-
expansive map 1" defined on a closed, convex and bounded subset of a uniformly
convex Banach space X under the assumption that T is completely continuous on
X. Also, we prove that these iteation procedures converge weakly when X satisfies
Opial condition. In Section 4, we provide examples in support of our results and
show that the modified AK —iteration procedure converges to a fixed point but the
modified Picard iteration procedure fails to converge. In Section 5, we prove that
BS—iteration procedure converges faster to a fixed point of a Zamfirescu operator
than the modified Mann iteration procedure [2] in Banach spaces.

2. Preliminaries

Let X be a normed linear space, K be a nonempty convex subset of X. Let
T : K — K be aselfmap and {o,}52 1, {8n}52, and {7, }52, be sequences in [0, 1].
We introduce ‘BS—iteration procedure’ as follows:
For z; € K, we define
(2.1) Yn =T"((1 — an)zn + @ T™zy)

Tnt1 = (1= Y)¥n + 1T "Yn.

If we choose v, = 0 in (2.1) then we have the following iteration procedure:
For 1 € K,
Fur = T(1 = @)y + 0 T"5).
We call the iteration procedure (2.2), a modified Vatan two step iteration procedure.
If v, = 1 in (2.1) then we have

(2.2)

r1 € K,
Yn =T"((1 — an)zn + anT™zy)
Tnt1 = T"Yn,

(2.3)

and we call it modified AK —iteration procedure.
Now, we recall the concepts and results that are required to develop this paper.
A map T : K — K is said to be “asymptotically nonexpansive” if there exists a
sequence {k, }>2 ; with k, > 1 and lim k, = 1 such that ||[T"z—T"y|| < kn||z—y||
n—oo
for all x,y € K and n > 1.
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A map T : K — K is said to be completely continuous if for any sequence {x,, }
converges weakly to a point xg in K, the sequence {Tx,} converges to Tzg.

DEFINITION 2.1. ([6]) A uniformly convex Banach space X is a Banach space
in which the following holds : for every 0 < € < 2, there exists § > 0 such that for
all z,y € X with ||z|| = ||y|| = 1 and ||z — y|| > € implies that ||ZE2|| <1 —4.

DEFINITION 2.2. ([17]) A Banach space X is said to satisfy Opial condition if
x, — x weakly implies that liminf ||z, — z|| < liminf ||z, — y|| for all y # .

LEMMA 2.1. ([15]) Let p > 1 and r > 0 be two fized numbers. Then a Ba-
nach space X is uniformly convex if and only if there exists a continuous, strictly
increasing convez function g : [0,00) — [0,00) such that g(0) = 0 and
Az -+ (1= NglP < Alall? + (1= A)llglP — wp(Ng(llz — gl]) for all e,y € B, where
0< AL, B ={zeX:||z|]]| <r} and wy(A) = X1 = X)P + XP(1 = N).

LEMMA 2.2. ([13]) Let {a,}, {bn} and {,} be sequences of nonnegative real
numbers such that the inequality ap+1 < (1 + 0n)ay, + by, forn=1,2,3... .
If > 0p < o0 and Y b, < oo then lim a, ezists.
n=1 n=1 n—00
LEMMA 2.3. ([5]) Let K be a nonempty closed and convex subset of a uniformly
convexr Banach space andT : K — K be an asymptotically nonexpansive map. Then

I —T is demiclosed with respect to 0. That is, x, — © weakly and ||z, —Tx,|| — 0
implies that x € F(T') where F(T) is the set of all fized points of T

LEMMA 2.4. ([1]) Let X be a reflexive Banach space that satisfies the Opial
condition, K be a nonempty closed convex subset of X, T : K — X be a map such
that F(T) # ® and I — T be demiclosed at 0. Let {x,} be any sequence such that
lim ||z, — p|| exists for all p € F(T) and ||z, — Txn|| = 0. Then {x,} converges
n—oo
weakly to a fixed point of T.

LEMMA 2.5. ([12]) Let K be a nonempty closed subset of a uniformly convex
Banach space X. Let T : K — K be a completely continuous map with F(T) # 0.
Let {x,}22, be a sequence in K such that (a) for any p € F(T), lim ||z, — p||

n—oo

exists and, (b) lim ||z, — Tx,|| = 0. Then {x,}°, converges strongly to a fized
n—oo
point of T.

DEFINITION 2.3. ([3]) Let {x,}22, and {u,}22, be two sequences such that
llzn — pl| < an, ||un — p|| < by for n =1,2,... where {a,}°; and {b,}32; are two

positive real sequences such that lim a, =0, lim b, =0 and lim 3= = 0.
n—oo n—,oo "N

n—oo
Then we say that {x, }5°; converges faster than {u,}5 to p.

LEMMA 2.6. ([16]) If {k,}52 is a sequence in [1,00) such that lim k, =1

n—oo

o0 o0
then for any real number p > 0, both the series Y, (kn,—1) and > (kE —1) converge
n=1 n=1
or diverge together.
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3. Main results

PropPOSITION 3.1. Let K be a nonempty closed, bounded and conver subset
of a uniformly convex Banach space X and T : K — K be an asymptotically
nonexpansive map with the sequence {k,}>2 ; that satisfies k, > 1 and
o0

S (kn —1) < oco. For any x1 € K, let the sequence {x,}52, be generated by the

n=1

BS—iteration procedure (2.1). Then

(i) for any fized point p of T, lim ||z, — p|| exists.
n—oo
Further, if 0 < liminf 5, < limsup g, < 1 then the following hold.

) 2
) 2
) 2
)
)
(vii) lim
) 2
)2
)
)

lim
n—oo

|zn —T"2p|| =0
| T"x, — zn|] =0
[|2n — 20| =0

|T"xy, — Tz, =0

[ T" 2y, — 2n|| =0
T2 — ynll =0

[lzn — ynll =0

|yn — 2nl] =0

| T"yn — yn|l = 0, and
l|zp, — Ta,|| = 0.

PRrROOF. Let p be a fixed point of T'. Since K is bounded, there is a real number
r > 0 such that sup{||z —p|| : € K} < r. By Lemma 2.1, there is a continuous
strictly increasing and convex function g : [0, 00) — [0, 00) with g(0) = 0 such that
1Az + (1 = Nyl < Mfl® + @ = Mlyl]? = A1 = Ng(||z — y]) for 2,y in B,. We

consider
||zn — plI?

(3.1)

and
|[yn — plI?

- ||Tn((1 - ﬁn)xn + 6nTnxn) *p||2

<kpll(1 = B)(2n = p) + Bu(T zn — p)|?

< kr%[(l = Bo)llzn _pH2 + BullT" 2, _pH2 = Bn(1 = Bn)g(||xn — Tmxn|])]
< krgz[(l = Bu)llzs, _pH2 +ﬁnkr%||xn _pH2 = Bu(1 = Bn)g(||zn — T"wy]])]
= kp[L+ Bu(ky — D]l|zn — pl|* = Bn(1 = Ba)kng([Jzn — T™@y]|)

< Ekpllzn — plI> = Bu(l = Ba)k2g(||xn — T™2n)|)

T (1 = an)zn + T zp) —p||2

< kfz”(l - O‘n)zn + oy T" 2 — p||2

< Epl(1 = an)llzn = pII? + anl|T" 20 = plI* = an(1 = an)g(||2n — T™2|])]
Sk [(1 = an)l|zn — plI? + anky|lzn — plI* — an(l — an)g(||2n — T"24]])]
< k%[l + an(erL = Dlllzn _pH2 —ap(l— O‘n)k%g(Hzn = T"2])
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knllzn = ol — an(1 — an)krg(||zn — T™2,1[)
kinn _pH2 - Bn(l - ﬂn) ng(Hxn - Tnan) - an(l - an)
kig(”zn —T"z,]|), (from (3.1)).

<
<
(3.2)

Now we consider

zn1 = pII> =111 = Yn)yn +7n2T”yn —pl]? ,
< (1 =7)llyn pll2 + %IIQT"yn —p||2 = V(L =y)g([|yn — T ynll)
<(1- %)Ilyn plI* + vnanHyn = = (@ =) g(||yn — T"ynl|)
= (14 (k2 = D)lyn = pI1* = (X =) g(|[yn — T"ynll)

(3.3) < Eollyn = pII* = 11 = )9 lyn — T ynl])-

We write A, = Bn(1 — Bu)kSg(||xn — T"2pl|), Bn = an(1 — an)kSg(||zn — T"24]])
and Cy, = V(1 — v,)k29(||yn — T"ynl|). Then from (3.2) and (3.3) it follows that

|#ns1 = plI* < [Jen = pl* + (k" = Dllan = pl|* = Ap — By — Cn
(3.4) < lwn —pl2+ 72k —1) — A, — B, — C,
(3.5) <lzm — |2 + 72 (kL — 1),

By Lemma 2.6, Z (kl® — 1) < 0o and hence by Lemma 2.2, hm ||z, — p|| exists

n=1

for every fixed point p of T'. This proves (i).

Now we assume that 0 < liminf 3, < limsup ,, < 1 so that there exist 1,15 €
(0,1) and a positive integer ng such that n; < 5, < 72 for all n > ng. From the
inequality (3.4), it follows that

Bu(1 = Br)kng(lon = T"zull) = An < (|2 = plI* = llznsr = pI?) +72(ky° = 1)

Therefore

m (L —n2)g(||zn — T"aull) < (|20 = pl* = [lensr = pl*) + 77k — 1)
so that
|z — I — 1201 — pII* + r? (k" — 1)
m(l —n2)
for all n > ng and hence lim g(||z, — T"x,||) = 0.
n—oo

9(||zn — T zs]]) <

Now we prove that lim ||z, — T"z,|| = 0. Otherwise, there exist e > 0 and a
n—oo
strictly increasing sequence {ny } 32, of positive integers such that ||z, =Tz, || >
efor k=1,2,3.... Since g is strictly increasing, we have g(||z,, —T™ x,,||) = g(¢)
for k = 1,2,.... Therefore klim 9(||zn, — T™xp,|]) = g(e) > 0, a contradiction.
bde el

Hence (ii) holds.

Since zp, = T™((1—Bn)xn+L0nT™xy), we have || Ty — 20 || < knfBnl|tn =Ty ||
for n =1,2,... so that lim ||T™z, — z,|| = 0. This proves (iii).

n—o0

By the triangle inequality, we have ||z, — z,|| < ||Tn — T"2n|| + [|T"Tn — 20|
for n =1,2,... so that (iv) follows from (ii)and (iii).

Since T is asymptotically nonexpansive, (v) follows from (iv).
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By the triangle inequality, we have ||T" 2z, —zn || < ||[T™2n—T" @ ||+||T" Tn—2n|]|
for n = 1,2, ... and hence (vi) follows from (iii) and (v).

Since yn, = T™((1 — an)zn + anT"2y), we have [Tz, — yn|| < knllzn — T 20|
for n = 1,2, ... so that (vii) follows from (vi).

Again by the triangle inequality, we have

|zrn — ynl| < ||Xn — T™@p|| + || T"@n — T" 20 || + || T" 20 — ynl| for n =1,2,... .

Hence (viii) follows from (ii), (v) and (vii).
It is easy to see that (ix) follows from (iv) and (viii).
We consider
Ty — yull = [[T"yn — T ((1 — an)zn + anT20)||
< kn[(1 = an)lyn = znl + anllyn — T"2n|[]-
Hence (x) follows from (vii) and (ix).
We consider

[[Zn1 = T p1l] < 1Znt1 = Ynll + |yn = T yull + [|T"yn — T 41|
< (kn + 1)||yn - $n+1|| + ||yn - TnynH
= ((kn + 1)711 + 1)|‘Tnyn - yn”
< (kn + 2Ty — ynl| for n =1,2,3... .

Therefore from (x) it follows that

(3.6) nh_}ngo l|zn+1 — T @pia]| = 0.

Now we consider
[ Tan — anll < [|zn — T"@n|| + [T 20 — Ty ||
< |z — TMan|| + ka||wn, — T La,|| for n = 2,3... .
Hence (xi) follows from (ii) and (3.6). O

REMARK 3.1. The conclusion of Proposition 3.1 remains true for modified
Vatan two step iteration procedure (2.2) and modified AK —iteration procedure
(2.3).

THEOREM 3.1. Let K be a nonempty closed, convexr and bounded subset of a
uniformly convex Banach space X. Let T be a completely continuous asymptotically
o0
nonezpansive map of K into itself with k, > 1 and > (k,—1) < 0o. Let {an}, {Bn}
n=1
and {v,} be sequences in [0,1] such that 0 < liminf §,, < limsup 3, < 1. Then the
iterative sequences {xn}o2 1, {yn}se, and {z,}22 generated by the BS—iteration
procedure (2.1) converges strongly to a fized point of T.

ProOF. Follows from Lemma 2.5 and Proposition 3.1. (]

THEOREM 3.2. Let K be a nonempty closed, convexr and bounded subset of a
uniformly convexr Banach space X that satisfies Opial condition. Let T be an asymp-

totically nonexpansive map of K into itself with k, > 1 and > (k, — 1) < c0. Let
n=1
{n}22 1, {8n )22, and {7,}22, be sequences in [0,1] such that 0 < liminf 3, <

limsup B, < 1. Then the sequence {x,}52; generated by the BS—iteration proce-
dure (2.1) converges weakly to a fized point of T.
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PRrROOF. By Proposition 3.1, lim ||z, — p|| exists for any fixed point p of T
n—oo
and lim ||z, — Tzy|| = 0. Also, by Lemma 2.3, I — T is demiclosed at 0.
n—oo

Since every uniformly convex Banach space is reflexive, the conclusion follows from
Lemma 2.4. (]

REMARK 3.2. Since modified Vatan two step iteration procedure and modified
AK —iteration procedure are special cases of BS—iteration procedure it follows
that these iteration procedures converge strongly (weakly) to a fixed point under
the hypotheses of Theorem 3.1 (Theorem 3.2).

REMARK 3.3. By Lemma 2.6, the main results of this paper still valid if we
replace Z (kn —1) < 00 by Z (kP — 1) < oo where p > 0 is real.

n=1 n=1
4. Examples

In the following, we consider the example given in [2] in support of Theorem
3.1.

EXAMPLE 4.1. Let X = R? with the Euclidean norm so that X is a uniformly

convex Banach space. Let K = {(z1,22) € R? : 2 + 2 < &5}, We define

T:K — K by T(z1,22) = (22,sin2s) so that T™(z1, x2) = (22", sin™ 25) where
sin(™) x9 is the composition of sine function over n times at xo. For any x = (x1,z2)
and y = (y1,y2) in K,

77 — Tyl = /a2 — 42" 2 + [sin™ 25 — sin™ g2

It is easy to see that |sin®™ zy — sin™ yo| < |z — ol for n =1,2,... .
Now we consider

2" =y | = e —wlle T 2l Py gl 4y
<oy — | (5)% ~12n
so that
1Tz — Tyl < V/]ar — i 2227 (812"~ 4 [z — yo? < (14 2"(55)* Y|z — yl]
for n = 1,2,.. . Therefore T is an asymptotlcally nonexpanswe map with k, =
(1+27(%)?" 1) forn=1,2,... and Z( -1)= Z 2"(3)?" 1 < o0
=1

Now we show that T is completely contlnuous Let {un}52,; be a sequence in

K such that w, — up weakly, where u,, = (up1,un2) for n = 1,2,... and uy =

(uo1,up2) € K. Therefore for any y = (y1,y2) € K, lim (un,y) = (ug,y) where
n—oo

2

(-,-) represents the inner product. That is, lim > (un; — ue;)y; = 0.If we take

Y1 = % and yo = 0 then lim w,; = ug; and, y; = 0 and yo = % implies that
n—oo

lim wne = uge so that lim w, = ug. By using continuty of T, it follows that

n—oo n—oo

T' is completely continuous. Let z1 € K be arbitrary and o, = 25, Bn = %

and 7, = 1 for n = 1,2,... . Let {z,}52; be the sequence generated by the
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BS—iteration procedure (2.1). Let x,1 and x,2 be the first and second component
of x,, respectively so that z, = (xp1,2n2) for n=1,2, ... .
It is easy to see that

on

n n 2" " 3 5in (™) n — n 2"
2z, = ((Lﬁ:fl 1) )2 ’Sm(n)(wanrn;rl n2)) g = (((2 +1)z 1-57(31 1)(2n1) )2
n_1) gin (™ n
sin(”)((2 +1)Z”’2+§i+1 1)sin 22)) and 2,41 = (y27, sin™ o).
Let

_ (Zmtn(za)®” \or
Znl = ( n n+1711 )

n n_ n n_ 1) gin(™)
Ynl = ((2 +1)Zn1‘g£2 . 1)(2n1) ) and Yno = Sil’l(n)((2 +1)Zn2+é%+l 1) S Zn2 )

It is easy to see that

< (lzaal+nlen " yor 2n < (2P HD)lza @ =Dz [*" Y2 2n
|Zn1| S ( n+1 ) S |$n1‘ ) ‘ynl‘ X ( on+1 ) X |Zn1|

Tp2+n sin(™) Tpo )
b

— in(n
, Zno = sin )( e}

|Znt11] = [Yn1]?" < |zn1 2" forn=1,2, ... .
3n(n+1)
Hence, |2p411| < |r11/? *  forn=1,2,... so that hm Zn1 = 0. Since |sinz| <

|x| for every x € R and sin|z| = |sm3:\ for x suﬂic1ently close to 0, we have
|2n2| = | sin(n)(manrnnsrl(") nz )|
< [sin( D (Zartnsin na )

Zpotnsin{™ z,0 )|
n+1

|Zpo+n sin(™) T2l )
n+1

< | sin(

= sin(

< sin|zpal-
Similarly, [yn2| < |2zna| and |2,y 12] = [$in™ yo| < |yna| < 22| < sin |29 <
|Zn2|. Therefore the sequence {z,2} is a decreasing sequence of non-negative real

numbers so that lim z,o exists, say [ > 0. Hence | < sinl < [, that is, [ = 0.
n—oo

Therefore hm Zp2 = 0. Hence {x,}°2, converges strongly to the fixed point
0=1(0,0) of T [

In the following, we show that the modified AK —iteration procedure (2.3)
converges strongly to a fixed point of T" whereas the modified Picard iteration
procedure, i.e., z,11 = T"z, for n = 1,2, ..., fails to converge under the hypotheses
of Theorem 3.1.

EXAMPLE 4.2. We consider the uniformly convex Banach space R and we define
amap T :[0,1] = [0,1] by Tz = 1 —x so that T is an asymptotically nonexpansive
map with k£, = 1. Also, we observe that T is completely continuous and T"x = x
if nis even and 7"z =1 — z if n is odd.

Let 21 € [0,1] and {z,,}22; be the iterative sequence defined by the modified
AK —iteration procedure (2.3). First we show that for any sequences {a,, }52; and
{Bn}52, in [0,1], we have x,, = 2,41 for n is even.

We consider

n = Tn((l - Bn)mn + 6nT”xn) =T"((1~- Bn)xn + Bnn) = T" 2y = .
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We consider
Yn =T"((1 — an)zn + @nT"2n) =T (1 — an)zn + anzn) =T 2, = 2, = 2

so that z,+1 = T™y, = T"x,, = x,,. Hence the limit of the sequence {z,}22; (if

exists) is equal to the limit of the subsequence {xg,}52 ;.
Now, we let 3, = (gx;})

We consider

Zont1 = T?" (1 = Baps1)Tant1 + Bon1 T2 M aoni1)

2n41_ 2n+1_
=T2H((1 - 25t )2ont1 + Egmrt (1 — 22041))

for n = 1,2,3... so that liminf 8, = limsup 8, = % .

_ 2n4122nt g 22ntlig
=T (3><22n+1 + (3><22n+1 )x2n+1)
_ox2ntlyy g2ntlig
= T3xo2ntl 3xo2nFlL2n+1-
1 22ntlyo 1
Therefore Zon+1 — 5 = —W($2n+1 — 5) and

1, 22l 49 1._2 12 1
|22n+1 - §| = W|x2n+l - §| X §|$2n+1 - §| = §|§C2n - §|

On continuing this process, we have

1 2 1
. n Y < =)" - 3 = 1,4... .
(4.1) |2z2n+1 2| (3) |2 2| forn=1,2

In the following, we show that the modified AK — iteration procedure (2.3) con-
verges to a fixed point and its convergence is independent of the choice of the
sequence {a, }.
o0
Case(i): Let o, = % for n =1,2,3... so that > «a, = oo. We consider
n=1
Yont1 = T ((1 - a2?+1)22n+1 + a12n+1T2n+1Z2n+1)
=T*" (1 = 557) 22041 + sy (1 — 22011))

_ 2n 1—2n _ 1 2n—1
= 91 T 2nti22nt1 80 that Tonio = 527 + 5057 2on 4.

Therefore
|£L'2n+2 — %| = 327_7_:“227%&-1 - %| < |22n+1 - %| By (4].), it follows that |I2n+2 -1 <

2

(2)"@y — 3| for n =1,2,... so that lim @s, = & and hence lim z, = 3.
n—oo n—oo

o0
Case(ii): Let o, = TL—IQ for n =1,2,3... so that > a, < oo . We consider
n=1
Yong1 = T2 (1 — a2n-1|-1)22n+1 + a2n+}T2n+1Z2n+l)
= T2n+1((1 — m)anH + m(l — Z2n+1)

_ g2n41 1 4n’+4n—1
=T (4n2+4n+1 + Lrrann Zon+1)
_ 4n2+4n _ 4n2+4n71

= Tn2idn+1  dnZ4dntl2n+l-
2
Therefore o, 10 = T?" 19,41 = dn?4dn—1

I+
4n24+4n+1 An24+4n+1

Zon+1 S0 that

| 1| 4n2+4n—1| 1|<| |
Tan i B S P70} — 31 X [%2n A
2T ol T g2 a1 T 9 Ty
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for n = 1,2, ... and by proceeding as in case (i) we have lim x, = %
n—oo
o0
Case(iii): Let o, = ZE for n =1,2,3... so that Zl oy, = 0o. We consider
=
Yont1 = T2n+1((21 *20é2n2+1)i22n+1 + qon 1T 2 41)
= T21n+1(2§131_ 221322”“)
— +
= 9048 T 2nt3o2n+1-
Therefore
1 1 2n+2 2n+1 1
T _*:T2n+1 _ = = -, _ =
22042 = 5| = | i1 — 5l =I5 — — 5 s — 5
2n+1 1 1
= | - —(Z — ) <z - —
| 2n+3( 2n+1 2)|\| 2n—+1 2|
for n = 1,2,.... It is easy to see that the iterative sequence {z,}22 ; converges to
1

5.
Here we observe that the modified Picard iteration procedure x, 11 = T"x,

for n = 1,2,3... does not converge. For example, it is easy to see that for any

{ x1 if n=0,1 (mod 4)

1—2; if n=2,3 (mod 4) e

z1 € [0,1] with 1 # 1 , we have z,, =

sequence {z, }° ; does not converge.

5. Comparison of rate of convergence

In the following, we prove that the BS—iteration procedure converges faster to
a fixed point of Zamfirescu operator than the modified Mann iteration procedure
(1.1) that was considered by Anthony and Mary [2] with a, = 57 forn =1,2,....

THEOREM 5.1. Let X be a Banach space, K be a nonempty closed convex and
bounded subset of X. Let T : K — K be a Zamfirescu operator. Let x1 € K
and {x,}52 1 be the iterative sequence generated by BS—iteration procedure (2.1).
Let uy € K and up41 = (1 — %H)T"un + n%rlun forn = 1,2,... . Then both
the sequences {x,} and {u,} converge to the unique fized point p of T and {z,}

converges faster than {u,} to p.

PROOF. Since T is a Zamlfirescu operator, we write
T2 — Ty|| < dllz — yl| + 20|z — Tal|
for all z,y € K, where 0 < § < 1. By Theorem 1.1, T has a unique fixed point p in
K.

It is easy to see that ||[T"x — p|| < §"||z —p|| for all z € K and n = 1,2,... . We
consider

< OM|(L = Bn)xn + BT @y — pl|
< 6"[(1 = Bo)llzn = pll + BullT"zn — pl|]
(5.1) <"1 = Bn+ Bnd")|len —pl| -

We consider
[[yn = pll = [T ((1 = an)zn + anT"2n) — pl|
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<M1 = an)zn + anT" 2, — pl|]
< 0"[(1 = an)l[zn = pl| + an|[T" 20 — pl[]

(52) <"1 —an+ @d")||zn —pl| -

Again we consider
1 = oIl = 1|1 = ¥n)yn + T "yn — pl|
< (@ =)llyn =Pl + 70l T"yn — pl|

(5.3) < (= +78")lyn —pll -

By (5.1), (5.2) and (5.3), we have

(5.4) |1Znr1—p|| < 62" (1—an+0and™) (1= Bp4Bn0") (1= +1md") for n = 1,2, ... .
By using the inequality (5.4), it is easy to see that

(5.5) [Jnr1—pll < 8"+ TT(1—an+ard®) (1= Bt 5rd") (L= +76") [Jz1 |
k=1

Now we consider

ltns1 = pll = [1(1 = 35)T"un + g s — pl]
< 2y, — pl| for n=1,2, ... .
By repeated application of this inequality, we have
n
ké* +1
(5.6) [[ttng1 — p|| < o u =l
o P

Let a,, = gn(n+1) H (1 — o + aké’“)(l — B + Bkék)(l — Yk + ’Ykék)Hxl - p”>

k=1
b, = k]ill k,‘zlrilHul — pl| so that
(5.7 s — 21l <
and
(5.8) [Junt1 — Dl < by -
Since “2 = 6*" 2 (1—ap 1+ 110" ) (11 +8n110" ) 1=V 1 +m 416" )
forn=1,2,..., we have lim “2+L =0 <1 so that i ay < oo and

n
n—oo n=1

hence lim a, = 0. By (5.7), the sequence {x,}>2 ; converges to p.
n— o0

Similarly, we prove that lim b, = 0 so that the sequence {u,}32; converges
n—oo
a

to p. Now, we let ¢, = 7= so that
Cng1 _ PP (-1t ans16" T (A= Bngr1+Bnr16" T A= yns1+vngs16™ )

Cn (n+1)sn+141
n+2

< 52n+2(1_an+1+an+16n+1)(1_B'rz+ij‘ﬂ71+16n+1)(1_7'rL+1+'7'rL+15n+1)
571
< 6n+1(1 — Op41 + an+15n+1)<1 - ﬁn+l + /8n+16n+1)(1 — Tn+1 + ’Yn+16n+1)-
00

Therefore lim “+ =0 < 1 so that ) ¢, < oo and hence lim #= = 0.
n—oo ©n =l n—oo 9n
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Therefore {x,,} converges to p faster than {u,} and the conclusion of the the-

orem holds. O
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