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UNIQUE COMMON FIXED POINT THEOREM
FOR FOUR MAPS IN
COMPLEX VALUED S— METRIC SPACES

K. P. R. Rao and Md. Mustaq Ali

ABSTRACT. In this paper we obtain a common fixed point theorem for the
two weakly compatible pairs of mappings satisfying a contractive condition in
complex valued S-metric spaces.

1. Introduction

It is a well-known fact that the mathematical results regarding fixed points
of contraction type mappings are very useful for determining the existence and
uniqueness of solutions to various mathematical models. Over the last 40 years,
the theory of fixed points has been developed regarding the results that are related
to finding the fixed points of self and nonself nonlinear mappings in a metric space.

Several authors proved fixed point results in different types of generalized met-
ric spaces.

Azam et al. [2] introduced the concept of a complex valued metric space and
obtained sufficient conditions for the existence of common fixed points of a pair of
mappings satisfying contractive type conditions. Later several authors proved fixed
and common fixed point theorems in complex valued metric spaces, for example,
refer [1, 2, 3, 5, 13, 9, 11, 12, 14, 15].

Throughout this paper, let C denote the set of all complex numbers.

A Complex number z € C is an ordered pair of real numbers, whose first co-
ordinate is called Re(z) and second co-ordinate is called Im(z). Let 21,22 € C.
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Define a partial order =X on C follows:
z1 3 2o if and only if Re(z1) < Re(zz2), Im(z1) < Im(z2).
Thus 21 X 29 if one of the following holds:

(1) Re(z1) = Re(zz) and Im(z1) = Im(z2),
(2) Re(z1) < Re(z2) and Im(z1) = Im(z2),
(3) Re(z1) = Re(z2) and Im(z1) < Im(z2),

(4) Re(z1) < Re(z2) and Im(z1) < Im(za).
Azam [2] defined the complex metric as follows:

DEFINITION 1.1. ([2]) Let X be a non-empty set. A functiond: X x X — C
is called a complex valued metric on X if for all x,y, z € X the following conditions
are satisfied:

(i) 0 2 d(z,y) and d(z,y) = 0 if and only if z = y;

(i) d(z,y) = d(y, x);

(i) d(z,y) Z d(=x, 2) + d(z,y).

The pair (X, d) is called a complex valued metric space.

Sedghi et al. [16] introduced the concept of S— metric space as follows.

DEFINITION 1.2. ([16]) Let X be a non-empty set. A S—metric on X is a
function S : X3 — [0, 00) that satisfies the following conditions for all x,vy,z,a €
X.

(S1) S(z,y,2) =oif and only if z =y = z,

(82) S(z,9,2) < S(x,3,0) + S(y,9,a) + S(z, 2,a).

The pair (X, S) is called an S—metric space.

Following examples of S—metric space are due to[16].
ExAaMPLE 1.1. 1) Let X = R" and ||.|| a norm on X. Then
S(x,y,2) = llyz — 2| + ||z + y]|
is an S—metric space.
2) Let X = R™ and |.|| a norm on X. Then
S(x,y,2) = [lz — 2l + lly — 2|
is an S—metric space.

Later some authors proved fixed point results in S—metric spaces, for example
[4, 6, 8, 10, 16].

LEMMA 1.1 ([16]). Let (X,S) be a S—metric space. If there exist {x,} and
{yn} such that

lim z, =2 and lim y, =v,
n—oo n— oo

then
lim S(l’n,l’n,yn) = S(LL’,.T,ZJ)

n—oo

For {y,} = y the above lemma becomes as follows.
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LEMMA 1.2. Let (X,S) be a S—metric space. If there exists {x,} such that

lim x, = x then lim S(xn,z,,y) = Sz, z,y).
n—oo n—oo

Nabil et al. [7] introduced the concept of complex valued S— metric space as
follows.

DEFINITION 1.3. ([7]) Let X be a non-empty set. A complex valued S-metric
on X is a function S : X3 — C that satisfies the following conditions, for all
z,y,2,a6 € X :

() 03 S(.y.2).

(ii) S(z,y,z)=0ifandonly if z =y = z,

(iii) S(x,y,2) 3 S(z,x,a) + S(y,y,a) + S(z, z,a).

The pair (X, .5) is called a complex valued S-metric space.

EXAMPLE 1.2. Let X = C. Define S : C* — C by:

S(z1, 22, 23) =

[[Re(z1) — Re(zs)| + [Re(22) — Re(zs)[] 4 i[[Im(21) — Im(z3)| + [Im(z2) — Im(z5)]].
Then (X, S) is a complex valued S-metric space.

DEFINITION 1.4. ([7]) If (X, S) is called a complex valued S-metric space, then

(1) A sequence {z,} in X converges to x if and only if for all € such that
0 < € € C, there exists a natural number ng such that for all n > ng, we
have S(xn, x,,x) < € and we denote this by lim x, = x.
n—oo

(2) A sequence {z,} in X is called a Cauchy sequence if for all € such that
0 < € € C, there exists a natural number ny such that for all n,m > ng,
we have S(z,, Tn, Tm) < €.

(3) An S-metric space (X, S) is said to be complete if for every Cauchy se-
quence is convergent.

LEMMA 1.3 ([7]). Let (X,S) be a complex valued S-metric space and {x,} be
a sequence in X. Then {x,} converges to x if and only if |S(zp,Tn,x)] — 0 as
n — oo.

LEMMA 1.4 ([7]). Let (X, S) be a complex valued S-metric space and {x,} be a
sequence in X. Then {x,} is a Cauchy sequence if and only if |S(xn, Tn, Trntm)| —
0 asn — oo and m — 0o .

LEMMA 1.5 ([7]). Let (X,S) be a complex valued S-metric space. Then
S(z,x,y) = S(y,y,x) for allz,y € X.

2. Main results

Recently Naval Singh et al. [13] proved the following theorem in complex
valued metric spaces as follows.

THEOREM 2.1. Let (X, d) be a complete complex valued metric space and S, T :
X — X. If there exist mappings A\, p,7v,0 : X x X x X — [0,1) such that for all
x,y € X, the following is valid

()
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MTSz,y,a) < Az,y,a) and ANz, STy, a) < A(z,y,a),
w(T'Sz,y,a) < p(z,y,a) and p(z, STy, a) < p(z,y, a),
v(TSx,y,a) < y(x,y,a) and y(z, STy, a) < y(z,y,a),
0(TSx,y,a) < d(x,y,a) and §(x, STy, a) < 6(x,y,a);

(b)
d(Sz, Ty) 3 Mz, y,a)d(z,y) + p(,y, a) WEF9AETLI | (g, y, ) LSO LTY)

d(z,Sz)d(z,Ty)+d(y,Ty)d(y,Sz) .
0, y, ) I R

(c) A,y,a) + p(z,y,a) +v(z,y,a) + 0(z,y,a) <1,
then S and T have a unique common fixed point.

In this paper we generalize the Theorem (2.1) in complex valued S—metric
spaces for four maps satisfying more general contractive condition. First we prove
a proposition which is needed to prove our main Theorem.

PROPOSITION 2.1. Let (X, S) be a complex valued S-metric space and F,G, f, g :
X = X. Let yo € X and define the sequence {y,} by
y2n+1 = g$2n+1 = F.’EQn; y2n+2 = f$2n+2 = G$2n+1.f07’ alln = 07 ]., 2

Assume that there exists a mapping A\ : X x X x X — [0,1) such that
(1> Al(vazha) < Al(f‘r7y7a) and Al(:v,Gy,a) < )\1(.’[5,93},(1),
(ii) A\ (Gz,y,a) < M (gz,y,a) and A\ (z, Fy,a) < M (=, fy,a).

fora ll x,y € X and for a fized element a € X andn =0,1,2,... Then
)\1(y2n;y7a) < Al(yanva) and Al(xay2n+1aa) < >\1(x7y13a)7 fOT allxvy €X

PROOF. Let 2,y € X and n =0,1,2.... Then we have

M (Y2n, ¥, a) = M(Gzan—1,y,a) < M(9T2n-1,9, ¢) = A(Y2n—1,Y,a) =
M (Fron_2,y,a) < M(fron—2,v,a) = My2n-2,v,a) = M1 (Gran_3,y,a)
< Ai(922n-3,,a) = M (Yon—3,y,a) - = A1 (yo, Y, a).

Thus )\1 (y2na Y, (l) < A1 (yOa Y, a)'
Similarly we have

/\1(‘177 Yon+1, a) = )\1(56, FIQTL? a’) <
A1 (w0, fron, a) = A (2, y2n, a) = M (2, Gra, 1, Q)
< (T, 922n-1,a) = M (T, y2n-1,a) = M (2, Foon_2,a) < Mi(w, fran—2,a) =

A (2, Y2n—2,a) - = i (2,91, a).

Thus Al(%?ﬁn-&-la”) < /\1(33791’(1)- (|
THEOREM 2.2. Let (X, S) be a complex valued S—metric space and F,G, f, g :

X — X satisfying the conditions .
(2.2.1) GX C fXand FX C gX,
(2.2.2) The pairs (F, f) and (G, g) are weakly compatible ,
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(2.2.3) fX or gX is a complete subspace of X,
(2.2.4) If there exist mappings A1, A2, Az, Mg, As, Ag, A7 1 XX X x X — [0,1) such that
An(Fa,y,a) < A(fa,y,0); An(G,y,a) < An(g2,y,0a) and
An(z, Fy,a) < An(z, fy,a); An(z, Gy, a) < Ap(z,gy,a),Vn=1,2,3...,7,
for all z,y € X and for a fixed element a € X,

(2.2.5)

S<ananGy) j Al(fxvgya ) (fx fl‘ gy) + Ag(fx,gy,a)S(fx,fx,Fx)
+A3(fx, gy, a)S(9y, 9y, Gy)
+\a(fx, 9y, a)[S(gy, gy, Fx) + S(fz, fx,Gy)]

a)s
(7.0
(7. gu.) (RSO )
(7.0
(F2.0.0)

s F fa,G
+26(fa, gy, ) (SorplgSiiniecn )

S(fz,fz,Fx)S(fz,fz,Gy)+S(9y,9y,.Gy)S(9y,9y,Fx)
+A7(fz, 9y, a ( 15 (F,fa,Gy)+S (99.9y,F ) )

for all x,y € X and for a fized element a € X, where
(2.2.6) (A1 + A2+ A3+ 20+ A5 + A6 + A7) (z,y,a) < 1.

Then F,G, f and g have a unique common fized point.

PROOF. Let 2y € X be an arbitrary point. We define a sequence {y,} in X
such that yon11 = g22ny1 = Fro, and Yopi2 = fTony2 = Gropg1,n = 0,1,2, ...
From(2.2.5) we have

S(Yon+1,Yon+1, Yont2) = S(Fxopn, Fron, GToni1)
2 M (Yan, Yant1, @)S(Yan, Yan, Yont1) + A2 (Y2n, Y2nt1, @) S(Y2n, Y2n, Y2n+1)
+A3(Y2n: Yont1,a)S (Y2n+1, Yon+1, Y2n+2)
+A1(Y2ns Y2nt1, @) [S(Y2n+1: Y2n+1: Yon+1) + S (Y2ns Y2n, Y2n+2)]
1) (y2n7 Yoni1, a) S(y2n,Y2n,Y2n+1)S (Y2n+1,Y2n+1,Y2n+2)
( )

14+S5(y2n,Y2n,Y2n+1)
S(Y2n+1,Y2n+1,Y2n+1)S (Y2n,Y2n,Y2n+1)
1+S(y2n,y2n,Y2n+1)
S(Y2ns Y2n, Y2n+1)S(Y2n, Y2n, Yon+2)

+5(Y2n+1, Y2n+1, Y2n+2) S (Y2nt1, Y2n+1, Yon+1)
14+S(Y2n,Y2n,Y2n+1)+S (Y2n+1,Y2n+1,Y2n+1)

+X6(Y2ns Yont1,a

+A7(Y2n, Yont1, @)

Since S(z,z,z) = 0, we have

|S(y2n+1v Yon+1, y2n+2)|
< M (Y2n, Yont1, @) [S(Yon, Yon, Yont1)|
+2X2(Y2ns Yon+1, @) |S(Y2ns Y2ns Y2n+1)]
+A3(Y2ns Y2n+1, @) |S (Y2n+1, Y2n+1, Y2n+2)|
+A1(Y2n, Yon+1, @) [S(Y2n, Y2n, Yont1)|
+A1(Y2ns Yont1, @) |S (Y2n+1, Y2nt1, Y2n+2)|
( )1S(
( ) 1S(

S(Y2n,Y2n,Y2n41)
Yan+1, Y2an+1; 92n+2)‘ ‘ 1+S(y2n,Y2n,Y2n+1)

+A5(Y2n, Y2nt1, 0

S(Y2n,Y2n,Y2n+2)
1+S(y2n yYan ;y2n+2) :

+A7(Y2ns Yon+1, @) | S (Y2ns Yons Yon+1)] ‘
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|S(y2n+1, Yan+1, y2n+2)|
< (A1 4+ A2+ A+ A7) (Y2n, Yant 15 @) [S(Y2ns Yons Yont1)|
+(A3 4+ Ag 4+ As5) (W2n: Yont1, @) |S(Y2nt1s Yon+1, Yont2)] -

Using Proposition (2.1), we get
IS (Y2n+1, Y2n+1, Yont2)| < (A1 + A2 + Aa + A7) (Yo, y1, @) |S(Y2n,s Yo, Y2nt1)]
+(A3 + As 4+ As5) (Yo, y1, @) [S(Y2nt1: Yon+1, Yont2)]
which in turn implies that

A Ao A +A7) (o1,
IS (Y2n+1; Y2nt1, Yant2)| < ((1i(,\32+/\44+,\57))((yi°7yyll’aa))) 1S (Y2ns Y2ns Yon+1)] -

o Qa2+ Aa+27) (yo,y1,a) .
Let hy = ( 1i(/\32+>\44+ks7)(y%01yyll,a) ) - Thus

|S(y2n+17 Yoan41, y2n+2)| < hl |S(y2na Yan, y2n+l)| o oeeeeeees (1)

Similarly using S(z,y,y) = S(z,z,y) and proceeding as above we can show
that

[S(Y2n+2: Y2n+2, Y2n+3)| < ho [S(Yon+1: Yont1s Y2n42)|eee- (2)

where hy = ((A1+,\3+A4+,\7)(y0,y1,a))'

1—(A2+A1+A5)(yo,y1,a)
Let h = max{hy, h2}, then 0 < h < 1, since hy, hy € [0,1). Hence from (1) and
(2), we have |S(Yn, Yn, Un+1)| < B|SWn—1,Yn-1,Yn)|,n = 1,2,3, ... Repeated use
of above inequality gives

|S(yk7ykvyk+1)| < hk |S(y07y05y1)| """"" (3)
=0 as k—00 .. (4)

Hence for any m > n, we have

S Y Yt )|+ S W15 Yt 1 Ynr2) | +
S sYnsYm)| = 2 | ndInsIn n+17 Jn > I
‘ (yn Yn, Y )| ot |S(ym71,ym—17ym)|

= 2(h"+h" P AR S (Yo, v, y)| from (3)
< 22 1S(yo, Yo, y1)|

and
2 n
1—h
Hence {y,} is a Cauchy sequence in X.

Now suppose fX is a complete subspace of X. Since yopt2 = frant2 € f(X)
and {y,} is a Cauchy sequence, there exists z € f(X) such that yap42 — 2 as
n — co. Then there exists u € X such that fu = z. Thus

|S(yn7ynaym)| < |S(2/0,y0,y1)| — 0 as m,n — o0.

lim Fxo, = lim gxon11 = lim Grop41 = lim fro,40 = 2.
n— oo n— oo n— oo n— oo
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Consider
S(Fu, Fu,Gxopt1)
< M(fu,yant1, a)S(fu, fu, yanit)
+X2(fu, y2nt1,a)S(fu, fu, Fu)
FA3(fus Yon1, @) S (Y2nt15 Yon+15 Y2n+2)
A1 (fu, y2n+1, @) [S(Y2n+1, Yant1, Fu) + S(fu, fu, yant2)]
(

a)

a)

+s fU,y2n+1,a) S(fuwfu7Fu)S(y2n+lsy2n+17y2n+2))
)

1+S(fu, fu,y2n+1)

S(Y2nt+1,Y2nt1,Fu)S(fu,fu,ysny2)
+)\6(fu7y2n+17a 14+5(fu, fu,yznti)

S(fu,fu, Fu)S(fu,fu,yont2)+S(Yont1,¥2n+1,Y2n42)S (Wont1,Y2n41,Fu)
+Ar(fu, yant1, @) ( 14+S(fu, fu,y2nt2)+5 (Yant1,y2nt1,Fu)

|S(Fu, Fu, Gxapy1)|
< M (fu, yoni1, a)[S(fu, fu, y2ni1)]
+)\2(fu7y2n+17 a)|S(fu, f’LL,FU)l

FA3(fu, Yant1,0)|[S(Y2nt1, Yont1, Yoni2)]
+)‘4(fu’ Yon+1, a)|S(y2n+17 Yon+1, F’LL) + S(f“v fu7 y2n+2)|
|S(fuvfquu)HS(y n+1,Y2n+1,Y2n+2)|
+As5(fu, yany1,a) |1+S(fu,;ujr;2nj_1;r|1 a
S(y2n+1,Y2n+1,Fu)||S(fu, fu,y2n
FA6(fu yany, @) (PO T )
|S(fu7 fu7 Fu)||S(fu, fua y2n+2)‘
+|S(y2n+17 Yon+1, y2n+2)| |S(y2n+17 Yon+1, FU’)
+)\7(fu’ Yan+1, a) [1+S(fu,fu,y2nt1)+SWant1,¥2n+1,Fu)]

Letting n — oo and using Lemma 1.2 and 1.5, we get

|S(Fu, Fu, z)| < Aa(z,2,a) |S(z, z, Fu)| + (2, 2, a) |S(z, 2, Fu)|

from(4), Lemma 1.3 (1 — (A2 + A\4)(2,2,0a)) |S(7, 2, Fu)| < 0 which in turn yields
from(2.2.6) that |S(F'u, F'u, z)| < 0. Therefore |S(Fu, Fu,z)| = 0. Hence Fu = z.
Thus fu = Fu = z. Since FX C gX, there exists v € X such that Fu = gv. Thus
fu= Fu=gv =z Again from (2.2.5), we have

|S(z, z, Gv)| = |S(Fu, Fu, Gv)|

< /\1(fU,QU,Q)|S(fU, fuagv)| + >‘2(fu7gvva)|s(fu7fu7Fu)|
Jr)\g(fu,g’u,a)\S(gv,gv,G’uﬂ
+Aa(fu, gv,a)|S(gv, gv, Fu) + S(fu, fu, Gv)|

( )
S fu,F S(gv,gv,Gv
+Xs(fu, gv, a) Hfugis(q})ul!fggvgl !
( )
( )

|S(gv,gv,Fu)||S(fu,fu,Gv)|
+As(fu, gv,a [T 5 Fu. Furgo)]
IS (fu, fu, Fu)||S(fu, fu,Gv)|+]S(gv,9v,Gv)||S(gv,gv,Fu)|
[14+S(fu, fu,Gv)+S(gv,gv,Fu)|

+)‘7 fua gu,a
so that

|S(z, 2, Gv)| < A3(z, z,a) |S(z, 2, G)| + M\(z, 2,a) |S(z, z, Gv)|.
(1= A3+ X\)(z,2,a))|S(2,2,Gv)| <0
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which in turn yields from(2.2.6) that |S(z, z, Gv)| < 0. Therefore |S(z, z, Gv)| =
Hence Gv = z. Thus

Gv=7z= fu=Fu=gv. ... (5)
Since (F, f) is weakly compatible, we have
fz=fFu=Ffu=Fz. ....... (6)

S(Fz,Fz,z)=S(Fz, Fz Gv)
,j )\1(fZ,9’U,CL)S(fZ,fZ,g’U) + )\Q(fZ,gU,G)S(fZ, fZ,FZ)

+X3(fz, gv,a)S(gv, gv, Gv)

+Aa(fz gv, a)[S(gv, gv, Fz) + 5(f2, f2, Gv)]
+As(fz,gv,a) (BUZIETAS gy G)

Ao (f2,gv,a) (SIS Sz

Fe(f2, gv, 0) (SUBLEYSP L2 G s (o G Slov.guT) )

=M(Fz,2,0)S(Fz,Fz,2) + \(Fz,2,a)[S(z,2, Fz) + S(Fz, Fz,2)]

Fho(Fz2,0) (SEEERGEE) from(5)and (6)

|S(Fz,Fz,z2)| < M(Fz,2,a) |S(Fz, Fz, z)|
+A(Fz,2,a0)|S(2,2,Fz) + S(Fz, Fz,z)|

+X6(Fz,2,a)|S(z, 2, Fz) |’1+:;7%

(1= (M +2M+ X)(Fz,2,0))|S(Fz,Fz,2)| <0
which in turn yields from (2.2.6) that |S(Fz, Fz, z)| < 0. Therefore |S(Fz, Fz, z)| =
0. Hence F'z = z. Thus

z=Fz=fz ... (7)
Since the pair (G, g) is weakly compatible, we have
gz = gGv =Ggv = Gz. ...... (8)
From (2.2.5)
S(z,2,Gz) = S(Fz,Fz,Gz)

S M(fz,92,0)S(fz, f2,92) + Aa(fz,92,a)S(fz, fz,Fz)
+X5(fz,92,a)S(92, 92, Gz)
+Aa(f2,92,a)[S(g9z, 92, Fz) + S(fz, f2,G2)]
z2,f2,FZ)S(g9z,92,Gz
+Xs(/2 92,a) (24 f+su2,fi’igf> )>
S(gz,92.F2)S(fz,fz,Gz
Aoz, 02.0) (LS 00 )
S(fz,fz,F2)S(fz,f2,G2)+S(92,92,G2)S(g2,92,F 2)
Fe(f2, 97, a) (SURLLDIILIC) 190202 0002 e) )

|S(z,2,Gz)| < M(z,Gz,a)|S(z, 2, Gz)|
+X4(2,Gz,a) |S(Gz,Gz,2) + S(z,z,Gz)|

+X6(2,Gz,a) |S(Gz, Gz, z)| ‘%

from (7), (8)
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(I — (M + 2\ + X)(2,Gz,0)) |S(2,2,Gz)| < 0 which in turn yields from (2.2.6)
that |S(z, z, Gz)| < 0. Therefore |S(z,z,Gz)| = 0. Hence Gz = z, so that

Gz=gz=2. ccccceernnn. 9)

Thus from (7) and (9), z is a common fixed point of F, G, f and g. For uniqueness,
let z* € X be such that fz* = Fz* = 2* = gz* = Gz*.
Now from (2.2.5)

S(z,2z,2%) = S(Fz,Fz,Gz*)

é Al(fz,gz*,a)S(fz, fZaQZ*) + AZ(fzng*a Q)S(fz, fzv FZ)
+)‘3(f2792*7a)5(92*792*7GZ*)

Fu(f2,927,)[S (92", 927, F2) + S(f2, f2,G=")

Pl 2,927, ) (U gm0

ol 5" 0) (S0 IR0

Palfangst, o) (URLERYREER S g e,

[S(z, 2, 2%)| < Mi(z,2%,a) |S(2, 2, 2%)| + Mz, 2%,a) |S(z*, 2%, 2) + S(z, 2, 2%)|
* * % S(z,2,2"

HAo(z, 27, a) 527, 2 ZM% -
|S(z,2,2%)| < (A1 4+ 2Xs + X6)(2, 2%, a) |S(z, 2, 2%)|.
(T—=(A1 42X+ X6)(2,2%,0)) |S(z, 2, 2*)| < 0 which in turn yields from (2.2.6) that
|S(z, z,2*)| < 0. Therfore |S(z, z,2*)| = 0. Thus z = z*.
Hence z is the unique common fixed point of F, G, f and g. Similarly we can prove
the theorem if g X is a complete subspace of X. O

Now wegive an example to illustrate our main Theorem 2.2.

EXAMPLE 2.1. Let X = [0,1] and S : X x X x X — C be defined by S(z,y, z) =
|z — z| + iy — z|. Then (X, S) is a complex valued S— metric space. Define F, G, f
and g: X — X by Fo = {5,Gr = {5, fr = §{ and gz = %, for all z € X. For fixed
element a = %, define A1, A2, A3, Ay, A5, Ag, A7 : X x X x X — [0,1] by

A(z, ?3{73)3 (%0+%+a) A2 (2, y, ):%y()avAS(xvyva): (‘T;Zéva):
)\5(37 Yy,a ): m )‘6(1: Y, a ) (.’L',y,(l) = my40a y

for all z,y € X. Then

€ ya )+A2(«I Y, )+>\3gx27y2a )_|_2>\4(l‘3 yaa)'l_)‘53(x53y7a)j/\g(z7yvg)2+>\7(xvyaa)
0T 0 T e 205 ) + 5 ﬂlfo” +550 + 5o

O+ )+30+%+ﬁ+270+1350+%

1.

Hence ()\1 F A2+ A3+ 20+ A5 + A + A7) (2, y,a) < 1. We have

y,a) = (7+*+ a)

/\1(F*T’vya ) >‘1( 640

16

)\l(fxayva):)‘l(4ayv ) (ﬁ—’—%—’_ )
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Clearly M\ (Fz,y,a) < M (fz,y,a). We have

M(z, Fy,a) = M\ (z a) = +7+ a)

(40 800

_ Y g
Al(x7fyva’)_)‘1(xa4a ) (40+200+ )
Clearly A\ (z, Fy,a) < Ai(z, fy,a). We have

)\I(vaya ) >\1( Y, @ ) (7+7+ )

Y
) 167

12 480 50
Ai(gz,y,a )—)\1(3,y7 a) = (ﬁ‘F%‘F a).
Clearly A\ (Gz,y,a) < Ai(gz,y,a). We have
M (.G, a) = (e, 15.0) = (35 + 505+ )
M(w,gy,@) = Mo, §,a) = (35 + 125 + -

Clearly A\ (z, Gy, a) < M(z, gy, a).
Similarly we can prove that
An(Fa,y,a) < A(f2,y,a), An (2, Fy, a) < An(z, fy, a)
A (G, y,a) < A\ (g92,y,a), A (2, Gy, a) < A\ (z,9y,a)¥n = 2,3,4,...7.
Consider
|S(Fz, Fx,Gy)| = |S(l z %)|

= 1% — 1+l - 41 = 405 - 4l +il5 - 4

< (160 + 100 + )[ 4 %| +i|% -3 ] = )\1(f95 gy, a ) (fm7fx7gy)
< Mi(fx, gy,a)S(fz, fz, gy) +>\2(frc gy,a)S(fz, fz, Fx)
+X3(fz, gy, a)S(gy, 9y, Gy) + M\a(fz, gy, a)[S(g9y, gy, Fx) + S(fz, fx,Gy)]
_|_)\5 fx 9y, a) ( (fz,fz,Fz)S(9y,9y,Gy)
)(
a)

1+S(fx, fz,g9y)
S(gy,9y,Fx)S(fx,fx,Gy)
+X6(fz,9y,a 1+5(fz, fx,9y)

S Fax)S ,G S ,Gy)S F

Thus (2.2.5) is satisfied.
One can easily verify the remaining conditions of Theorem 2.2. Clearly x = 0
is the unique common fixed point of F, G, f and g.
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