BULLETIN OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE
ISSN (p) 2303-4874, ISSN (o) 2303-4955
www.imvibl.org /JOURNALS / BULLETIN
Vol. 9(2019), 159-168
DOI: 10.7251/BIMVI1901159H
Former

BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA
ISSN 0354-5792 (o), ISSN 1986-521X (p)

PROPERTIES OF PRODUCT 7,C; OPERATORS
FROM B¢ , TO Qx.(p,q) SPACES
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Ibrahim Mohamed Hanafy, Alaa Kamal and M. Hamza Eissa

ABSTRACT. In this paper, the authors introduce equivalent characterizations
for the boundedness and compactness of the product composition operator and
extended Cesaro operator from the weighted logarithmic a-Bloch-type space
Blaogﬁ to QK,w(p, q) spaces on unit disk.

1. Introduction

Let D = {z € C : |z| < 1} be the open unit disc in the complex plane C,
H (D) denote the class of all analytic functions in D. Let dA denote the Lebesegue
measure on D normalized so that A(D) = 1.

Following ([5]), for each a € D, ¢, : D — D denotes the Mobius transforma-
tions defined by

val(z) == T % for z € D.
Green’s function of D with logarithmic singularity at a, define as follows
(2,a) 1 1—az 1
g(z,a) :==log =log— .
z-a lpa(2)]

The study of composition operator Cy acting on spaces of analytic functions
has engaged many analysts for many years (see [3, 4, 11, 13] and others), readers
interested in this topic can refer to (see [12]) the sources for the development of
the theory of composition operators and function spaces.

DEFINITION 1.1. For any analytic self-mapping ¢ of D. The symbol ¢ induces
a linear composition operator Cy(f) := f o ¢ from H(D) into itself.
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The problem of boundedness and compactness of Cy has been studied in many
Banach spaces of analytic functions and the study of such operators has recently
attracted the most attention (see [18, 19] and others).

The following definition was first introduced in ([9])

DEFINITION 1.2. Let h € H(DD), the extended Ceséro operator T}, with symbol
h is the operator on H(D),

Tof (s / FEW (€,  feHD), zeD.
This operator is called generalized Cesaro operator.

It has been studied in the following article [6, 7, 8] and other.
In our study, we consider the product of extended Cesaro operator 7}, and of
composition operator Cyg, which was first introduced and studied by the authors in

(12])

ThC¢f / f dg, fe H(D), z € D.
The author in [16] introduced the definition of logarithmic Bloch-type space as
follows

DEFINITION 1.3. Let a > 0,8 > 0 and f be an analytic function in D the
logarithmic Bloch-type space Bf;gﬂ is defined by

I <o)
—_— z 00 p.
(1—1z[)

Case 1: 8 =0 then Bﬁ)gﬁ becomes the a-Bloch space B
Case 2: a = =1 then Bﬁ)gﬁ becomes the logarithmic Bloch space.

Iflls;, = {f € HD): sy, = sup(1 ~ sl)*(n

The authors in [14] introduced the definition of Qk ., (p, ¢) which has attracted
a lot of attention in recent years. It defined as follows

DEFINITION 1.4. Let K : [0,00) — [0,00) and w : (0,1] — (0, 00), are right-
continuous and nondecreasing functions. If 0 < p < oo, —2 < ¢ < o0, then an
analytic function f in D is said to belong to the space Qx o (p, q) if

Fllarctvay = sup / e |(':)> K (g(z, a))dA(z) < oo

The notation A =< B means that there is a positive constant C' such that

B
& <A<CB.

2. Auxiliary results

In this section we state several results, which are used in the main result proofs.
Now, we will introduce the definition of boundedness and compactness of the op-

erator T,Cl : Bf;g[s — Qk.w(p,q) -
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DEFINITION 2.1. The operator T,Cy : Bf;gﬁ — Qr.w(p,q) is said to be
bounded, if there is a positive constant C' such that ||ThCofllox .(p.q) < OBy,
for all f € Bfégﬁ.

DEFINITION 2.2. The operator T;,Cy : ij}gﬁ — Qr.w(p,q) is said to be com-
pact, if it maps any unit disk in Blo‘oqﬁ onto a pre-compact set in Qg (P, q)-

The following three lemmas were presented and proved by [16, 17].

LEMMA 2.1. Let f € Blo(‘)gﬂ. Then, for any z € D, we have

1Allse if ae(0,)or a=1,8>1
Bl .
ol <o ||fHBlaogB max (1,lnln(12)> if a=8=1
2 X B/ _ .
”fHBZO; 5(lnm)1 A Zf o = 176 € (07 1)
fHB;lgE ; 1830
> < ) a>1,8>0.
(1—|2])>~1(n £2425)%

LEMMA 2.2. Assume o > 1,8 > 0. Then there exist M = M(n) € N and
functions fq,....... fn € Bloégﬁ such that
C

A) 2T, n = ) D7
T re

where C' is a positive constant.
LEMMA 2.3. Assume that f,h € H(D). Then
[ThCof(2)) = F($(2)I(2).

The next lemma was obtained in [10].

LEMMA 2.4. Ifx > 0, y > 0, then the elementary inequality holds,
P 4 yP for 0<p<l,

(z+y)" <

2v= (2P + yP) for p>1.

This lemma still holds for sum of finite number n, that is

(2.2) (1 4+ 22 + oot +x,)P <C(a) +ab+ ... +2P),

where z1, zo, .....x, > 0, and C > 0. Now, we will introduce and prove the following

lemma which give the condition to the operator 1},Cy be compact.

LEMMA 2.5. Assume that ¢ is an analytic self-map of D and he H(D). Then
T,Cy - B[’;gﬁ — Qx,w(p,q) is compact if and only if Tp,Cy : Bfggﬁ — Qr.w(p, q)
is bounded and for any bounded sequence {f;}ien € Blo‘ogﬁ which converges to zero
uniformly on compact subsets of D as i — oo we have Z151010 ThCs fill Qs wpg) = O-
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PROOF. Assume that T,C) : Bf;gﬁ — QK ,w(p,q) compact and {f;} € Blogﬁ
with sup ||f] Be = M < oo and which converges to zero locally uniformly on
a€D °9

D as i — oo. Then {T},Cyf;} has a subsequence {T}3,Cyf;,} that converges to
h € Qk.w(p,q) thus by Lemma 2.1 for all compact subsets T C D, there is a
positive constant Cp independent of f; such that

|ThCy fi,(2) — W(2)| < Cr||ThCo fi, — Ml Qx wip.a)

for all z € D. Therefore,{T),Cyf;,(#) — h(2)} converges to zero uniformly on T.
Notice that, there is a constant C > 0 such that |h o ¢| < C for all z € T. Also
¢(T) is copmpact in D and so we have {f;, (¢#(z))} converges to zero for each z in
D .Therefore,|T,Cy f;, (2) — h(2)| — 0 uniformly on T.Thus for the arbitrariness of
T, we have h = 0 . Since it is true for arbitrary subsequence of {f;}, we see that

Thcd’flt( ) —01in QK w(pa q) when 1 — oo.
Conversely, let {h:} be a bounded sequence in Blo 5. Since ||f||57 5 = M < oo,

the sequence {h;} is uniformly bounded on compact subsets of D and hence a normal

family. Hence we may extract a subsequence {h;, } which converges uniformly on

compact subsets of I to some h € H(ID). Moreover, h € B, ; and ||h|\321 , S M.
og

Thus the sequence {h;, — h} is such that ||{h;, — h}HBa P < M and converges

to zero on compact subsets of D. By hypothesis, we have , ThCohj, — TpCyh in
Qrw(p,q) Thus T;,Cy : lS'logﬁ — Qk.w(p,q) is compact as desired. O

3. The properties of the operator 7,Cy : B[’;gﬁ — Qr.w,q)

In this section we characterize the operator 7;,C, from weighted logarithmic
a-Bloch to Qg . (p,q) in four different cases dependent on the value of o and f.
Moreover, we give the conditions which prove the boundedness and compactness of
the operator 1T,Cy .

3.1. The case a > 1 and

>0
THEOREM 3.1. Leta > 1, § >0, and h € H(D). let ¢ € D be an analytic self
mapping. Then T,Cy : B, 5 — Qrw(p,q) is bounded if and only if

WP~ ) K (g(z,a)
3.1) My := su dA(z) < oo.
00 M= [ - e bo(any iy ) <

PROOF. First direction, we assume that (3.1) is holds and let f € B

Lemma 2.1 and Lemma 2.3 we obtain

_12NK
1TCos iy = s [ 10Cor) (P S )

= swp [ [@s@)) pr EEEEEED ga

a€D wP (1 — |z])

(
. L) K (g a)
~ sup / ( )] : dA(2)

a€D wP(1 — |z|)

by

logh?
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and
W (2)]P (1 = |2]) 'K (9(2,a))
< Cllfllpaﬁsup / DR I —
ot aeh Jo wr(1— |2]) (1 - [6(2) )@ Dp(In g0 8
_ p
— Il
< 0o0.

It follows that T,Cy : Bf, 5 — Qxw(p,q) is bounded.
Now, we proof the other direction, we assume that T,Cy : By, 5 — Qr.w(p,q)
is bounded. Let any two f,g € B 5, then using Lemma 2.4 and Lemma 2.2, we

logh»
have
(ot + 1T Cosl 0
e [ o] (L 12P) K oz )
- {Z‘QB/D_‘(M” PG | 5= S = ot
+ g ffimearopimcaro D
> Lo [[Ir6eIlatoen]] P U D g )

" WL (1= 12) K g(z )
g C{ZGB/D wr(1 = |2))(1 = [¢(2) ) @D (Ing LS oo
= CM,;.

dA(z)}

Form this and the boundedness of T}, Cy, it follows that(3.1) holds. The proof of
this theorem is completed. ]

THEOREM 3.2. Let « > 1,8 > 1 and h € H(D). Let ¢ is an analytic mapping
from D into itself. Then T,Cy : Blaogﬂ — Qk.w(p,q) is compact if and only if (3.1)
holds.

Proor. First direction, we assume that 75,Cy : Blaogﬁ — QK.w(p, ) is compact.
Then it is bounded and (3.1) holds from Theorem 3.1.

Now, we proof the other direction We assume that (3.1) holds then, form (3.1)
we obtain

W (2)[P(1 — |2])? K (g(z,a))
3.2 = su / < o
(3.2) = sup wP(1—|2])
. o ePle
Since sup (1 —y?)( DU“W) > 0.

y€[0,1)
Assume that {f;};cn is bounded sequence in Blong such that f; — 0 uniformly

on the compact subsets of Bl"(‘)gﬁ, as i — 0o. Suppose that sup||fi||5la , S L. Tt
iEN o9
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follows from (3.1) that for any € > 0, there exist a constant § € (0,1), such that

WP DK Ea)

3.3)  sup / :
BT S w1 — @) e (in s 7

Let 77 = {w € D, |w| < d}, then T3 is compact subset of D. Since f; — 0 uniformly
on the compact subsets of D as j — co. and h € Qk w(p, q), we have

(L= ED)TK (g(2,0))
1TCofllyy iy = 50 [ 1BCory @ =S e aace
o (L= |2) 7K (g(2, @)
= o [ Ims@E @ A
. (L= K (g(a)
= s [ GEm P S i)
. np Al E G a)
= sup /¢(z)<6l(f(¢( D = S e dA)
v [ e S
= I +1L5.

Since Ty is compact subset of I and from (3.2) we have

(= DK o(a))

wP (1 —z)

Ii: = su )R ()P
p/¢( L JgeEm e

a€D

su ()P /Z p(1*|Z|)qK(g(Z,a)) P
< s [fw) /quh( i)
(3.4) < Kp sup |filw)P =0, i— o0

weTy

On other hand, by Lemma 2.4 and from (3.3), we have

(L= DK lo(a))

L= fgnl)?/(z)m'(f(szﬁ(@)h @)
D su |h/(z)|p(1 - |Z|2)QK(9(Z’G)) z
< Clllse sup /|¢(z)|>5 (1 —[p(z)[?)le—r dA(z)
(3.5) < OLFe.

From 3.4,3.5 and since ¢ is an arbitrary positive number, we get
(3.6) zlinolo ||Thc¢fi”€2x,w(p’q) =0

Hence by (3.6) and Lemma 2.1, we get T,Cy : B = Qk o (p,q) is compact. This
completes the proof of this theorem. O
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3.2. The case a € (0,1) or a=1,8> 1.

THEOREM 3.3. Let a € (0,1) or « = 1,8 > 1 and ¢ is an analytic mapping
from D into itself. Then T,Cy : By, 5 — QK. (p,q) is bounded if and only if
h € Qr.w(p,q). Moreover, if Th,Cy : Bfogﬁ — Qrw(p,q) is bounded. Then

(3.7) TuCos e o = lhllQw..m.0-

PrROOF. First direction, we assume that h € Qg o, (p, ¢). For any f € B

logh> y
Lemma 2.1 and Lemma 2.3 we have

I0Cof iy = 510 [ 10Copy (P =R gy
_ oy (= DK g2, )
= s [ 1Bs@)E) @SS )
. L= DK (glz0)
- aE]II)))/ | ))l wp(1—|z|) dA( )
W@ ) K

< Cll, s p/ ST iAG)

that is

(3.8) |\ThC¢f||1670g/i <@k wa)

Now, we proof the other direction, we assume that T;Cy : B;’(‘)gﬁ = Qk.w(p,q)
is bounded. By taking the function fo(z) =1 € By, , and ||f0||5;x , =1, then we
og
obtain

1TCosally g = 510 [ 1T Cofa) (P E= RS D g

- S“p/ (T fol@)(2)) (z)p LG )

ach wp(l - |Z|)
(1 — 2K (g(2,a))
= sup p dA(z
sup [, DI )P = S A
= Mg a0y
that is
(3.9) Ihllexwwa < 1 ThCofllse -
Thus from (3.8)and (3.9) we have the relation in (3.7). The proof of this theorem
is completed. O

THEOREM 3.4. Let a € (0,1) or « = 1,8 > 1, and ¢ is an analytic mapping
Jrom D into itself. Then ThCy : Bj s — QK ,w(p,q) is compact if and only if
h € Qkw(p,q). and (3.7) holds.

PROOF. The proof of this theorem is similar to that of Theorem 3.2. O
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3.3. The case a =1;8 € (0,1).

THEOREM 3.5. Let a =1, 8 € (0,1) and ¢ is an analytic mapping from D into
itself. Then TpCy : Bllogg — QKr.w(p,q) is bounded (compact) if

(3.10) My = 22%.3/ (e ( |¢( )|><1—5)p

(1= [2)*K(g(z, a))dA(z) <

PROOF. Assume that (3.10) holds. For any f € B!
Lemma 2.3 we have

logh " by Lemma 2.1 and

ol By = 10 [ |<Thc¢f>’<z>|p“‘li'?f“iff aats
. (L= DK (g(z. )
- aeﬁ/'Thf a4
L 0= DK (g(za)
= s [ G P L A

N

Clil, , s / |h’<z>|p(meﬁ)(l_mp
B s e

(1 - 27K (g(2, 0))dA(2)
= Ollfllg Mo < oo

So, T, Cy : Bf;gﬁ — QK w(p,q) is bounded. The proof of compactness is similar to
the corresponding part of Theorem 3.2. O

3.4. The case a =1;8 € (0,1).

THEOREM 3.6. Let o« =3 =1, h € Qk.w(p,q). and ¢ ,is an analytic mapping
from D into itself. Then T},Cy : Bﬁ)ga — QKr.w(p,q) is bounded (compact) if

o(8/0)
=EL
K(g(z,a))dA(z) < 00

(3.11) M3 := sup / |/ (2)|” max(1,Inln
a€D

PROOF. First direction, we assume that 3.11 holds. For any f € lS’lOg17 v
Lemma 2.1 and Lemma 2.3 we have

ITCot i = 500 [ 1TCory P ‘L';'()fK(ifj’a”dA<z>
. (1= 2)7K (g(2,0)
- aeﬁ/'Thf a4
= sup [ 107 mp( — L)
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and
e(B/a)

< ClIfI1E sup/ R (2)P max(1,Inln ———
11z, sup f, W max(l, Inn =)

K (g(z, ) dA(2)dA(2)
= ClIfllgy  Ms< oo

og

So T,Cy : Bllogl — QK .w(p,q) is bounded. The proof of compactness is similar to
the corresponding part of Theorem 3.2. (]

4. Conclusion

In this paper, we proved the boundedness and compactness property of product
of composition operator and extended Cesaro operator from the weighted logarith-
mic a-Bloch-type space Bloégﬂ to Qk.(p,q) spaces spaces in some cases on unit
disk.
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