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ON A SPECTRAL IDENTITY AND COEFFICIENTS

ASSOCIATED WITH GEGENBAUER POLYNOMIALS (¥
(k>0,v>-1/2)

Richard Olu Awonusika

ABSTRACT. The Gegenbauer coefficients cf (v) (1 <j <4 v>—1/2) describe
the Maclaurin expansion of the heat kernels on the n-dimensional unit sphere
S™ (n > 1) and the n-dimensional real projective space P™(R) (n > 1). These
coefficients are associated with an interesting spectral identity on Gegenbauer
polynomials Cy (k > 0,v > —1/2). In this note we give another proof of this
identity and compute the higher coefficients c§ (v) 5<j<e<6,v>—-1/2).

1. Introduction

The Gegenbauer polynomials C} (k > 0,v > —1/2) are natural and key ingre-
dients in the analysis of the Laplacians on S™ and P™(R), most especially, in the
representations of the heat kernels Kg» (£,0) and Kpn(g)(t,0). It is well-known that
the spherical functions (orthonormalised eigenfunctions) of the Laplacians on these
symmetric spaces are given in terms of the Gegenbauer polynomials, and recently,
it has been observed that the Gegenbauer coefficients cf Wy Q<j<tlv>—1/2)
describe the Maclaurin heat coefficients b3,(t) (¢ > 0, > 0) (i.e., the coefficients
associated with the Maclaurin expansion of the heat kernels on these spaces) (see,
e.g., [1, 2]). In this note, we give another proof of a spectral identity associated
with these coefficients, and compute the higher coefficients cﬁ(u) for (5 <j < <6,
v > —1/2); a proof of this identity as well as the computation of the coeflicients
c(v) (1 <j < €< 4) has been given in [1].

For this reason we outline some of the key properties and features of the Gegen-
bauer polynomials needed. (For more on the Gegenbauer polynomials the interested
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reader is referred to [3], [4] and [5].) The Gegenbauer or ultraspherical polynomial
Cy(t) (k > 0,v > —1/2) is a natural generalisation of the Legendre polynomial
Py (t) (coincides when v = 1/2) and is defined by the coefficient of a* in the gener-
ating function

o0
(1.1) (1-2ta+a®) " = Cy(t)a".
k=0
For v > —1/2 the Gegenbauer polynomial CY (¢) has a nice truncated series rep-
resentation resulting from the series solution to the Gegenbauer differential equation
(see below) in the form

Nk—1+v) _
1.2 v(t) = — 1) (2t)F 2
o<i<E

with the derivatives satisfying the recursive relation
d™ oy oml (v +m)
g e () = 2" =50

The Gegenbauer polynomial y = C}/(t) satisfies the second-order homogenous dif-
ferential equation

(1.3) oyt o).

d?y dy
. 1—¢2) =2 — +1)t—=
(1.4) ( t ) e (2v+ 1)t 7

The pair form a so-called regular Sturm-Liouville system with the corresponding
Gegenbauer operator a positive selfadjoint second order differential operator in
L2[—1,1;(1 — #2)¥~1/24t] having the discrete spectrum (\Y = k(k + 2v) : k > 0)
and associated eigenfunctions y = C}(¢). In particular we have the orthogonality
relations

1 1
(CF, %) ot sty 1/2a) = / crwenma-0ta

21*21/1" 2
(15) = z ( V+7n2) 5km7 k,m
ml(m + v)T" (v)
where 0y, is the usual Kronecker delta, that is, dg,, = 0 when k # m and 0k, =
1 when & = m. The Gegenbauer polynomial can be expressed by the so-called
Rodrigues’ formula

+k(k+2v)y =0.

WV

0,

(—)FD(H22D0(k + 20) (1 — £2) 77 g

1.6 cy(t) = 2 L1 gz
(16) <) 2FKIT (20)T (25 + k) ax (1=0) ’
and satisfies the pointwise value identities

1% 21/ k 1% v
(1.7 am = open = nrepo,

where (z), = I'(x 4+ k)/I'(x). In particular
I'(k+2v)

(1.8) ) = T
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2. Gegenbauer Coefficient and its Spectral Implications

In this section we show that the recursion formula (1.3) can be written as a spec-
tral sum involving the powers of the eigenvalues (A} = k(k +2v) : k > 0,v > —1/2)
of the Gegenbauer operator (see (1.4)), with nonzero coefficients (cﬁ(v) :1<j<
Liv>—1/2).

THEOREM 2.1 (Spectral identity). For the Gegenbauer polynomial y = C}(t)
(with k > 0,v > —1/2) and any integer £ > 1, the following relation holds:

V4
=Cr(1)> W) [k(k+2v)) .
j=1

Here the (Gegenbauer) coefficients (cg(u) 1< j<bv>—1/2) depend on v while
(k(k+2v) : k > 0) are the eigenvalues of the Gegenbauer operator as in (1.4).

20

(2.1) 2070

——C}/(cos 0)

0=0

PROOF. From the recursion formula (1.3) we have

20 ¢
V+.7 u ]
§ , a§2) ———== k+§(1)

——C}/(cos0)

1p2¢
do 0=

V—l—j 2JF(k+2u+])
(2.2) z_: (v) T(2v+25)(k—j)

where (ct(v) : 1 < j < £, v > —1/2) are integer coefficients. Then from (2.2) we

14

2 Ny Wik 20);
dger Ok (€050) 0:07]’; S? ()2 (k=) Gk
cw+i-D(k+2)(k+20+1)---
Zl 2y+1)(2y+2)---(2y+2j—2)(2u—|—2j—l)x
) (k+2w+j—Dk(k—1)(k—2)(k—j+1)Cr1)
k2w 1) (k2w — 1)
;a (v +1 2V—|—3)-~-(2V—|—2j—1)><
X (k—1)(k—2)--(k—j+ Dk(k + 2v)C¥(1).
Hence,
d* S (k21 (k=4 1) .
gz Ci (cos6) oo :;“2 @+ D)@ +3) (v t2j -1 kG

Turning to the coefficients (a? : 1< j <) we note that (1.3) (with m = 1) gives
d2

(2'3) ﬁy

(cos @) = " (cos §) sin? @ — ¢/ (cos 0) cos 6,
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where we have set y(t) = Cy/(t). Then (a%:1 < j < () are the coefficients of the

derivatives yU)(1) (j > 1) in the formula

(2.4)
d?4 d? d?1 " 102 /
e W‘y(cos 0) = 5 (y"(cos 0) sin® § — y/(cos 0) cos §) e q=0.

0=0

REMARK 2.1. We can also obtain the derivatives y)(1) (j > 1) by repeated
differentiations of the Gegenbauer differential equation (1.4).

3. The Higher Gegenbauer Coefficients (cﬁ 15 <j<L<6)

We now present in detail the explicit computation of the Gegenbauer coeffi-
cients (cf :5 < j <€<6). Here also we set y(t) = Cy(t).
(¢ = 5) Indeed from (2.2) we have

le

Zgrov(cosd)| = aly'(1) +ady" (1) +a3y" (1) + aly™® (1) + a3y (1) =

6=0

T(v+1) 2(k+20+1)  Tw+2) 40(k+2v+2)
Tv) Tv+2)k-0l " 2 Tw) Ttk -—2)!

T(v+3) ST(k+2v+3)  T(v+4) 160(k +2v + 4)

“STTW) T+ 6) (k-3 " T() Tv+8)k—4)

T(v+5) 320(k + 2v +5)

T(v) T(2v+10)(k—5)

_ .5
- "1

(3.1) +a

where

1) L +5) 320k + 20 +5)

YOV TTr0) Tv +10)(k — 5)!
(k+2v)(k+2v+1)(k+2v+2)(k+2v + 3)(k+ 2v + 4)T'(k + 2v)
2v+1)Q2rv+3)2v+5)2v+T7)2v +9)I'(2v)(k — 5)!
(k—1DEk-2)k=3)(k—Dk+2v+1)(k+2v+2) "

Qv+1)Q2v+3)2v+52v+T7)(2r+9)
(3.2) X (k+2v+3)(k+2v+4)k(k + 2v)y(1).
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Simplifying further we have
k(k + 2v)]°
o) = { @+ D) + Z[’))E2z/++ 5))121/ T 9
10(2v + 3)[k(k + 2v))*
_@u+n@u+$mu+m@u+n@u+m+
N (14002 4 4000 + 273)[k(k + 20)°
Cu+1)(2v+3)2v+5)2v+7)(2v+9)
(40003 4 161612 4 20601 + 820) [k(k + 2v)]2
Cv+1)2v+3)2v+5)2v+T7)(2v +9)
96 (v +1)(r +2)(2v + 1)(2v + 3)k(k + 2v) } y(1)
Cr+1D)2v+3)2v+5)2v+7)(2v+9)

(3.3)

It now follows that

le

my(cos 6) = {cl k(k+2v)+ 02( Nk (k + 21/)]2 + cg(u)[k(k + 21/)]3+

0=
(3.4) +e(W)[k(k + 2v)]* + () [k(k +2v)]° } y(1)
where
af(2v +3)2v +5)2v +T)(2v +9)
Cv+1)2r+3)2v+5R2v+7)(2v+9)
a3+ 1) +5)2v +T)(2v +9)
2v+1)2v+3)2v+5)2v+T7)(2v+9)
a3 d(v+1D)2v+1)2v +7)(2v +9) B
2v+1)2v+3)2v+5)2v+7)(2v +9)
R+ )v+1)(2r +3)(2v +9)
(2v+1)(2v +3)(2v +5) (20 + 7)(2v + 9)
a296(v + 1) (v +2)(2v + 1)(2v + 3)
2v+1)2v+3)2v+5)2v +7)(2v +9)’

i(v) =

_a3(2v45)(2v + 7)(2v +9) — a3 (6v +5)(2v + 7)(2v + 9)
QQv+1)2v+3)(2v+5)(2v+7)(2v +9)

591

(
aj (4402 4 96v + 49) (2v + 9) — a? (40002 + 161612 + 2060 + 820)
(2v+1)(2v +3)(2v +5)(2v + 7)(2v +9)

a3+ 7)(2v 4+ 9) — aj(12v + 14)(2v 4+ 9) + a2 (1400% 4 400v + 273)
2v+1)2v+3)(2v+5)(2v + 7)(2v +9) ’

aj(2v +9) — a210(2v + 3)
Q2v+1)2v+3)2v+5)(2v+T7)(2v +9)’

ci(v) =
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; a?

c5(v) :(21/ +1)2v+3)2v +5)2v +7)(2v +9)

Clearly here we see that
a} = —1, aj = —255, aj = —2205, aj = —3150, a2 = —945

and subsequently we obtain

5 1269760 4 17203202 + 8806412 + 16128y
(3.5) HOEE :
Cu+1)2v+3)2v+5)2v+7)(2v+9)
15168003 + 12096002 + 175620V
(3.6) c3(v) =

v+ 1D)Q2r+3)2v+5)(2v +T)(2v +9)’
6552012 + 20160v

(3.7) ) = S+ D+ )2 +5) (2 + T)(2v +9)
(3.8) 5 12600

: AT @)@+ +5) (2 + (2 +9)
59) o 945

v+ )2 +3) v +5) 2 +T)(2v +9)

(£ = 6) We now consider the lengthier case of £ = 6. Indeed from (2.2) we have

12

(3.10) cos f)

6=0
=afy' (1) + a8y" (1) + aSy"" (1) + afy™ (1) + aSy™ (1) + agy® (1)
JTW+1) 20(k+2v4+1)  T(v+2) 4T(k+2v+2)
af T(v) Tv+2)(k—1) " 2 Tw) T@v+4a)E-—2)!
sTw+3) 8T(k+20+3)  T(v+4) 16I'(k+2v +4)
“BTTW) T@r+6)(k—3)  “TT(w) T(2v+8)(k—4)
T(v+5) 320(k+2v+5)  (D(v+6) 64T(k +2v + 6)
T(v) Tv+10)(k—5) ‘8 T(v) D(2v+12)(k—6)

pretd

(3.11) + al
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where

T'(v+6) 640(k + 2v + 6)
T(v) D(2v+12)(k—6)!
(B 2v)(k+ 20+ 1)(E+ 20+ 2)(k + 20+ 3)(k + 2v + 4)
S+ )20 +3)(2v +5)(2v +7)(2v + 9)(2v + 11)T(2v)(k — 6)!
x (k +2v + 5)[(k + 20)
(k=1)(k—=2)(k =3)(k —4)(k = 5)(k 4+ 2v + 1)(k + 2v 4 2)
N (2v+1)(2v + 3)(2v +5)(2v + 7)(2v + 9)(2v + 11)

)

(k+2v+3)(k+2v+4)(k+2v+5)k(k+2v) (1)
Qv+ 1)(2v+3)(2v +5)(2v + ) (2v + 9)(2v + 1)/

y (1) =

(3.12)

Simplifying further we have

{ [k(k + 2v)]° B
Cu+1)2v+3)2v+5)2v+7)(2v +9)(2v + 11)
5(6v + 11)[k(k + 20)]°
Qv+ 1)2v+3)2v+5)2v + 7)(2v + 9)(2v + 11)
(34002 + 12000 + 1023)[k(k + 2v)]*

v+ 1)2v+3)2v +5)2v +7)(2v +9)(2v +11)

(18001 + 911612 4 14790v + 7645) [k(k + 2v)]3
v+ 1D)2v+3)2v +5)(2v +7)(2v + 9)(2v + 11)

(43841* + 28080v% + 6436012 + 62100v + 21076) [k(k + 2v)]?

(2v+1)(2v + 3)(2v 4+ 5)(2v + 7)(2v + 9)(2v + 11) B

C480(v +1)(v +2)(2v +1)(2v + 3)(2v + 5)k(k + 2v) } 1)
Cv+1)2v+3)2v+5)2v + 7)(2v +9)(2v + 11)

yO(1) =

+

(3.13)

As a result it follows that

—ddem y(cos ) ={SW)k(k+2v) + SW)[k(k + 2v)]*+
0=0
+SW)[k(k +20)]2 4+ S () [k(k + 2v)])*+

(3.14) +eS (V) [k(k + 2v)]° + g (V) [k(k +2v)]° } y(1),
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where
a$(2v +3)(2v +5)(2v + 7)(2v + 9)(2v + 11)

Av) T2 )2+ 3) 2 £5)2v + T (2v + 9)(2r + 11)

a$(2v +1)(2v +5)(2v + 7)(2v 4+ 9)(2v + 11)
Cu+1)2v+3)2v+5)2v+7)(2v +9)(2v + 11)

N agdv+D2v+HRv+7)2v +9)(2v +11)
Cu+1)2r+3)2v+5)2rv+7)(2v +9)(2v + 11)
a12(v +1)(2v + 1)(2v + 3)(2v + 9)(2v + 11)

Cu+1)2r+3)2v+5)2rv+7)(2v+9)(2v + 11)
al96(v + 1) (v +2)(2v + 1)(2v + 3)(2v + 11)
Cv+1)2v+3)2v+5)2v+ 7)(2v + 9)(2v + 11)

al480(v + 1) (v + 2)(2v + 1) (2v + 3)(2v + 5)
2v+1)2v+3)(2v +5)(2v + 7)(2v + 9)(2v + 11)°

() = a$(2v +5)(2v + 7)(2v + 9)(2v + 11) B
v+ 1)2rv+3)2v +5)2v+ 7)(2v +9)(2v + 11)
a§(6v +5)(2v + 7)(2v + 9)(2v + 11)
(2v+1)(2v +3)(2v +5)(2v + 7)(2v + 9)(2v + 11)
a§ (44v% 4+ 96v + 49) (2v + 9)(2v + 11)
Cuv+1)2rv+3)2v+52r+7)(2v+9)(2v + 11)
a8 (40003 + 161612 + 2060v + 820) (2v + 11) .
(2v+1)(2v +3)(2v +5)(2v + 7)(2v + 9)(2v + 11)
a§ (4384v* + 280801 + 6436012 + 62100v + 21076)

QCr+1)2r+3)2v+5)2v+7)(2v +9)(2v + 11) ’

6, a5 +T7)(2v +9)(2v + 11) — a§(12v + 14) (2v + 9) (2v + 11)
() = )20 + 32 1 5) v + T2 + 9) (2 + 11)
N af (14002 + 400v + 273) (2v + 11)
2u+1)Q2rv+3)2v+5)Q2r+7)(2v+9)(2v + 11)
ad (18001 4 911602 + 14790V + 7645)
Q2v+1)2r+3)2v+5)(2v+7)(2v +9)(2v + 11)’

~af(2v+9)(2v 4+ 11) — af10(2v + 3)(2v + 11) + ag (34002 + 1200v + 1023)

i) = (2v +1)(2v + 3)(2v + 5)(2v + 7)(2v + 9)(2v + 11)

al(2v +11) — a$(30v + 55)
Q2u+1)2v+3)2r+5)(2v+7)(2v +9)(2v + 11)’

6
ag

2v+1)2v+3)2v+5)2v +7)(2v + 9)(2v + 11)°

cs(v) =

co(v) =



ON A SPECTRAL IDENTITY AND COEFFICIENTS ... 595

Finally a further differentiation results in af = 1, a§ = 1023, a§ = 21120,
a$ = 65835, af = 51975, al = 10395 and subsequently we obtain

(3.15)
S0 = 1132134405 + 248381441 + 225751041° 4 970342412 + 1629233v
nes (2v +1)(2v + 3)(2v + 5)(2v + 7)(2v + 9)(2v + 11) ’
6 145812481* + 2209996802 + 1261326012 + 2838528
(3.16) c(v) = :
Cv+1)2v+3)2v+5)2v + 7)(2v +9)(2v + 11)
(3.17) () = — 71491200° + 614592002 + 16579201
’ BT (2w )@2r+3)2v +5)(2v +T)(2v +9) (20 + 11)]
171864012 + 554400v
3.18 Sw) =
(3.18) W)= G D T 3@ 5@+ @ £ 9@+ 1)
6 207900v
(3.19) s =— )
Cu+1)Q2r+3)2v+5)2r+7)(2v+9)(2v + 11)
1
(3.20) g = 0395

2v+1)2v+3)(2v +5)(2v + 7)(2v + 9)(2v + 11)°
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