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ABSTRACT. In this paper, several characterizations of fuzzy globally discon-
nected spaces, are established. By means of fuzzy globally disconnectedness,
conditions for fuzzy topological spaces to become fuzzy Baire spaces, are estab-
lished. The conditions under which fuzzy sets become fuzzy simply open sets
and fuzzy residual sets, fuzzy somewhere dense sets, fuzzy dense sets become
fuzzy open sets in fuzzy globally disconnected spaces, are also obtained.

1. Introduction

In 1965, L. A. Zadeh [25] introduced the concept of fuzzy sets as a new ap-
proach for modeling uncertainties. The potential of fuzzy notion was realized by
the researchers and has successfully been applied in all branches of Mathematics.
Topology provided the most natural framework for the concepts of fuzzy sets to
flourish. In 1968, C. L. Chang [6] introduced the concept of fuzzy topological spaces.
The paper of Chang paved the way for the subsequent tremendous growth of the
numerous fuzzy topological concepts. In 1969, the concept of globally disconnected
spaces was introduced and studied by A. G. El’kin [7] in classical topology.The
concept of fuzzy globally disconnected spaces is introduced and studied in [22]. In
this paper several characterizations of fuzzy globally disconnected spaces, are es-
tablished. By means of fuzzy globally disconnectedness of fuzzy topological spaces,
conditions for fuzzy topological spaces to become fuzzy Baire spaces, are estab-
lished. The conditions under which fuzzy sets become fuzzy simply open sets and
fuzzy residual sets, fuzzy somewhere dense sets, fuzzy dense sets become fuzzy open
sets in fuzzy globally disconnected spaces are also obtained.
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2. Preliminaries

In order to make the exposition self-contained, some basic notions and results
used in the sequel are given. In this work by (X, T) or simply by X, we will denote
a fuzzy topological space due to Chang (1968). Let X be a non-empty set and I,
the unit interval [0,1]. A fuzzy set A in X is a function from X into I. The null
set 0 is the function from X into I which assumes only the value 0 and the whole
fuzzy set 1 is the function from X into I which takes the value 1 only.

DEFINITION 2.1. ([6]) Let (X,T) be a fuzzy topological space and A be any
fuzzy set in (X,T). The interior and the closure of A are defined respectively as
follows:

(i) int(\) = Viu/u < A e T},
(ii) d(N) =Mp/A<p,l—peT}.

LEMMA 2.1 ([1]). For a fuzzy set X of a fuzzy topological space X,

(i) 1 —int(A) = (1 = N),
(ii) 1 —=cl(N) =int(1—N).

DEFINITION 2.2. ([11]) A fuzzy set A in a fuzzy topological space (X,T) is
called
(i) fuzzy dense if there exists no fuzzy closed set p in (X, T) such that A\ <
pu < 1. That is, cl(A) =1, in (X, T).
(ii) fuzzy nowhere dense if there exists no non-zero fuzzy open set u in (X, T)
such that p < cl(A\).That is, intcl(A) =0, in (X, T).

DEFINITION 2.3. ([11]) A fuzzy set A in a fuzzy topological space (X,T) is
called a fuzzy first category set if A\ = V2, (\;), where ()\;)’s are fuzzy nowhere
dense sets in (X, T). Any other fuzzy set in (X,T) is said to be of fuzzy second
category.

DEFINITION 2.4. ([2]) A fuzzy set A in a fuzzy topological space (X, T') is called

(i) fuzzy Gs-set in (X,T) if A = A2, (N;), where A\; € T. for ¢ € I.
(ii) fuzzy F,-set in (X,T) if A = V52,();), where 1 — \; € T for i € I.

DEFINITION 2.5. (]2]) Let A be a fuzzy set of an fuzzy topological space (X, T).
Then A is said to be fuzzy semi-open if there is an U € T such that U < A < <l(U).

DEFINITION 2.6. A fuzzy set A in a fuzzy topological space (X, T) is called
(1) fuzzy pre-open if A < intcl(A) and fuzzy pre-closed if clint(\) < A ([4]).
(2) fuzzy semi-open if A < clint()\) and fuzzy semi-closed if intcl(A) < A ([1]).
(3) fuzzy B-open if A < clintcl()\) and fuzzy S-closed if intclint(N\) < A ([4]).

DEFINITION 2.7. ([9]) Let A be a fuzzy set in a fuzzy topological space (X, T).
The fuzzy boundary of A is defined as Bd(\) = ¢l(A) Acl(l — N)

NN

DEFINITION 2.8. A fuzzy set A in a fuzzy topological space (X, T), is called
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(i) fuzzy simply open set if Bd(\) is a fuzzy nowhere dense set in (X,T)
([20)).
(ii) fuzzy o -nowhere dense set if A is a fuzzy F,-set in (X,T) with int(A) =0

([18]).

DEFINITION 2.9. ([5]) Let A be a fuzzy set of an fuzzy topological space X.
Then A is said to be

(a) fuzzy feebly open if there exists fuzzy open set U in X such that U < A <
SelU,
(b) fuzzy feebly closed if its complement is fuzzy feebly open.

DEFINITION 2.10. ([6]) Let A be a fuzzy first category set in a fuzzy topological
space (X, T). Then 1 — X is called a fuzzy residual set in (X, T).

DEFINITION 2.11. ([23]) Let (X,T') be a fuzzy topological space. A fuzzy set
A defined on X is said to have the property of fuzzy Baire, if A = (uAd) V1, where
uis a fuzzy open set, § is a fuzzy residual set and 7 is a fuzzy first category set in
(X, 7).

DEFINITION 2.12. A fuzzy topological space (X,T) is called a

(i) fuzzy sub-maximal space if for each fuzzy set A in (X, T') such that cl(\) =
1L, eTin (X,7T) ([2]).
(ii) fuzzy hyper-connected space if every non-null fuzzy open subset of (X, T)
is fuzzy dense set in (X, T) ([8]).
(iii) fuzzy P-space if each fuzzy Gs - set in (X, T), is a fuzzy open set in (X, T)
([10]).
(vi) fuzzy GID-space if for each fuzzy dense and fuzzy Gs-set A in (X,T),
cint(\) =11in (X, T) ([19)]).
(v) fuzzy globally disconnected space if each fuzzy semi-open set in (X, T) is
a fuzzy open set ([22]).
(vi) fuzzy Baire space if int[Vi2,(A\;)] = 0, where (\;)'s are fuzzy nowhere
dense sets in (X, T) ([15]).
(vii) fuzzy strongly irresolvable space if for every dense set A in (X, T), clint(\)
=1in (X,7T) ([13]).
(viii) fuzzy open hereditarily irresolvable space if int[cl(A)] # 0, then int(\) # 0,
for any non-zero fuzzy set A\ in (X, T) ([14]).
(xi) fuzzy extremally disconnected space if A € T implies cl(A\) € T ([3]).

DEFINITION 2.13. ([15]) Let (X,T) be a fuzzy topological space. A fuzzy set
A defined on X is called
(i) a fuzzy somewhere dense set, if intcl(A\) # 0 in (X, T) ([14]).
(ii) a fuzzy o-first category set if A = V§2,()\;), where ()\;)'s are fuzzy o-
nowhere dense sets in(X,T) ([18]).

DEFINITION 2.14. ([18]) A fuzzy set A in a topological space (X, T) is called
a fuzzy o-first category set if A = V§2,();), where ()\;)’ s are fuzzy o-nowhere
dense sets in (X, T). Any other fuzzy set in (X,T) is said to be of fuzzy o-second
category.
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THEOREM 2.1 ([16]). If A is a fuzzy dense and fuzzy Gs-set in a fuzzy topological
space (X, T),then 1 — X is a fuzzy first category set in (X, T).

THEOREM 2.2 ([22]). If X is a fuzzy residual set in a fuzzy globally disconnected
space (X, T), then X is a fuzzy G- set in (X, T).

THEOREM 2.3 ([22]). If X is a fuzzy first category set in a fuzzy globally dis-
connected space (X,T), then X is a fuzzy Fy-set in (X,T).

THEOREM 2.4 ([20]). If X is a fuzzy simply open set in a fuzzy topological space
(X,T) , then AN (1 — N)is a fuzzy nowhere dense set in (X, T).

LEMMA 2.2 ([26]). Let A be a fuzzy set of an fuzzy topological space X. Then,
intA < SintA < A< SclA < dA.

THEOREM 2.5 ([22]). If X\ is a fuzzy nowhere dense set in a fuzzy globally
disconnected space (X, T),then
(i) Ais a fuzzy closed set in (X,T).
(ii) X is a fuzzy simply open set in (X, T).

3. Fuzzy globally disconnected space

PROPOSITION 3.1. If clint(\) = 1, for a fuzzy set A defined on X in a fuzzy
globally disconnected space (X, T), then X is a fuzzy simply open set in (X,T).

PROOF. Let A be a fuzzy set defined on X such that clint(A) = Lin (X, T).
Then, clearly A < clint(A) and hence A is a fuzzy semi-open set in (X, T). Since
(X,T) is a fuzzy globally disconnected space, the fuzzy semi-open set \ is a fuzzy
open set in (X,T) and hence int(A\) = A in (X,T). Now clint(\) < cl()), implies
that 1 < ¢l(\) and thus, c/(A\) =1 in (X,T). Now
intel[bd(X)] = intel[cl(A) A cl(1 — N)] = intcl[1 A cl(1 — N)] = intel[cl(1 — )]

=intel(1—X\) =1—clint\) =1 —cl(\) =1—1=0.
Hence A is a fuzzy simply open set in (X, 7). O

PROPOSITION 3.2. If clint(\) = 1, for a fuzzy set X defined on X in a fuzzy
globally disconnected space (X, T), then AN (1 — )\) is a fuzzy nowhere dense set in
(X, 7).

PROOF. Let A be a fuzzy set defined on X such that clint(\) = L,in (X,T).
Since (X, T) is a fuzzy globally disconnected space, by Proposition 3.1, A is a fuzzy
simply open set in (X,T). Then, by Theorem 2.4, A A (1 — A) is a fuzzy nowhere
dense set in (X, T). O

PrOPOSITION 3.3. If A is a fuzzy semi-open and fuzzy dense set in a fuzzy
globally disconnected space (X, T), then X\ is a fuzzy simply open set in (X, T).

PROOF. Let A be a fuzzy semi-open set in (X,T') such that ¢/(\) = 1. Since
(X,T) is a fuzzy globally disconnected space, the fuzzy semi-open set is a fuzzy
open in (X,T). Now
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intcl[bd(N)] = intel[cl(A) A el(1 — N)] = intcl[1 A cl(1 — X)] = intel[cl(1 — V)]
=intcl(l—X)=1—clint(A\)=1—cl(\)=1—-1=0.
Hence A is a fuzzy simply open set in (X, 7). O

PROPOSITION 3.4. If X\ is a fuzzy B-open set in a fuzzy globally disconnected
space (X, T), then cl(N\) is a fuzzy open set in (X, T).

PROOF. Let A be a fuzzy S-open set in (X, T). Then, A < clintcl(N) in (X, T).
This implies that cl(\) < cl[clintcl(N)] and then cl(\) < clintcl(N). Hence cl(A) <
clint[cl(X\)] shows that cl()) is a fuzzy semi-open set in (X,T). Since (X,T) is a
fuzzy globally disconnected space, cl()) is a fuzzy open set in (X, T). O

THEOREM 3.1 ([23]). If X is a fuzzy set with fuzzy Baire property in a fuzzy
topological space (X,T), then X = [A2, (A §;)] V 0, where (0;)’s are fuzzy sets
defined on X such that cl[int(6;)] =1, p € T and n is a fuzzy first category set in
(X, 7).

PROPOSITION 3.5. If A is a fuzzy set with fuzzy Baire property in a fuzzy globally
disconnected space (X, T),then A = (u A &) V n, where p is a fuzzy open set, § is a
fuzzy Gs-set and 1 is a fuzzy Fy-set in (X, T).

PROOF. Let A be a fuzzy set with fuzzy Baire property in (X,7T). Then,
A= (uAd)Vn, where p is a fuzzy open set, § is a fuzzy residual set and 7 is a fuzzy
first category set in (X, T"). Since (X, T) is a fuzzy globally disconnected space, by
Theorems 2.2 and Theorem 2.3, the fuzzy residual set ¢ is a fuzzy Gs-set and the
fuzzy first category set 7 is a fuzzy Fy-set in (X,T). Hence A = (u A §) V i where
w €T, §is a fuzzy Gs-set and 7 is a fuzzy Fy-set in (X, T). O

PROPOSITION 3.6. If A is a fuzzy set with fuzzy Baire property in a fuzzy globally
disconnected space (X, T), then X = [A2, (A d;)], where (6;)’s are fuzzy simply
open sets, p € T and n is a fuzzy F,- set in (X, T).

PROOF. Let A be a fuzzy set with fuzzy Baire property in (X,T). Then, by
Theorem 3.2, A = [A22;(u A 0;)], where (0;)’s are fuzzy sets defined on X such that
clint(0;)] = 1,u € T and 7 is a fuzzy first category set in (X, T'). Since (X, T) is a
fuzzy globally disconnected space, by Theorems 2.3, the fuzzy first category set n
is a fuzzy F,-set in (X,T). Also since cl[int(4;)] = 1,in (X,T), by proposition 3.1
, (6;)’s are fuzzy simply open sets in (X, T). Thus, A = [AS2,(u A 6;)], where (6;)’s
are fuzzy simply open sets, € T and 7 is a fuzzy F,- set in (X, T). O

REMARK 3.1. It is to be noted that every fuzzy open set is fuzzy feebly open
in a fuzzy topological space, but the converse need not be true ([5]) The following
proportion gives a condition for a fuzzy feebly open set to be a fuzzy open set in a
fuzzy topological space.

PROPOSITION 3.7. If A is a fuzzy feebly open set in a fuzzy globally disconnected
space (X, T), then X is a fuzzy open set in (X, T).
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PROOF. Let A be a fuzzy feebly open set in (X,T). Then, p < A < Sel(p),
where p € T. Now Secl(p) < cl(p), implies that p < A < el(p), in (X, T) and thus
A is a fuzzy semi-open set in (X, 7). Since (X,T) is a fuzzy globally disconnected
space, the fuzzy semi-open set A is a fuzzy open in (X,T). Hence the fuzzy feebly
open set A is a fuzzy open in a fuzzy globally disconnected space (X,T). O

THEOREM 3.2 ([21]). Let A < 1— p, for any two fuzzy sets A and p defined on
(X, T).
(a) If p is a fuzzy dense set in (X, T), then X is not a fuzzy open set in (X, T).

(b) If A is a fuzzy dense set in (X, T), then u is not a fuzzy open set in (X, T).
(¢) If X is a fuzzy open set in (X, T), then p is not a fuzzy dense set in (X,T).
(d) If pis a fuzzy open set in (X, T), then A is not a fuzzy dense set in (X, T).

(e) If clint(u) = 1, then X is a fuzzy nowhere dense set in (X, T).

PrOPOSITION 3.8. If A < 1 — p, for any two fuzzy sets A\ and p defined on X
such that clint(u) = 1, in a fuzzy globally disconnected space (X, T), then X is a
fuzzy closed set and p is a fuzzy simply open set in (X, T).

PROOF. Suppose that A < 1— pu , for any two fuzzy sets A and p defined on X.
Since clint(p) = 1, in a fuzzy globally disconnected space (X,T), by proposition
3.1, p is a fuzzy simply open set in (X,T). Now A < 1 — p and clint(u) = 1,
implies by Theorem 3.2(e) that, A is a fuzzy nowhere dense set in (X,7).Then,
intcl(\) = 0, in (X, T). This implies that intcl(A) < Ain (X, T). Thus X is a fuzzy
semi-closed set in (X,T). Then 1 — A is a fuzzy semi-open set in (X,T). Since
(X,T) is a fuzzy globally disconnected space, 1 — A is a fuzzy open set in (X, T)
and hence A is a fuzzy closed set in (X,T). O

4. Fuzzy globally disconnected spaces and other fuzzy topological
spaces

PROPOSITION 4.1. If int(V21[Ai A (1 — N;)]) = 0, where X\;’s are fuzzy sets
defined on X such that clint(\;) = 1 in a fuzzy globally disconnected space (X,T),
then (X,T) is a fuzzy Baire space.

PROOF. Let (A;)’s (i = 1 to o) be the fuzzy sets defined on X such that
cint(N;) = 1, in (X,T). Since (X,T) is a fuzzy globally disconnected space, by
Proposition 3.2, [A; A (1 — A;)]’s are fuzzy nowhere dense sets in (X,T). By hy-
pothesis, int(V[A A (1 —A;)]) = 0in (X, T). Thus, int(V¥[M A (1 —AN)]) =0,
where [A\; A (1 — \;)]’s are fuzzy nowhere dense sets in (X, T), implies that (X, T)
is a fuzzy Baire space. O
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PROPOSITION 4.2. If int(V2[Ai A (1 — X\;)]) = 0, where (A\;)’s (i = 1toco)
be fuzzy dense sets in a fuzzy strongly irresolvable and fuzzy globally disconnected
space (X, T), then (X, T) is a fuzzy Baire space.

PROOF. Let ()\;)’s (i = 1 to 00) be the fuzzy dense sets in (X, T'). Since (X, T)
is a fuzzy strongly irresolvable space, for the fuzzy dense sets (\;)’s in (X, T), we
have clint(\;) = 1 in (X,T). Since (X,T) is fuzzy globally disconnected space,
by Proposition 3.2, [A; A (1 — A;)]’s, are fuzzy nowhere dense sets in (X,T). By
hypothesis, int(V2,[A;A(1=X;)]) =0, in (X, T). Thus, int(Vs2;[MA(1=X;)]) =0,
where [A; A (1 — \;)]’s are fuzzy nowhere dense sets in (X, T), implies that (X, T)
is a fuzzy Baire space. O

PROPOSITION 4.3. If A is a fuzzy set with fuzzy Baire property in a fuzzy globally
disconnected and fuzzy P-space (X, T), then A =~y V1, where v is a fuzzy open set
and n is a fuzzy closed set in (X,T).

PROOF. Let A be a fuzzy set with fuzzy Baire property in (X, T'). Since (X,T)
is a fuzzy globally disconnected space, by Proposition 3.5, A = (1 A d) V 7, where
w is a fuzzy open set, 0 is a fuzzy Gs-set and 7 is a fuzzy F,-set in (X,T). Also
since (X, T) is a fuzzy P-space, the fuzzy Gs-set § is a fuzzy open set and the fuzzy
F,-set n is a fuzzy closed set in (X,T). Let v = p Ad in (X,T) and then v is a
fuzzy open set in (X,T). Thus, if X is a fuzzy set with fuzzy Baire property in
a fuzzy globally disconnected and fuzzy P-space (X,T), then A = vV 7, where 7,
1—-neT. O

THEOREM 4.1 ([22]). If (X,T) is a fuzzy globally disconnected space, then
(X,T) is a fuzzy nodec space.

PROPOSITION 4.4. If a fuzzy topological space (X,T) is a fuzzy globally discon-
nected space, then (X, T) is a fuzzy extremally disconnected space.

PROOF. Let A be a fuzzy open set in (X,T). Then, X is a fuzzy S-open set
in (X,T). Since (X,T) is a fuzzy globally disconnected space, by proposition 3.4,
cl()) is a fuzzy open set in (X, T). Hence cl(\) € T for A € T implies that (X, T)
is a fuzzy extremally disconnected space. (|

PROPOSITION 4.5. If a fuzzy topological space (X,T) is a fuzzy globally dis-
connected space, then (X,T) is a fuzzy extremally disconnected and fuzzy nodec
space.

ProOOF. The proof follows from the Theorem 4.1 and the Proposition 4.3. O

THEOREM 4.2 ([3]). For any fuzzy topological space (X, T), the following are
equivalent:

(a) X is fuzzy extremally disconnected space.
(b) For each fuzzy closed set A, int(\) is fuzzy closed.
(¢c) For each fuzzy open set A, cl(N\) + cl[1 — cl(N)] = 1.
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(d) For every pair of fuzzy open sets A and p in X with cl(A\)+p =1, (N +
c(p) =1.

ProrosITION 4.6. If (X,T) is a fuzzy globally disconnected space, then for
each fuzzy semi-closed set X in (X, T), cl(1 —X) =1 —cl(int[}\), in (X,T).

PROOF. Let A be a fuzzy semi-closed set in (X, T'). Then, 1—\ is a fuzzy semi-
open set in (X, T). Since (X, T) is a fuzzy globally disconnected space,1—\ is a fuzzy
open set in (X,T). By Proposition 4.5, (X, T) is a fuzzy extremally disconnected
space. Then, by Theorem 4.1, for the fuzzy open set 1—\, cl(1—X)+cl(1—cl[1-)\]) =
1, in (X,T). This implies that c¢l(1 — A) + ¢l(1 — [1 — int(A\]) = 1 and then,
c(l=X) 4 cl(int[\]) =1, in (X,T). Thus, cl(1 = X) =1 —clint(\), in (X,T). O

PROPOSITION 4.7. If X is a fuzzy nowhere dense set in a fuzzy globally discon-
nected space (X,T), then

(i) cint(N) = int(N), in (X,T).
(ii) c(1 = A) =1—clint(N), in (X, T).

PROOF. Let A be a fuzzy nowhere dense set in (X,T). Since (X,T) is a fuzzy
globally disconnected space, by Proposition 4.5, (X,T) is a fuzzy extremally dis-
connected and fuzzy nodec space. Since (X, T) is a fuzzy nodec space, the fuzzy
nowhere dense set A is a fuzzy closed set in (X,T). Also since (X,T) is a fuzzy
extremally disconnected space, for the fuzzy closed set A in (X, T), int(A) is fuzzy
closed. Then, clint(\) = int(\) in (X, T).

(ii). Since A is a fuzzy nowhere dense set in (X,T), intcl(A\) = 0, in (X,T).
This implies that intcl(\) < A and thus A is a fuzzy semi-closed set in (X, T).
Since (X, T) is a fuzzy globally disconnected space, by proposition 4.6, cl(1 — \) =
1 —clint(X), in (X, T). O

PROPOSITION 4.8. If X is a fuzzy dense set in a fuzzy strongly irresolvable and
fuzzy globally disconnected space (X, T), then

(i) A is a fuzzy simply open set in (X, T).
(il) AA (1= A) is a fuzzy nowhere dense set in (X, T).
(iii) 1 — X is a fuzzy closed set in (X, T).

PROOF. Let A be a fuzzy dense set in (X, T). Since (X,T) is a fuzzy strongly
irresolvable space, for the fuzzy dense set A, clint(A\) = 1 in (X, T'). Since (X, T)
is a fuzzy globally disconnected space, (i) by Proposition 3.1, A is a fuzzy simply
open set in (X, T). (ii) by Proposition 3.2, AA (1 — A) is a fuzzy nowhere dense set
in (X, 7).

(iii) Now clint(A\) =1 in (X, T'), implies that 1 — clint(A\) = 0 in (X, T). Then,
intcl(1 —X) =01in (X,T). Thus, 1 — X is a fuzzy nowhere dense set in (X,T). By
Theorem 2.5, the fuzzy nowhere dense set 1 — \ is a fuzzy closed set in (X, 7). O

THEOREM 4.3 ([24]). If X is a fuzzy o-nowhere dense set in a fuzzy strongly

irresolvable space (X, T), then X is a fuzzy nowhere dense and fuzzy semi-closed set
in (X, T).
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PROPOSITION 4.9. If X\ is a fuzzy o-nowhere dense set in a fuzzy globally dis-

connected and fuzzy strongly irresolvable space (X, T), then X is a fuzzy closed set
in (X, T).

PROOF. Let A be a fuzzy o-nowhere dense set in (X, T). Since (X, T) is a fuzzy
strongly irresolvable space,\ is a fuzzy semi-closed set in (X, T). Since (X,T) is a
fuzzy globally disconnected space, the fuzzy semi-closed set A is a fuzzy closed set
in (X,T). O

PROPOSITION 4.10. If X is a fuzzy o-first category set in a fuzzy globally dis-

connected and fuzzy strongly irresolvable space (X,T), then X is a fuzzy Fy-set in
(X,T7).

PROOF. Let A be a fuzzy o-first category set in (X, 7). Then A = V52, ()\;),
where ();)’s are fuzzy o-nowhere dense sets in (X,7T). Since (X,T) is a fuzzy
globally disconnected and fuzzy strongly irresolvable space, by Proposition 4.9, the
fuzzy o-nowhere dense sets ()\;)’ s are fuzzy closed sets in (X,T"). Hence A =
V2, (A:), where ();)’s are fuzzy closed sets in (X,T), implies that X is a fuzzy
F,-set in (X, T). O

THEOREM 4.4 ([19]). Let (X,T) be a fuzzy topological space. Then, the follow-
ing are equivalent :
(i) (X,T) is a fuzzy GID-space.
(ii) Each fuzzy dense and fuzzy Gs-set in (X, T), is fuzzy semi-open in (X, T).

PRrROPOSITION 4.11. If X is a fuzzy dense and fuzzy Gs-set in a fuzzy globally
disconnected and fuzzy GID-space (X, T), then X is a fuzzy open set in (X,T).

PROOF. Let A be a fuzzy dense and fuzzy Gs-set in (X,T). Since (X,T) is a
fuzzy GID-space, by theorem 4.4, X is a fuzzy semi-open set in (X, T). Since (X, T)
is a fuzzy globally disconnected space, the fuzzy semi-open set A is a fuzzy open
set in (X, T). O

PROPOSITION 4.12. If X\ is a fuzzy dense and fuzzy Gs-set in a fuzzy globally
disconnected and fuzzy GID-space (X,T), then 1 — X is a fuzzy closed and fuzzy
first category set in (X, T).

PROOF. Let A be a fuzzy dense and fuzzy Gs-set in (X,T). Since (X,T) is a
fuzzy globally disconnected and fuzzy GID-space, by Proposition 4.11, X is a fuzzy
open set in (X,T") and then 1 — X is a fuzzy closed set in (X, T). By Theorem 2.1,
for the fuzzy dense and fuzzy Gs-set A in (X,T), 1 — X is a fuzzy first category set
in (X,T). Hence 1 — A is a fuzzy closed and fuzzy first category set in (X, 7). O

THEOREM 4.5 ([19]). If X is a fuzzy o-nowhere dense set in a fuzzy GID-space
(X,T), then X is a fuzzy nowhere dense set in (X, T).

ProprosITION 4.13. If X\ is a fuzzy o-nowhere dense set in a fuzzy globally
disconnected and fuzzy GID-space (X,T), then X\ is a fuzzy simply open set in
(X, T).
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PROOF. Let A be a fuzzy o-nowhere dense set in (X,T). Since (X,T) is a
fuzzy GID-space, by Theorem 4.5, \ is a fuzzy nowhere dense set in (X, T). Since
(X,T) is a fuzzy globally disconnected space, by Theorem 2.5, the fuzzy nowhere
dense set A is a fuzzy simply open set in (X, T). O

THEOREM 4.6 ([24]). If X is a fuzzy dense set in a fuzzy open hereditarily
irresolvable space (X, T), then 1 — X is a fuzzy nowhere dense set in (X, T).

THEOREM 4.7 ([24]). If a fuzzy topological space (X,T) is a fuzzy submazimal
space, then (X, T) is a fuzzy open hereditarily irresolvable space.

REMARK 4.1. The converse of the theorem 4.7, need not be true. That is, a
fuzzy open hereditarily irresolvable space need not be a fuzzy submaximal space.

PROPOSITION 4.14. If (X, T) is a fuzzy open hereditarily irresolvable and fuzzy
globally disconnected space, then (X,T) is a fuzzy submazimal space.

PROOF. Let A be a fuzzy dense set in (X,T). Since (X,T) is a fuzzy open
hereditarily irresolvable space, by Theorem 4.6, 1 — X is a fuzzy nowhere dense set
n (X,T). Since (X,T) is a fuzzy globally disconnected space, by theorem 2.5, the
fuzzy nowhere dense set 1 — A is a fuzzy closed set in (X, T), and then X is a fuzzy
open set in (X, T). Thus, (X,T) is a fuzzy submaximal space. O

THEOREM 4.8 ([24]). If X is a fuzzy first category set in a fuzzy open hereditarily
irresolvable and fuzzy Baire space (X, T), then X is a fuzzy nowhere dense set in
(X,T).

PROPOSITION 4.15. If X is a fuzzy first category set in a fuzzy Baire, fuzzy
open hereditarily irresolvable and fuzzy globally disconnected space (X,T), then A
is a fuzzy closed set in (X, T).

PROOF. Let A be a fuzzy first category set in (X,T). Since (X,T) is a fuzzy
open hereditarily irresolvable and fuzzy Baire space, by Theorem 4.8, X is a fuzzy
nowhere dense set in (X,7T). Also since (X,T) is a fuzzy globally disconnected
space, by Theorem 2.5, the fuzzy nowhere dense set \ is a fuzzy closed set in
(X,T7). d

PROPOSITION 4.16. If X\ is a fuzzy residual set in a fuzzy Baire, fuzzy open
hereditarily irresolvable and fuzzy globally disconnected space (X,T), then A is a
fuzzy open set in (X,T).

PROOF. Let A be a fuzzy residual set in (X,T).Then, 1 — X is a fuzzy first
category set in (X, T). Since (X,T) is a fuzzy Baire, fuzzy open hereditarily irre-
solvable and fuzzy globally disconnected space, by Proposition 4.15, 1 — X is a fuzzy
closed set in (X, T").Hence \ is a fuzzy open set in (X, T). O

THEOREM 4.9 ([24]). If X is a fuzzy somewhere dense set in a fuzzy hypercon-

nected and fuzzy open hereditarily irresolvable space, then 1 — X is a fuzzy nowhere
dense set in (X, T).
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PROPOSITION 4.17. If X is a fuzzy somewhere dense set in a fuzzy hyper-

connected, fuzzy open hereditarily irresolvable and fuzzy globally disconnected space
(X,T), then A is a fuzzy open set in (X, T).

PROOF. LetA be a fuzzy somewhere dense set in (X,T). Since (X,T) is a

fuzzy hyperconnected and fuzzy open hereditarily irresolvable space, by Theorem

4.9,

1 — X is a fuzzy nowhere dense set in (X,T). Also since (X,T) is a fuzzy

globally disconnected space, by Theorem 2.5, the fuzzy nowhere dense set 1 — A is
a fuzzy closed setin (X,T'). Hence A is a fuzzy open set in (X, T). O
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