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ABSTRACT. In this paper, we introduce the concept of Noether Almost Dis-
tributive Lattice (Noether ADL). We prove important results in a Noether
ADL and also prove the fundamental Theorem of Noether ADL.

1. Introduction

Swamy, U.M. and Rao, G.C. [5] introduced the concept of an Almost Distribu-
tive Lattice as a common abstraction of almost all the existing ring theoretic
generalizations of a Boolean algebra (like regular rings, p—rings, biregular rings,
associate rings, P —rings etc.) on one hand and distributive lattices on the other.

In [1], Dilworth, R.P., has introduced the concept of a residuation in lattices
and in [6, 7] Ward, M. and Dilworth, R.P., have studied residuated lattices. We
introduced the concepts of a residuation and a multiplication in an ADL and the
concept of a residuated ADL in our earlier paper [3]. We have proved some impor-
tant properties of residuation ’: > and multiplication ’ . ’ in a residuated ADL L in
[4]. In this paper, we intrtoduce the concept of Noether ADL. We prove important
results in a Noether ADL.

In section 2, we recall the definition of an Almost Distributive Lattice (ADL)
and certain elementary properties of an ADL from Swamy, U.M. and Rao, G.C.
[5], Rao, G.C. [2] and the concepts of residuation and multiplication in an ADL L
and the definition of a residuated almost distributive lattice from our earlier paper
[4]. In section 3, we introduce the concept of Noether Almost Distributive Lattice
( Noether ADL ). We prove important results in a Noether ADL and also prove
the fundamental Theorem of Noether ADL.
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2. Preliminaries

In this section we collect a few important definitions and results which are
already known and which will be used more frequently in the paper. We begin
with the definition of an ADL :

DEeFINITION 2.1. ([2]) An Almost Distributive Lattice(ADL) is an algebra
(L,V, A) of type (2,2) satisfying

(D) (avb)Ae=(anc)V (bAc)

(2)an(bVe)=(anb)V(aAc)

(3) (avb)Ab=1D

4) (avb)Aha=a (5)aV(aAb)=a,forall a,b,ce L.

It can be seen directly that every distributive lattice is an ADL. If there is an

element 0 € L such that 0 Aa =0 for all a € L, then (L, V, A,0) is called an ADL
with 0.

ExaMmPLE 2.1. ([2]) Let X be a non-empty set. Fix zg € X.
For any z,y € L, define

oz, fxz=20 _Jy, ifrx==x
x/\y—{% if © # xq w\/y—{x’ if © # xo.
Then (X,V, A, zg) is an ADL, with z( as its zero element. This ADL is called
a discrete ADL.

For any a,b € L, we say that a is less than or equals to b and write a < b, if
a Ab=a. Then ”<” is a partial ordering on L.

THEOREM 2.1. ([2]) Let (L,V,A,0) be an ADL with > 0 °. Then, for any
a,b € L, we have

(1) aAn0=0and OVa=a
(2)aNa=a=aVa
(3) (anb)vb=b, aV(bha)=a and aA(aVbd)=a
(4)anb=a<=aVb=band aNb=b<aVb=a
(5) aAb=bAa and aVb=>bVa whenever a <b

(6) anb<band a<aVd

(7)

(8) anbAc=bAaANc

(9) (avb)Ac=(bVa)Ac

(10) aANb=0<=bAa=0

(1) av (bVa)=aVb.

A 18 associative in L

It can be observed that an ADL L satisfies almost all the properties of a
distributive lattice except, possible the right distributivity of V over A, the com-
mutativity of V, the commutativity of A and the absorption law (a A b) V a = a.
Any one of these properties convert L into a distributive lattice.
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THEOREM 2.2. ([2]) Let (L, V,A,0) be an ADL with 0. Then the following are
equivalent:

(1) (L,V,A,0) is a distributive lattice

(2) avb=0bVa, foralla,be L

(3)anb=bAa, for all a,be L

(4) (and)vVe=(aVve)A(bVe), for all a,b,ce€ L.

PROPOSITION 2.1. ([2]) Let (L,V,A) be an ADL. Then for any a,b,c € L with
a < b, we have

() ane<bAc
(2) cAa<cAD
(3) cVa<eVd.

DEFINITION 2.2. ([2]) An element m € L is called maximal if it is maximal as
in the partially ordered set (L, <). That is, for any a € L, m < a implies m = a.

THEOREM 2.3. ([2]) Let L be an ADL and m € L. Then the following are
equivalent:

(1) m is mazimal with respect to <

(2) mVa=m, foralla€ L

(3) mAa=a, foralla € L.

LEMMA 2.1. ([2]) Let L be an ADL with a mazimal element m and x,y € L.

Ifx Ny =y and y AN x = x then x is maximal if and only if y is maximal.Also the
following conditions are equivalent:

zAy=yandyAhz=2zx (i) zAm=yAm.

DEFINITION 2.3. ([2]) If (L,V,A,0,m) is an ADL with 0 and with a maximal
element m, then the set I(L) of all ideals of L is a complete lattice under set
inclusion. In this lattice, for any I,J € I(L), the Lu.b. and g.lb. of I,J are
given by IVJ = {(zVy)Am |z € l,ye Jtand INJ = INJ. The set
PI(L) ={(a] | @ € L} of all principal ideals of L forms a sublattice of I(L). (Since
(a] V (b] = (a V b] and (a] N (b] = (a AD])

In the following, we give the concepts of residuation and multiplication in
an almost distributive lattice (ADL) L and the definition of a residuated almost
distributive lattice taken from our earlier paper [3].

DEFINITION 2.4. ([3]) Let L be an ADL with a maximal element m. A binary
operation : on an ADL L is called a residuation over L if, for a, b, ¢ € L the following
conditions are satisfied:

Rl)aAb=1" if and only if a:b is maximal

R2)anb=b = (i) (a:c)A(b:c)=b:cand (ii) (c:b)A(c:a)=c:a
R3) [(a:b):cJAm= [(a:c):b]Am

R4) [(and):c]Am=(a:c)AN(b:c)Am

(
(
(
(
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(R3) [e: (aVb)]Am=(c:a)N(c:b)Am

DEFINITION 2.5. ([3]) Let L be an ADL with a maximal element m. A binary
operation . on an ADL L is called a multiplication over L if, for a,b,c € L the
following conditions are satisfied:

(M1) (a.b) Am = (b.a) Am

(M2) [(a.b).cf Am = [a.(b.c)] Am
(M3) (am)Am=aAm

(M4) [a.(bV )] Am = [(a.b) V (a.c)] Am

DEFINITION 2.6. ([3]) An ADL L with a maximal element m is said to be a
residuated almost distributive lattice (residuated ADL), if there exists two binary

operations * : 7 and ' . 7 on L satisfying conditions R1 to R5, M1 to M4 and the
following condition (A).
(A) (x:a) ANb=1>if and only if x A (a.b) = a.b, for any z,a,b € L.

We use the following properties frequently later in the results.

LEMMA 2.2. ([3]) Let L be an ADL with a mazimal element m and . a binary
operation on L satisfying the conditions M1 — M4. Then for any a,b,c,d € L,

(i) a A (a.b) = a.b and b A (a.b) = a.b

(i) aNnb=b = (c.a) A (c.b) = c.b and (a.c) A (b.c) = b.c

(iii) d A [(a.b).c] = (a.b).c if and only if d Aa.(b.c)] = a(b.c)

(iv) (a.c) A (b.c) A[(a Ab).c] = (aAb).c
(v) d A (a.c) A (b.c) = (a.c) A (b.c) = dA[(aAb).c] = (aNb).c
(vi) d A [(a.c) V (b.c)] = (a.c) V (b.c) & dA[(aVDb).c] = (aVb).c

The following result is a direct consequence of M1 of definition 2.15.

LEMMA 2.3. ([3]) Let L be an ADL with a mazimal element m and . a binary
operation on L satisfying the condition M1. For a,b,x € L, a A (x.b) = x.b if and
only if a A (b.x) = b.x

In the following, we give some important properties of residuation ’ : ’ and

multiplication ’ . ’ in a residuated ADL L. These are taken from our earlier paper
[4].

LEMMA 2.4. ([4]) Let L be a residuated ADL with a mazimal element m. For
a,b,c,d € L, the following hold in L.

(1) (a:b)ANa=a
(2) [a:(a:b)]A(aVb)=aVDd
(3) [(a:b): ] Nla:(bc)] =a:(bc)
(4) [
(5)
(6)

a:(be)]Al(a:b):c]=(a:b):c
5) [(aAb):b)A(a:b)=a:b
6) (a:b)A[(aAb):b)=(aAb):b
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(M) Ja:(aVbd)]Am=(a:b)Am

® le: (@ABIA e @) (e8] = (e5a)V (o1
(9) Ifa:b=a thena A (bd)=bd = aNnd=d
(10) {a:[a:(a:b)]}A(a:b)=a:b
(11)[(avb) Afla:e)V(b:c)=(a:c)V(b:c)
(12) aAnm=2bAm = (a:c)Am=(b:c)Am
(13) (@ )7 {0 ]} —a s (as by
(14) aANb=b = (a.c) A (b.c) =b.c

(15) a Ab A (a.b) =ab

(16) [(a.b) :a)AL=Db

(17) (a.b) A[(a AD).(aVb)] = (aADb).(aVb)
(18) a Vb is mazimal = (a.b) N\aAb=aAb

3. Noether Almost Distributive Lattices

In this section, we introduce the concept of Noether Almost Distributive Lattice
(Noether ADL). We prove important results in a Noether ADL and also prove the
fundamental Theorem of Noether ADL.

We first give the following concepts on a residuated ADL L:

DEFINITION 3.1. An element c of L is called irreducible, if

fAg=c, for f,g e L = either f=cor g=c.
DEFINITION 3.2. An element p of L is called prime, if
p A (a.b) =a.b = either pAa=aor pAb=0, for any a,b € L
DEFINITION 3.3. An element p of L is called primary, if
pA(ab) =aband pAa+#a= pAb* =0b* forsome s e Z+

DErINITION 3.4. An ADL L is said to satisfy the ascending chain condi-
tion(a.c.c.), if for every increasing sequence 7 < Tg < T3 < eeveeenns , in L, there
exists a positive integer n such that x,, = 41 = Tpio = coveeennn.

DEFINITION 3.5. A residuated ADL L is said to be a Noether ADL, if

(N1) the ascending chain condition(a.c.c.) holds in L and

(N2) every irreducible element of L is primary.

DEFINITION 3.6. An element a of a residuated ADL L is said to have a primary

decomposition, if there exists primary elements p1, ps, ...... ,Pm in L such that a =
PLADP2 A .l N Dm -

THEOREM 3.1. If a and b are any two elements of a Noether ADL L and a.b
has a primary decomposition, then there exists an exponent s such that

(a.b) Aa b’ =aNb®
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PROOF. Let L be a Noether ADL and a,b € L. Suppose a.b has a primary
decomposition, say a.b = p; A pa A ... A pr Then for 1 < i < k, p; A (a.b) = a.b. So
that, either p; Aa = a or p; Aa # a, p; A b%* = b%%, for some s; € Z7.

Case (1): Suppose pr A a = a, then we rearrange the primary elements py, po,

. ,prk—1 such that p; A% =b%, for 1 <i<land p; Aa=a,forl+1<i<k.
Now, take s = Max{sy, s2, ..., s;}. Then p; Ab* =% for 1 <i < ![. Now,

(a.D) ANaAb> =pr Apa Ao Apg AaAb® =
Di+1 APig2 A ADk ANaAprt Ape A Apr AD® =a Ab°.

Case (ii): Suppose pp Aa # a and pg Ab%* = b®F | then we rearrange the primary
elements p1,po, ..., pr—1 such that p; Aa = a, for 1 < ¢ < j and p; A b% = b%, for
j+1<i< k-1 Now, take s = Maz{s;jt1,8j12,...,5x}. Then p; Ab°> = b*, for
j+1<i<k. Now,

(a.b) ANaAb* =pr Apa Ao Apg AaAb® =

pl/\pg/\.../\pj/\a/\ij/\pj+2/\.../\pk/\bs:a/\bs. O

THEOREM 3.2. Let L be a Noether ADL with a mazimal element m and a,b,c €
L. If b.b =10 then

(i) aAbAm = (a.b) Am and

(ii) [(a A ¢).b] Am = (a.b) A (c.b) Am.

PROOF. Let a,b,c € L and suppose b.b = b
(i) By property (15) of Lemma 2.4, we have a AbA (a.b) = a.b and by Theorem
3.1, we have (a.b) Na Ab® = a Ab°. So that, (a.b) Aa Ab=aAb ( Since b.b =b)
Hence a AbAm = (a.b) Am
(ii) By (i) above, we have
[(anc)bfAm=aNcAbAmM
=aANbAMmAcAbAM
= (a.b) Am A (c.b) Am ( By (i), above )
= (a.b) A (e.b) Am. O

COROLLARY 3.1. Let L be a Noether ADL with a mazximal element m. If a
and b are any two idempotent elements of L, then (a.b) Am =aAbAm.

PROOF. Let a,b € L be idempotent elements of L. Then a? = a,b?> = b. By
property (15) of Lemma 2.4, we have a A b A (a.b) = a.b By Theorem 3.1, we have
(a.b) NaAD® = aAb®. So that, (a.b) AaAb= aAnb. Hence (a.b) Am =aAbAm. O

The following Theorem is converse of Theorem 3.1. under special conditions.

THEOREM 3.3. Let L be a residuated ADL with ascending chain condition(a.c.c.)
such that for any a,b € L, there exists s € ZT such that, (a.b) N\a Ab® = a Ab® then
L is a Noether ADL.

PROOF. Let p be an irreducible element of L. Let a,b € L such that pA (a.b) =
a.b and p A a # a. Choose s € ZT such that (a.b) A a Ab* =a Ab*. Now,

pA(a.b) =ab = pA(a.b)NaAb’=(a.b) NaAD®
=pAaAb’=aAb’
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=pV(aAD)=p
=@Va)A(pVd)=p
= either pVa =por pVb® =p ( Since p is irreducible )
But pVa # p since p A a # a. Therefore p VvV b* = p. Thus p A b® = b°, forsome

s € ZT. Therefore p is primary. Hence every irreducible element of L is primary.
Thus L is a Noether ADL. O

DEFINITION 3.7. Let L be a residuated ADL. An element a of L is called
principal, if a A b = b, forsome b € L, then a.c = b, forsome c € L.

LEMMA 3.1. Let L be a residuated ADL with a maximal element m. If a,b € L
such that a is principal and a Nb=b, then [(b: a).a] Am =bAm.

PROOF. Let a,b € L such that a is principal and a A b = b. Then there exists
an element ¢ € L such that a.c = b. Now,

bA (a.c)=a.c= (b:a) Ac=c (By definition 2.6 )

=>[(b: a).a] A (c.a) = c.a ( By Lemma 2.2 (ii) )
=[(b: a).a] A (a.c) = a.c ( By Lemma 2.3 )
=[(b:a).a] ANb=">b ( Since a.c=b)

Now,
(b:a)A(b:a)=b:a= bA[a.(b:a)] =a.(b:a) ( By definition 2.6 )
= bA[(b:a).a] = (b:a).a ( By Lemma 2.3 )
Hence [(b: a).a] Am =bAm. O

We shall now prove the following fundamental Theorem :

THEOREM 3.4. Let L be an ADL with a mazimal element m satisfying the
following conditions:

(1) L is residuated.

(2) L satisfies a.c.c.

(3) Every element of L is principal.
Then L is a Noether ADL.

PROOF. Suppose the conditions (1), (2) and (3) hold in L. Let p be a non-
primary element of L. Then there exists a,b € L such that pA (a.b) = a.b, pAa # a
and p A b® # b°, for any s € Z*. Let k € ZT. Then by Lemma 1.23 (i), we get
b1 ADF = bk, So that, (p: bF) A (p: b)) =p: b1 Hence (p: b*) Am > (p:
b¥=1) Am. Since L satisfies a.c.c., the chain (p: b)Am < (p: b*) Am < (p: b%) Am,
........... terminates. Then there exists £ € ZT such that (p : b¥) Am = (p : bFF1) A
m = ... —(i) Write ¢ = (pV a) A (p V*). Then pV b > ¢ > p. Now,
c=cA(pVb)=pV(cAb) — (ii)

First, we prove pAcAb* = ¢ AbF Since b* is principal and b* AcAbDF = c ABF we
get cABEAm = ([(cAbF) : bF].bF) Am — (iii) ( By Lemma 3.1 ) Since (pVa)Ac = ¢,
we get [b.(pV a)] A (b.c) = b.c (By Lemma 2.2 (ii)) Now,
pA(b.c)=pAb.(pVa)A(b.c) =pA[b.p)V (ba)] A (bc)
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=[pA@P]VIpADa)]A(bc) = [(b.p) V(b.a)] A(bc)

= [b.(pVa)] A (b.c) =b.c (Since (pVa)Ac=c)

= p A (b.c) A [b.(c AbF)] = (b.c) A [b.(c A BF))

= pAb.(cAbF)] =b.(c AV¥) (Since c AcAbF =cAbF)

= (p:b) AcAb* = c AV* ( By definition 2.6 )
YACAVE Am =cAbE Am

YA ([(e ABF) : BF].6F) Amo= ([(c A BF) < BF].6F) Am ( By (iii) )
YA ([(e AVF) 1 BELOR) = [(c A D) : bF].F

ASAS

b
b
b
:b) A{BE[(c ADF) 1 BF]} = BE.[(c A bF) : b*] ( By Lemma 2.3 )
PP A [(e AVF) bR = (¢ ABF) 1 bF ( By definition 2.6 )

(p: ) Al(cAbF) :bF] = (cAbF) : bF (By (i)

= p A {bE.[(c AVF) 1 BF]} = bF.[(c A bF) : b¥] ( By definition 2.6 )

= p A {[(c AV¥) : BF].bF} = [(c A bF) : b*].bF ( By Lemma 2.3 )

= p A {[(c AD®) : BF].bF} Am o= {[(c AV®) : BF].6F} Am

= pAcAb* Am=cAb* Am ( By (iii) )

= pAcAVF =cADP

= pV(cAb*)=p
Now, ¢ =pV (cAb¥) =p. Then p= (pVa)A(pVbF). But pVa # pand pVb* # p.
Hence p is reducible. Thus L is a Noether ADL. U
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