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CERTAIN PROPERTIES OF
THE NIELSEN’s f-FUNCTION

Kwara Nantomah

ABSTRACT. By using some analytical techniques, we present some properties
of the Nielsen’s g-function. The results established are analogous to some
known works involving the gamma and digamma functions.

1. Introduction

In 1974, Gautschi [3] presented an interesting inequality involving the classical
Euler’s Gamma function, I'(x). He proved that, for > 0, the harmonic mean of
I'(x) and I'(1/z) is always greater than or equal to 1. That is,

20 (2)I(1/x)
C D) +T(1/2)’

with equality if = 1. As a direct consequence of (1.1), the inequalities

(L.1) x>0,

(1.2) 2< () +T(1/x), x>0,
and
(1.3) 1< (z)I'1/z), x>0,

are obtained. Then recently, Alzer and Jameson [1] established a striking com-
panion of (1.1) which involves the digamma function, ¢¥(x). They proved that the
inequality

2(x)y(1/x)

(1.4) —v < @) + o) x>0,
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holds, with equality if £ = 1, where v = 0.57721, ... is the Euler-Mascheroni con-
stant. In addition, they proved that

(1.5) P(z) = ¢(x) + ¢(1/),

is strictly concave on (0,00) and that

(1.6) () +y(1/x) < =2y, x>0,z #1.

(1.7) Y1+l —y) <% ye(0,1).

(18) B)(1/a) <42 w03 £ L.

Also, in [11], it was established among other things that the function
1 1

(1.9) h1:¢<x+2>—w(m)—2x,

is strictly decreasing and convex on (0,00). Motivated by the result (1.9), Mortici
[6] proved that the generalized function

(1.10) fa:l/}(:cha)fL/}(:c)f%, ac(0,1),

is strictly completely monotonic on (0, co).

Inspired by the above results, the purpose of this paper is to establish analogous
results for the Nielsen’s S-function.

2. Preliminary Definitions

The Nielsen’s S-function may be defined by any of the following equivalent forms
(see [2], [4], [7], [10]).

1 txfl

2.1 = e

(21) s = [ i w0
e e] e—mt
o (-1)*

2. =

(2:3) k;) i ©>0

(2.4) :i{w(x;1>—w<§)}, x>0,

where ¢(z) = - InI'(z) is the digamma or psi function and I'(z) is the Euler’s
Gamma function. It is known to satisfy the properties:

(25) Bla+1) = 5 — (a),
(2.6) Bla) +B(1—a) = ——.

Some particular values of the function are 5(1) = 1In2, (%) =7,08 (%) =2 —
and 3(2) =1—1n2.

[NIE
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By differentiating n-times of (2.1), (2.2), (2.3), (2.4) and (2.5), one obtains

(2.7) B (z) = /O1 % dt, =>0

(2.8) = (-1)" /OOO f%i dt, >0

(2.9) = (—1)%!2J (k(+31:;:+1 x>0

(2.10) - 2n1+1 {ww <x;1> — (;)} z>0
(2.11) B (z+1) = (=L)"nt B (x), x>0

anrl

where n € Ny and ) (z) = B(z).
For additional information on this special function, one may refer to [7], [8], [9]
and the related references therein.

3. Main Results

LEMMA 3.1. The function x(x) is decreasing and convex on (0,00). Conse-
quently, the inequalities

(3.1) B(z) +zp'(z) <0, x>0,
and
(32) 26/(2) + 28" (x) > 0, @ >0,

are satisfied.

PROOF. In Theorem 3 of [9], the function x ’ﬁ(m) ()|, z > 0, m € Ny was
proved to be completely monotonic. Thus, xS(x) (i.e. the case where m = 0) is
completely monotonic. Since every completely monotonic function is decreasing
and convex [5], we conclude that z8(x) is decreasing and convex. These give rise
to inequalities (3.1) and (3.2). O

THEOREM 3.2. The function

(3-3) Q(r) = px) + 6(1/x),

is strictly convez on (0, 00).

PROOF. By direct differentiation, and by applying (3.2), we obtain
1
Q) = (@)~ B(1/x),
2 1
Q@)= B'(x) + (1)) + 18" (1/2)

_ B+ % 28(1/2) + %B”(l/x) S0,

which completes the proof. O
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THEOREM 3.3. The inequality
(3.4) B(x) + B(1/z) > 2n2,
holds for x > 0.

PROOF. Let Q(x) be defined as in (3.3). Since Q" () > 0, then (Q'(z)) > 0
which implies that Q’(x) is increasing. Then Q'(z) < Q'(1) =0 for x € (0,1] and
Q'(x) 2 Q'(1) =0 for z € [1,00). These imply that Q(z) is decreasing on (0, 1]
and increasing on [1,00). Therefore, in either case, we have Q(z) > Q(1) = 2In2
which gives the desired result. O

THEOREM 3.4. The inequality
(3.5) B(1+8)B(1 — s5) > (In2)?,
holds for s € [0,1).

PROOF. Since fB(x) is logarithmically convex (see [7]), then we have

Tr+y
(36) 5 (25 < VBRI
for z > 0 and y > 0. Now, by letting x =1+ s and y = 1 — s in (3.6), we obtain
the desired result (3.5). O

THEOREM 3.5. The inequality
(3.7) B(x)B(1/z) > (In2)?,
holds for x > 0.

PROOF. If x > 1, then 0 < 1/2 < 1. Also, if 0 < z < 1, then 1/2 > 1. Hence
it suffices to prove (3.7) for z > 1. For x > 1 and s € [0,1), let = 1 + s and
1/x =1—s. Then by (3.5), we obtain

B(z)B(1/x) = B(1+5)B(1 —s) > (In2)*,

which concludes the proof. O
THEOREM 3.6. For z,y € [1,00), the inequality
2
(3.8) 2B@)BWY) .
B(x) + B(y)

is satisfied. In other words, for x,y € [1,00), the harmonic mean of B(x) and B(y)
is at most In2 .

PrOOF. Note that for v € [1,00), we have B(v) < (1) = In2, since S(v) is
decreasing. Thus, [8(v)]? < (In2)B(v) for all v € [1,00). Now, let z,y € [1,00).
Then, we have

26(x)B(y) < [B@)]* + [B)]* < (In2) [B(x) + B(y)],
which gives the desired result. O

In view of the harmonic mean inequalities (1.1) and (1.4), we give the following
conjecture.
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CONJECTURE 3.7. For z € (0,00), the inequality
28(z)B(1/x)
B(z) + B(1/z)

is satisfied, with equality if z = 1.

(3.9 < In2,
THEOREM 3.8. The double inequality
1 1
3.10 — —1In2 -
(3.10) — 2 <fz) <,
holds for x € (0, 00).

PROOF. As a a direct consequence of (2.5), we obtain

1
(3.11) Bla) <,
for x € (0,00). Also, by (2.5), we obtain the limit
1
12 li - — =In2.
(3.12) tim {2 -5}~
Now, let 6(z) = 1 — B(z) for z € (0,00). Then by (2.11), we obtain
1
o) =~ Bx) <0,

which shows that (z) is decreasing. Hence

1
1 - — =0 lim 0(z) =In2.
(3.13) ~—B@)=6(z) < lim 6(z)=1In
Then, by combining (3.11) and (3.13), we obtain the result (3.10). O

THEOREM 3.9. The limit

.1 1 1 2
(3-14) Jm 2 {5(1 —2) B+ z)} T T 6(ln2)2’
is valid for z € (0,1).

PROOF. It can be shown from relation (2.4) that 5'(1) = 77{—:. Then by
L’Hopital’s rule, we obtain

NS S S S DI (o N ()
e {ﬁ(l —%) B0 +z>} i { B—=)F B+ z>12}

. m
~ 6(In2)2
O
THEOREM 3.10. For a > 0 and x € (0,00), let f, be defined as
a
(3.15) fa(z) = Bz +a) = B(z) - —.

Then — f, is strictly completely monotonic.
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PROOF. Recall that a function f : (0,00) — R is said to be completely mono-
tonic on (0,00) if f has derivatives of all order and (—1)"f(™(z) > 0 for all
x € (0,00) and n € N. Let

ha(@) = ~fule) =  + B(x) ~ Bla + a).

Then by repeated differentiation and by using (2.8), we obtain

|
h(”)(;zz) — (71)nax;:_1 + 8™ (z) — B (x4 a)

oo oo n —xt
(—1)”a/ the "t dt—|—(—1)”/ R
0 0

1+4+et
o0 yn —(z4a)t
G
0

1+et
0o 0 yn —xt o0 yn —(z+a)t
(=1)"h () = a/ the ™t dt + / e g / e
0 0 1 + €_t 0 1 + e_t
es} 1— —at
= / [a + e] te "t dt > 0,
0 14et
which completes the proof. O
COROLLARY 3.11. The inequality
1
(3.16) O<,B(x)—ﬁ(x+a)+%<ln2+a—a+ﬁ(a),

holds for a > 0 and = € [1,00).

PROOF. Since hq(x) is completely monotonic on (0, 00), then it is decreasing
on (0,00). Then for z € [1,00), we have

0= lim hy(x) < ha(2) < ha(1) = a+ B(1) — B(L +a)
=In2+4+a- 1—|—B(a),
a
yielding the desired result. O

REMARK 3.12. In particular, if a = %7 we obtain the sharp inequality

2 2x

for x € [1,00). If z € (0,1], then the right-hand sides of (3.16) and (3.17) are
reversed.

(3.17) O<ﬁ(¢)—5(m+1)+1gln2+ﬂ-537
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