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COMPLEMENTARY EDGE DOMINATION IN
SHADOW DISTANCE GRAPHS
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ABSTRACT. The shadow graph of connected graph G, denoted D2(G), is
the graph constructed from G by taking two copies of G, say G itself and
G’ and joining each vertex u in G to the neighbors of the corresponding
vertex u in G . Let D be the set of all distances between distinct pairs
of vertices in G and let D, (called the distance set) be a subset of D.
The distance graph of G, denoted by D(G, Ds), is the graph having
the same vertex set as that of G and two vertices u and v are adjacent
in D(G, Ds) whenever d(u,v) € D,. In this paper, we determine the
complementary edge domination number of the shadow distance graph
of the path graph, the cycle graph and the sunlet graph with specified
distance sets.

1. Introduction

By a graph G = (V, E) we mean a finite undirected graph without loops
and multiple edges. A subset S of V is called a dominating set of G if every
vertex not in S is adjacent to some vertex in S. The domination number
of G denoted by 7(G) is the minimal cardinality taken over all dominating
sets of G. A subset F' of F is called an edge dominating set if each edge in
FE is either in F or is adjacent to an edge in F'. An edge dominating set F’
is called minimal if no proper subset of F'is an edge dominating set. The
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edge domination number of G' denoted by *y/ (G) is the minimum cardinality
taken over all edge dominating sets of G.

Let F be a minimal edge dominating set of G. If E — F contains an
edge dominating set, say F of G, then F is called a complementary edge
dominating set with respect to F. The complementary edge domination
number ~.(G) of G is the minimal complementary edge dominating set (or
MCEDS) with minimum cardinality of G [4].

The open neighbourhood of an edge e € E denoted by N(e) is the set
of all edges adjacent to e in G. If e = (u,v) is an edge in G, the degree of e
denoted by deg(e) is defined as deg(e) = deg(u) +deg(v) —2. The maximum
degree of an edge in G is denoted by A'(G).

The shadow graph of G, denoted by Dy(G) is the graph constructed
from G by taking two copies of G, namely G itself and G and by joining
each vertex v in G to the neighbors of the corresponding vertex v in G .

Let D be the set of all distances between distinct pairs of vertices in G
and let Dy (called the distance set) be a subset of D. The distance graph of
G denoted by D(G, Dy) is the graph having the same vertex set as that of G
and two vertices u and v are adjacent in D(G, D) whenever d(u,v) € D;.

The shadow distance graph of G, denoted by Dgq(G, Ds) [7] is con-
structed from G with the following conditions:

(1) consider two copies of G say G itself and G’

(2) if u € V(G) (first copy) then we denote the corresponding vertex
asu € V(G') (second copy)

(3) the vertex set of Dy (G, Ds) is V(G)UV(G)

(4) the edge set of Dy(G,Ds) is E(G) U E(G') U Eq, where Eyq is
the set of all edges (called the shadow distance edges ) between
two distinct vertices u € V(G) and v' € V(G') that satisfy the
condition d(u,v) € Dy in G.

The n-sunlet graph denoted by S, is the graph on 2n vertices obtained
by attaching n—pendant edges to each of the vertices of the cycle graph C,.

By P, C,, and S, respectively we mean the path graph, the cycle graph,
the n- sunlet graph on n vertices.

2. Preliminaries

We recall the following results related to the complementary edge dom-
ination number of a graph and edge domination number of a graph.

THEOREM 2.1. ([4]) .(Cy) = [5] forn > 3.
THEOREM 2.2. ([4]) 7.(P,) = [5] forn > 3.
THEOREM 2.3. ([7]) For n >3, v (Dsa{Pn, {2}}) = 2["52].
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THEOREM 2.4. ([7])

2.1) w%&ﬂ&&%b={;wﬂ "
PERE =
THEOREM 2.5. ([7]) For n > 4,
/ _fere, if n= 0 or 2 (mod3)
(22 v(Dsd{aﬂ{zm—{ﬂi1 o

THEOREM 2.6. ([7]) Forn > 6, ' (Dsg{Cn,{3}}) = 2227,

THEOREM 2.7. ([7]) For n >3, v (Dsa{Sn, {2}}) = 2|2 ].

THEOREM 2.8. ([7]) Forn >3, v (Dsa{Sn, {3}}) = 2[2%1].

THEOREM 2.9. ([5]) An edge dominating set F' is minimal if and only
if for each edge e € F, one of the following two conditions holds:

(1) N(e)n F =
(2) there exists an edge e; € E — F such that N(e1) N F = {e}.

(S
=3

FIGURE 1. F = {e,e¢} and F' = {e3, e5}.
Hence 7' (G)= 2 = 7.(G)

THEOREM 2.10. ([4]) Let F' be a minimum edge dominating set of G.
If for each e € F, the induced subgraph < N(e) > is a star, then vé(G) =

/

7 (G).
3. The Main Results

We begin our results with the shadow distance associated with the path
P,.

THEOREM 3.1. Let n > 3. Then .(Ds{Pn, {2}}) = 2@
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ProoF. Consider two copies of P,, one P, itself and the other denoted

by P,/L. Let vy, v9, .....,v, be the vertices of P, and let v/l, 1/2, ..... ,v;l be the
vertices of PT'L. Let ey, eq,...... en—1 be the edges of the first copy P, and
€}, €y, ..., e, 1 be the edges of the second copy P,, where e; = (v, vi11),

;= (U;,v;H) fori =1,2,...n— 1. Let G = (Ds4{Pp,{2}}). Then |V (G)]
= 2n, |E(G)| = 4n — 6 and E(G) = {e;} U {e;} U {e).Gr2y PYLep—ay i}
where 1<1<n—-1,1<j<n—-2,3<k<n.

For n = 3, the set F = {eg, ey} is the minimal dominating set with
minimum cardinality of G. Then under the hypothesis, F' = {ey, 6/1} is a
MCEDS with minimum cardinality since G 2 Cj it follows that ~,(G) = 2

For n = 4, the set F = {eg, ey} is the minimal dominating set with
minimum cardinality of G. Then under the hypothesis, ' = {eq, es, ell, e;)}
is a MCEDS with minimum cardinality and it follows that v.(G) = 4.

For n =5, the set F' = {eq, ey, 612, eil} is the minimal dominating set with
minimum cardinality of G. Then under the hypothesis, F' = {e1, es, ell, e;}
is a MCEDS with minimum cardinality and it follows that v,(G) = 4.

’ ! /
FIGURE 2. F = {eg, €4, €6, €y, €4, €5} and
/ ’ ’ / /
F = {e1,e3,e5,¢e7,€;, €3, e5,e-} for the path Py

. ’ ’ ’ .
Let n > 6. Consider the set F' = {e2, 5, €4, €y, ..., €2i12, €9, o } for each i

4
such that 0 <14 < [nT] Then, clearly, |F| = 2[252] ( Theorem 2.3) This

set F' is the minimal dominating set with minimum cardinality of G. Then
under the hypothesis, the set F' = {eg; 1} € {6/23‘71}: where 1 < j < [§] is
a MCEDS with minimum cardinality since for any edge e¢; € F', F' — {e;}
is not an edge dominating set for N(e;) in G. But the graph G is such that
there are 4 edges of degree 3, 4 edges of degree 4, 8 edges of degree 5 and
2(2n — 11) edges of degree 6. Hence atmost 2(2n — 11) distinct edges of G
can dominate seven distinct edges including itself and each of the remaining
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edges can dominate less than 6 edges of G. Hence, any set containing edges
less than that of F' cannot be a dominating set of G.
This implies that the set F' described above is of minimum cardinality
and since |F'| = 2{% |, it follows that 7.(DsalPn, {2}}) = 2{% . 0
THEOREM 3.2. Let n > 5. Then vs(Dsa{Pn, {3}}) = 2Lg |

PRrROOF. The vertex set and edge set of G are as in theorem 2.10.

For n = 5, the set ' = {62,64,6/2,6:1} is a minimum edge dominating
set of G. Then under the hypothesis, F' = {ey, e3, €], e5} is a MCEDS with
minimum cardinality. It follows that v.(G) = 4.

For n = 6, the set F' = {es, ey, 6/2, 6/4} is a minimal edge dominating set
of G. Then under the hypothesis, F’ :{61,63,65,611,613,6;} is a MCEDS
with minimum cardinality. It follows that +.(G) = 6.

For n = 7, the set F' = {62,64,,66,6/2,6:176%} is a minimal edge domi-
nating set of G. Then under the hypothesis, F' ={ey, es, es, ell, e;), e;)} is a
MCEDS with minimum cardinality. It follows that +,(G) = 6.

For n = 8, the set F' = {e9, ey, , €6, 6,2, 62;, e%} is a minimal edge dominat-
ing set of G. Then under the hypothesis, F’ ={e1, €3, €5, €7, ell, e;, ez,-), 6/7} is
a MCEDS with minimum cardinality. It follows that ~.(G) = 8.

Let n > 9.

Consider the set F' = {eg, 6l2, eq, e;, vy €2449, 6/2i+2} for each 7 such that

4
1<i< [0,

This set F' is a minimal edge dominating set with minimum cardinality
(Theorem 2.4).

Consider the set F' = {egj42} U {e;j+2}, where 1 < j < ng

This set F' is a MCEDS with minimum cardinality since for any edge
e; € F', F' — {e;} is not an edge dominating set for N(e;) in G. But the
graph G is such that there are 4 edges of degree 3, 8 edges of degree 4, 12
edges of degree 5 and 2(2n — 16) edges of degree 6. Hence atmost 2(2n — 16)
distinct edges of G can dominate seven distinct edges including itself and
each of the remaining edges can dominate less than 6 edges of G. Hence,
any set containing the edges less that in F " cannot be an edge dominating
set of G.

This implies that the set ' described above is of minimum cardinality
and since |F'| = 2 |2, it follows that 4,(Dsq{ Py, {3}}) = 2 | 2] O

For the cycle graph C),, we have the following results.
THEOREM 3.3. Forn > 4, Then v,(Dsa{Cn,{2}}) =2 [%]
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ProoFr. Consider two copies of C},, one C, itself and the other denoted

by C,/l. Let v1,v9,.....,v, be the vertices of C, and vll,v;, ..... ,v; be the
vertices of C’;L. Let eq,eq,...... en be the edges of the first copy C),, and
ell, 6/2, ..... , 5;1 be the edges of the second copy C;. where e; = (v;,vi11) and

’ ’ . . .
e; = (v;,v;41) fori = 1,2,.....n, where computation is under modulo n. Let

G = (DualCon {2})). o

For n = 4, the set F' = {ea, €4, €5, ¢, } is the minimal dominating set with
minimum cardinality of G. Then under the hypothesis F' = {ey, es, ell, e;)}
is a MCEDS with minimum cardinality of G.

For n =5, the set F' = {eq, 5, 6/2, e;} is the minimal dominating set with
minimum cardinality of G. Then under the hypothesis F' = {e1, es, ell, e;}
is a MCEDS with minimum cardinality of G.

For n = 6, the set F' = {ea, €5, €l2, e%} is the minimal dominating set with
minimum cardinality of G. Then under the hypothesis F' = {ey, es, ell, e;}
is a MCEDS with minimum cardinality of G.

Letn > 7.

Consider the set

jon {{62, €5y einnnn y 63i+2,€,2, 6/5, ...... 6/3i+2} ’Lf n=0or?2 (m0d3)

{ea, €5, ...... ,€3i49,€2,€5, ... €sivat U{en,e'n} otherwise
where 0 < i < [252]. Clearly, |F|=2[251] for n = 0 or 2(mod3)

This set F' is a minimal edge dominating set with minimum cardinality
of G. Then under the hypothesis the set
F, {{egk_z} U {en_l} n= 1(m0d3)

{esj—2} Otherwise

where 1 < k < [5], 1 <j < [5]is a MCEDS with minimum cardinality
since for any edge e; € F', F' — {e;} is not an edge dominating set for N (e;)
in G. Hence, any set containing edges less than that of F' cannot be a
dominating set of G. Also G is regular of degree 4 and each edge of G is of
degree 6 and an edge of G can dominate atmost seven distinct edges of G
including itself.

This implies that the set F described above is of minimum cardinality

and since [F'| = 2 [2], it follows that 7,(Ds{Cy, {2}}) = 2 [2] O
THEOREM 3.4. Let n > 6. Then ~.(Dq{Chn,{3}}) = 2[5,
PRrROOF. The vertex set and edge set of G are as in Theorem 2.12.
Let G = v.(Dsa{Cn,{3}}) o
For n = 6, the set F' = {ea, €4, €6, €5, €4, €} is a minimal edge dominat-
ing set with minimum cardinality of G. Then under the hypothesis F' =
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/ / ’ /
FIGURE 3. F = {ez,e5,€7,€y, 65,67} and F' =
’ / /
{e1,e4,€6,€1,€y,€5}. for cycle Cy

{e1,e3, €5, 6,17 eg, 6/5} is a minimal complementary edge dominating set with
minimum cardinality and Hence .(G) = 6.

For n = 7, the set F = {62,65,67,6/2,6/5,6/7} is a minimal edge domi-
nating set with minimum cardinality of G. Then under the hypothesis F’
= {61,64,66,611,621,625} is a is a MCEDS with minimum cardinality of G.
Hence ~.(G) = 6.

Let n > 8.
Consider the set
e {ea, €4, ..... ,621‘,6/2,?21, ./....,e/%}l U {en,e;l}, , 1 <i< §(niseven)
{ea, €5, ., €342, €5, €5, ooy €350} U {en, €, }, 1< j < [252] (nisodd)

( Theorem 2.6 )
This set F' is a minimal edge dominating set with minimum cardinality
of G.
Consider the set F' =
{e2j—1} U {e;jfl}, 1<j<5 (n is even)
fer} Ufena} UL} Udehn}, 1<i<|2]-1 (n is odd)
This set F' is a MCEDS with minimum cardinality since for any edge
e; € F', F' —{e;} is not an edge dominating set for N(e;) in G. Hence, any
set containing edges less than that of F' cannot be a dominating set of G.
Also G is regular of degree 4 and each edge of G is of degree 6 and an edge
of G can dominate atmost seven distinct edges of G including itself.
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This implies that the set F' described above is of minimum cardinality
and since |F'| = 2[2-2], it follows that Yo(Dsg{Cp, {3}}) = 2[252]. O

For the sunlet graph .5,,, we have the following results.
THEOREM 3.5. Let n > 3. Then v.(Dsa{Sn, {2}}) = 2|2

Proor. Consider two copies of S,, namely S, itself and S,’. In the
first copy Sy, let (v1)1,(v2)1,...., (vy)1 be the vertices of the cycle, (vl)ll,
(v2)], -, (vn)] be the pendant vertices, let the edges of the cycle be e;
= ((v1)i, (v1)i+1), = 1,2,....n where computation is under modulo n and
let the pendant edges be e,, = ((v;)1, (v;);) where i= 1,2,...n. In the second
copy, let (v1)2, (v2)2, ..., (V)2 be the vertices of the cycle, (v1)y, (V2), .., (Vn)s
be the pendant vertices, let the edges of the cycle be e; = ((va);, (Ug);ﬂ), i=
1,2, ....n where computation is under modulo n and let the pendant edges
be e;,l_ = ((v3)5, (v3)y) where i= 1,2, ..n. Let G=(D{Sy, {2}}).

For n = 3, the set F :{el,em,e/l,e;,?)} is a minimal edge dominat-
ing set with minimum cardinality of G. Then under the hypothesis F' =
{ea, epy, €9, e;,l} is a MCEDS with minimum cardinality and hence ~,(G) =
4.

Letn >4

Consider the set F' ={ej, €3, €5......, €241, ell, e;,, e:r) ..... , 6/21'-1-1} Where 0 <
i < [%1]. (Theorem 2.7)

This set F' is a minimal edge dominating set with minimum cardinality
of G.

Consider the set F' =

{e2j} U {6/2]-,} 1<j<3 n is even
{eps, e;)l} Ueai} U{en;t U{ep }, 1<i<|5] n is odd

This set F' is a MCEDS with minimum cardinality since for any edge
e; € F', F' — {e;} is not an edge dominating set for N(e;) in G. Hence any
set containing edges less than that of F' cannot be a dominating set of G.
Further, A'(G) = 12 which implies that an edge of G' can dominate atmost
13 distinct edges including itself. But the graph G is such that there are
6n edges of degree 8 and 4n edges of degree 12. Hence atmost 4n distinct
edges of G can dominate 13 distinct edges including itself and each of the
remaining edges can dominate less than 12 edges of G. Therefore, any set
containing the edges less that in F' can not be an edge dominating set of
G.

This implies that the set F described above is of minimum cardinality
and since |F'| = 2| 2L, it follows that 7,(Dsa{Sn, {2}}) = 2[2L]. O

THEOREM 3.6. Let n > 3. Then ~,(Dsq{Sn,{3}}) = 22211
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PROOF. Let G=(Dsq{Sn,{3}}),The vertex set of G is as in theorem
2.14.

For n= 3, the set F' = {ep,, ep,, €ps, p17€ '} is a minimal edge dom-

p2? ps
inating set with minimum cardinality of G . Then under the hypothesis F'
:/ {e2,e3,€,,, €l2, e;), 6/1,4} is a MCEDS with minimum cardinality and hence
7.(G) = 6. ,

For n= 4, the set F' = {ep,,€p,, €ps, €p,s, € pl,em,epj, p4} is a minimal
edge dominating set with minimum cardinality of G. Then under the hy-
pothesis F' = {e1,e3,e1, €65 ell, eé, 6/14/,6/6/8} is a MCEDS with minimum
cardinality and hence 7,(G) = 8.

For n= 5, the set F' = {ep,,€ps;€pss€pss€ps, € pl,epz,epd,em, p5} is a
minimal edge dominating set with minimum cardlnahty G.

For n= 6, the set F' = {ep,, €ps, €pss €ps» €psy > €pg» € pl,em,em,em,em,em}
is a minimal edge dominating set with minimum cardinality of G.

Letn>7.

Consider the set ' ={ep,,€py; €pgeeens €is €15 €4 €y € FWhere 1 <
i <n. ( Theorem 2.8)

This set F' is a minimal edge dominating set with minimum cardinality
G.

For all n > 5, consider the set F' = {614/}U{el/4}UF1,UF2,UFéUF41, where
Fy = Aegj1 b Fy = {eg; 1 b Fy = {ewproyupray b Fo = {epsoy arrn b
where 1 <j <[], 1<k< (3] —1

This set F' is a MCEDS with minimum cardinality since for any edge
e, € F, F — {e;} is not an edge dominating set for N(e;) in G. Hence
any set containing edges less than that of F' cannot be a dominating set
of G. Further, A'(G) = 12 which implies that an edge of G' can dominate
atmost 13 distinct edges including itself. But the graph G is such that there
are 2n edges of degree 8 , 6n edges of degree 10 and 4n edges of degree
12. Hence atmost 4n distinct edges of G can dominate 13 distinct edges
including itself and each of the remaining edges can dominate less than 12
edges of G. Therefore, any set containing the edges less that in F’ " cannot be
an edge dominating set of G. This implies that the set F described above

is of minimum cardinality and therefore +.(Dsq{Sn, {3}}) = 2[22=L). O
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