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PROPERTIES OF RAZUMIKHIN CLASS OF
FUNCTIONS AND PPF DEPENDENT FIXED POINTS
OF WEAKLY CONTRACTIVE TYPE MAPS

G. V. R. Babu, G. Satyanarayana, and M. Vinod Kumar

ABSTRACT. We discuss the properties of Razumikhin class of functions. We
introduce weakly contractive type maps and prove the existence of PPF depen-
dent fixed points of weakly contractive type mappings in the Razumikhin class
of functions. Further, we prove the uniqueness of PPF dependent fixed points
under certain assumption. We provide examples to illustrate our results.

1. Introduction

The Banach contraction principle is one of the fundemental and useful result
in fixed point theory and it plays an important role in solving problems related to
non-linear functional analysis. In 1997, Alber and Gurre-Delabriere [1] introduced
weakly contractive maps which are extensions of contraction maps and obtained
fixed point results in the setting of Hilbert spaces. Rhoades [12] extended this
concept to metric spaces.

In 1997, Bernfeld, Lakshmikantham and Reddy [4] introduced the concept of
fixed point for mappings that have different domains and ranges which is called PPF
(Past, Present and Future) dependent fixed point. Furthermore, they introduced
notation of Banach type contraction for a non-self mapping and proved the existence
of PPF dependent fixed point theorems of Banach type contractive mappings in
the Razumikhin class. In 2007, Dirci, McRae and Vasundhara Devi [7] developed
a technique to establish the existence of PPF dependent fixed points for a non-
linear operator in partially ordered metric spaces, and an application to a periodic
boundary value problem with delay is given. In 2013, Hussain, Khaleghizadeh,
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Salimi and Akbar [8] extended this study to prove the existence of PPF dependent
fixed point and coincidence points using admissible mappings. For more works and
its applications, we refer [3, 11, 6, 2, 10, 9, 5].

In Section 2, we discuss the properties of Razumikhin class of functions. In
Section 3, we introduce weakly contractive type maps and prove the existence
of PPF dependent fixed points. In fact, PPF dependent fixed points of weakly
contractive maps need not be unique (Example 3.2). But under certain additional
assumption, uniqueness holds. Examples are provided in support of our results.

Throughout this paper, R denotes the real line, R™ = [0, c0), N denotes the set
of all natural numbers, (E, ||.|| ;) is a Banach space, I = [a,b] € Rand Ey = C(I, E)
denote the set of all continuous functions on I equipped with the supremum norm
|I.1l z, and we define it by ||¢||5, = s<11[<) l|p(t)|| z for ¢ € Ep.

axlx
2. Razumikhin class of functions and its properties

For a fixed ¢ € I, the Razumikhin class R, of functions in Ey is defined by
R. = {¢ € Ey/ 18l g, = |¢(c)||;}. Clearly every constant function from I to E
belongs to R, so that R, is a non-empty subset of Fj.

DEFINITION 2.1. Let R. be the Razumikhin class of continuous functions in
FEy. Then we say that

i) The class R, is algebraically closed with respect to the difference if p—1 € R,
whenever ¢, € R,.

ii) The class R, is topologically closed if it is closed with respect to the topology
on Ep by the norm |[.|[, .

The Razumikhin class of functions R, has the following properties.
THEOREM 2.1. Let R, be the Razumikhin class of functions in Ey. Then
1) Ey= UR..

c€la,b)
ii) For any ¢ € R, and a € R, we have a¢ € R,..

iii) The Razumikhin class R. is topologically closed with respect to the norm

defined on Ej.

PROOF. i) Let ¢ € Fy. Then ¢ : I — E is continuous. Since I is compact , we
have ¢(I) is compact. By the definition of ||¢|| , there exists a sequence {t,} in
[a, b] such that

(2.1) Jim |lo(tn)ll g = l¢ll g, -

Since ¢(I) is compact , it is sequentially compact and so there exists a subsequence

{tn, } of {tn} such that ¢(t,,) =l as k — o0, | € ¢(I) and so | = ¢(c) for some

¢ € I. Hence ¢(t,,) — ¢(c) as k — oo. Therefore klim l|o(tn )l = llo(O)]] g -
e el

Hence, from (2.1), we have ||¢[|5 = |[¢(c)|| . It shows that ¢ € R. for some

¢ € [a,b] so that ¢ € UR. . Hence Ey C UR, . The other inclusion is trivial and
c€la,b] c€la,b)
hence (i) holds.
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ii) Let ¢ € R.. Then \|¢||E0 =|l¢(c)||g , and
lladllg, = sup [[(ad)(®)|lg = la| sup [|¢(t)||g = |al|[¢(c)|lg = [[(ag)(0)]g -

a<t< a<t<

iii) Let {¢,} be a sequence in R. that converges to ¢. Since the norm is
continuous, we have ||¢,||z — |85, as n — oo. Since ¢, € R, we have
[6nllg, = ll¢n()llz — llé(c)llz as n — oo. By the uniqueness of the limits, we
have ||8|| 5, = ||¢(c)|| so that ¢ € R.. Thus R, is topologically closed with respect
to the norm defined on FEj. O

The following example shows that, there may exist a Razumikhin class of func-
tions in Ejy which is not algebraically closed with respect to the difference for any
¢ € a,b].

EXAMPLE 2.1. Let I = [a,b], E =R, Ey = C(I,R). Let ¢ € [a,b]. We define
¢:1— Eby¢(x)=1forx €[a,b] and ¢y : [ = E by

1 r—a :
=+ ifx€la,c
P(x) = { 2 " 2(c—a) 2, ]

%+2($C7__%) if x € [c,b].

We consider the following cases.

Case (i) : a<c<b.
Clearly [|¢l| g, = 1 = [[¢(c)|| g and ||[¢]| g, = 1 = [[¢/(c)[| g so that ¢, € R.. Now

1_ g-a if x € [a, (]
-V =4 1 0
( % — 2(67’;) if x € [e, ],

and ||¢ — [l g, = 3 # 0= |[(¢ — ¥)(c)|| s0 that ¢ —¢ ¢ R..
Case (ii) : c=a.
We define ¢ : I — E by ¢(z) =1 for « € [a,b] and ¢ : [ — E by
1 x—0b
=4+ — f .
¥(x) 2—&-2(@71)) or z € [a,b]
Clearly [|6ll5, = 1 = [|6(e)]|; and [[¢]], = 1 = [[(e)]|; 5o that 6,9 € R,. Now
(6—)() = & — b5 for @ € [a,8] and [|6 —lly, = & #0 = |6 =)l -
So, that ¢ — ¢ ¢ R..
Case (iii) : ¢ =b.
We define ¢ : I — E by ¢(z) =1 for « € [a,b] and ¢ : [ — E by
1 T—a
=4+ — 1 .
() 2+2(bfa) or x € [a, b
We have [|6]], = 1= [16(c)ll g and [[¢]l 5, = 1 = [[$(c)]]; so that 6,4 € Re. Now,
(6 —v)(@) = 5 — 5f—%y for @ € [a,0] and [|¢ — ¢||5, = 5 # 0= [[(¢ — ¥)(c)[| s0
that ¢ — ¢ ¢ R.. From all the above cases, it follows that R, is not algebraically
closed with respect to the difference in Ej.

DEFINITION 2.2. ([4]). Let T : Ey — E be a mapping. A function ¢ € Ey is
said to be a PPF dependent fixed point of T if T'(¢) = ¢(c) for some ¢ € I.
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The PPF dependent fixed point ¢ of the operator T' depends on the available
class of continuous functions that are present, the past time ¢ whose unaltered
future value under the operator T is ¢(c).

DEFINITION 2.3. ([4]). Let T : Ey — E be a mapping. Then T is called
a Banach type contraction if there exists k € [0,1) such that |[|[T¢ —T¥||; <

kll¢ — ||, for all ¢,9 € Eo.

Bernfeld et al. ([4]) established the existence and uniqueness of a PPF depen-
dent fixed point of a Banach type contraction mapping.

THEOREM 2.2 ([4]). Let T : Ey — E be a Banach type contraction. Let R, be
an algebraically closed with respect to the difference and topologically closed. Then
T has a unique PPF dependent fized point in R..

REMARK 2.1. By Theorem 2.1 of (iii), R. is topologically closed with respect
to the norm topology on Ey and hence in the hypothesis of Theorem 2.2 ‘R, is
topologically closed’ is redundant. Hence the following is the modified version of
Theorem 2.2.

THEOREM 2.3 (Modified version of Theorem 2.2). Let T : Ey — E be a Banach
type contraction. If R. is algebraically closed with respect to the difference then T
has a unique PPF dependent fixed point in R..

The following lemma is useful to prove our main results of Section 3.

LEMMA 2.1. Let (E,||.||g) be a Banach space, I = [a,b] C R and Ey = C(I, E)
be the set of all continuous functions on I equipped with the supremum norm ||.|| g,
and we define it by ||¢||g, = sup |[¢(t)||y for ¢ € Eo . Let {¢n} be a sequence in

axlx

Eo such that ||¢n — ¢ni1llg, — 0 as n — oo. If {¢n} is not a Cauchy sequence,
then there exist an € > 0 and sequences of positive integers {m(k)} and {n(k)} with
n(k) > m(k) > k such that Hqﬁm(k) — ¢"(k)||E0 > €, ||¢m(k) — ¢n(k)_1||E0 <€ and

i) i |[6uee) = Sugo ||, = € it) 1 {|fmer) = bnry-1] |, =€
iii) lim || Gy = Sneollp, =€ W) Hm {lome1 = dniyalp, =€
PROOF. Runs as that of Lemma 1.4 of [2] O

3. PPF dependent fixed points of weakly contractive type maps

We denote F = {f/f : [0,00) — [0, 00) is continuous, nondecreasing and
f(t) =0 if and only if t = 0 for ¢ € [0,00)}.

DEFINITION 3.1. A mapping T : Ey — E is said to be weakly contractive type
mapping if there exists f € F such that||T¢ — T9[|5 < [|¢ — Y[l g, — f(|l¢ — ¥llg,)
for all ¢, ¢ € Ey.

THEOREM 3.1. Let (E,||.||p) be a Banach space, I = [a,b] C R. Let Ey =
C(I,E) denote the set of all continuous functions on I equipped with the supremum
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norm ||.||p, and we define it by ||¢||z, = sup ||¢(t)||g for ¢ € Eo. Fizc € 1.

Let R. be the Razumikhin class of functions in Ey. If T : Ey — E is a weakly
contractive type mapping, then T has a PPF dependent fized point in R..

PrOOF. Let ¢g € R, C Ey. Clearly Topg € E. Let ©1 = T¢g. We define
(bl I - F by (bl(t) = x1 for t € I. Then (251 € FEy with ||¢1HE0 = ||$1HE =
l|¢1(c)||z - Hence, we choose ¢1 € R, such that Tog = x1 = ¢1(c). Let x5 = T¢hy.
We Define ¢o : I — E by ¢a(t) = x3 for t € I. Then ¢ € Ey with [|¢a||p, =
l|lz2ll g = [|¢2(c)||z - Hence, we choose ¢ € R, such that T¢y = 9 = ¢2(c) and
g2 — dullg, = sup [[é2(t) = ¢1(B)llp = sup [lza — 21|l = [[¢2(c) — dr(c)llp -

astg axlx
Let 3 = T'¢o. We define ¢35 : I — E by ¢3(t) = x3 for t € I. Then ¢3 € Ey
with [|¢s||g, = |lz3|lg = l|#3(c)||p . Hence we choose ¢3 € R, such that T'¢y =

3 = ¢s(c) and |lés = dallg, = sup [|g5(t) = 2Dl = sup |lzs =zl =
axlx axlx

l|¢3(c) — d2(c)||p - On continuing this process , we define a sequence {¢,} induc-
tiVEly by T¢n = Tn41 = ¢n+1(6) and ||¢n+1 - ¢n||E0 = H¢n+1(c) - ¢n(C)HE for
n € NU{0}.
If ¢py1 = ¢Pp for some n € NU{0}, then T'¢,, = dppni1(c) = ¢n(c), so that T has
a PPF dependent fixed point in R.. Suppose that ¢,+1 # ¢, for all n € NU {0}.
We consider,
l|dny1 — ¢>n||E(J =|[Tén — T¢n71||E

<lon = dn-1llg, = fUIn — On-illp,)

< H¢n - ¢n71”E0 :
Therefore, the sequence {||¢ny1 — ¢nl[g,} is a decreasing sequence in R*. Let
l|¢n+1 — énllg, — 7 as n — co. We consider,

16n+1 = Pallg, = ITbn = Ton-1llp <60 = bu-1llg, = F([|6n = dn-1llg,)-

Now on taking limits as n — oo, we get
nh_g;j |‘¢n+1 - ¢nHEO < nh_%o l[pn — ¢n71||E0 - f(nh_{I;o l[pn — ¢nfl||E0)v

and hence this shows that r < r — f(r). Therefore f(r) = 0 which implies that
7 = 0. This shows that |[¢n4+1 — ¢nl[g, — 0 asn — oo.

We now show that {¢,} is a Cauchy sequence. If it is not a Cauchy, then
there exist an ¢ > 0 and sequences of positive integers {m(k)} and {n(k)} with
n(k) > m(k) > k such that

by = Dniw || g, = € |dmery = dniy—1ll g, <€

Now,

e < [my = baew)|| g, = || (©) = G (]|

T Gmiw)—1 = Téniy—1]l 5

[ bmmy—1 = buiey-1ll g, = F[dmmy—1 = Sniy—1ll )
and hence

(3.1) e <||bmry-1 = niy-1llg, = F[mepy—1 = Sniy -1l g, )-



70 G. V. R. BABU, G. SATYANARAYANA, AND M. VINOD KUMAR

Since ||¢n+1 — @nllp, — 0 as n — oo, by Lemma 2.1, we have
Jim {[émiw)-1 = Sngy—1|| 5, = €

By applying limit as k — oo to the inequality (3.1) on both sides, we get € < e— f(€)
which imlies that f(e) = 0 and hence € = 0, a contradiction. Therefore {¢,} is a
Cauchy sequence in R. C Ey. Since Ej is a Banach space, we have {¢,,} converges
and nh_)II;O ¢ = ¢* (say), ¢* € Ey. Since R, is topologically closed, we have ¢* € R,.
Now we show that ¢* is a PPF dependent fixed point of T. We consider
IT¢* — ¢*()llp < [|T9* = Tonllg + [ Tdn — ¢* ()l

<™ = nllg, — FUI¢" = dullg,) + l|dn+1(c) — ™ (o)l g, -
By applying limits as n — oo on both sides we get ||T¢* — ¢*(c)||p < 0, which
implies that T¢* = ¢*(c). Therefore ¢* is a PPF dependent fixed point of T" in
R.. O

ExaMPLE 3.1. Let I = [0,1], E =R. Fix c = 1 € [0,1]. Let Ey = C(I,R).
Let f : [0,00) — [0,00) be a function defined by f(x) = £ for x € [0,00). Then
f €F. Wedefine T : Eg — E by T(¢) = 2¢(3) + 3, ¢ € Ep. Clearly T is a weakly
contractive type mapping. Hence T satisfies all the hypotheses of Theorem 3.1 and
T has a PPF dependent fixed point. We now compute this PPF dependent fixed
point. We define ¢ : I — E by

s if z €[0,3]
d)(x){ Loif peda).

Clearly, ||9[|g, = 1= ||¢(%)||E . Therefore ¢ € R, and T(¢) = ¢(3), so that ¢ is
a PPF dependent fixed point of T" in R..

The weakly contractive type mapping 7' may have more than one PPF depen-
dent fixed point in R.. The following example shows that if the weakly contractive
type mapping T have more than one PPF dependent fixed point in R, then R, is
not algebraically closed with respect to the difference.

EXAMPLE 3.2. Let I = [0,1], E =R. Fixc= 1 € [0,1]. Let Ey = C(I,R).
Let f :[0,00) — [0,00) be a function defined by f(z) = 3% for € [0,00). Then
f € F. We define T : Ey — E by T(¢) = igb(%) + 13—6 . Clearly T is a weakly
contractive type mapping . We define ¢ : I — E by

| a? if z €[0,3]
¢>(x){i it e [L,1],

Clearly, [|9[|p, = 1= ||¢(%)HE and T¢ = ¢(%). Therefore ¢ is a PPF dependent
fixed point of T'in R.. We define ¢ : I — E by

(a) = { if z € [0, 4]

if z € [,1].
Clearly, [[¢||, = 1= Hw(%)HE and T4 = (3 ). Therefore ¢ is a PPF dependent
fixed point of T'in R.. Hence ¢ and v are two PPF dependent fixed points of T" in

L Ll IS
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R.. Here we observe that ¢ — ¢ ¢ R.. For,
(¢ —v)(z) = {

and ||¢5—1/}\|E0 = 1—16 £0= ||¢>(%) —1/}(%)HE, so that ¢ — ¢ ¢ R.. Therefore R, is

not algebraically closed with respect to the difference with ¢ = %

?—% ifzel0,]
0 if v €[3,1

To prove the uniqueness of PPF dependent fixed point of T, we use the following
‘condition (H).
(H) : If ¢ and ¢ are any two PPF dependent fixed points in R,., then ¢ — ¢ € R..

THEOREM 3.2. In addition to the hypotheses to Theorem 3.1, if R. satisfies
condition (H), then every weakly contractive type mapping T : Eg — E has a
unique PPF dependent fized point in R..

PROOF. Let us suppose ¢ and ¥ be two PPF dependent fixed points of a weakly
contractive type mapping T. Hence T¢ = ¢(c) and T¥ = 1(c). By condition (H),
we have ¢ — ¢ € R.. Therefore ||¢ — ||, = |[¢(c) — ¥(c)|| . We consider

16— Wil = l6(e) — e(Ol5 = |76 — Tl
<o =llg, — flo = Yllg,)-
It follows that f(||¢ — w||EO) < Osothat f(]|¢ — ’(/)HEO) = 0. Therefore ||¢ — w||E0 =
0 and hence ¢ = . O

In the following, we show that every function f in Ej that attains maximum
value at some point ¢ € [a, b] is a PPF dependent fixed point.

COROLLARY 3.1. If any function f € Ey attains mazimum value at some
¢ € [a,b], then it is the unique PPF dependent fixved point in some algebraically
closed linear subspace Fy of Ey which is contained in R..

Proor. Let f € Ey be such that ||f]|5, = |[f(c)||g for some ¢ € [a,b]. Then
f € R.. We define Fy = {af/a € R}. Then by Theorem 2.1(ii), we have F C R,.
Clearly Fj is an algebraically closed linear subspace of Ej contained in R..

We define T : Ey — E by T(¢) = f(c). For any ¢,1 € Ey and g € F, clearly
we have

1T¢ —To[lg =0<1l¢ —¥llg, — 9(llé = Yllg,),

so that T is a weakly contractive type mapping. Hence by Theorem 3.1, it follows
that, T has a PPF dependent fixed point and it is f, since T'(f) = f(c¢). We observe
that it is unique in Fp. O

REMARK 3.1. Thoerem 2.3 follows from Theorem 3.2 as a corollary.
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