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Menaka Murugesu, Marudai Muthiah
and Mohammad Saeed Khan

ABSTRACT. The purpose of this paper is to prove common fixed point the-
orems for S-weakly B-contraction mappings in complete metric space which
generalize and unify many fixed point theorems available in the literature.

1. Introduction and Preliminaries

Throughout this paper R and N represent the set of real numbers and the set of
natural numbers, respectively. It is well known that Banach’s contraction principle
is one of the pivotal results of metric fixed point theory.

Banach contraction principle [2] states that if (X, d) is a complete metric space
and T : X — X is a self-mapping such that

d(Tz,Ty) < ad(z,y),

for all z,y € X, where 0 < a < 1, then T has a unique fixed point. This theorem
ensures the existence and uniqueness of fixed points of certain self-maps of metric
spaces, and it gives a useful constructive method to find those fixed points. The
traditional Banach contraction principle has been extended and generalized in wide
directions. Al-Thagafi [1] proved common fixed point theorem, which generalize the
results of Jungck [8], Dotson [5] and Habiniak [6]. Using this result Al-Thagafi [1]
generalized and unified well-known results of Singh [13], Hicks and Humphries [7],
Habiniak [6] on fixed points and common fixed points of best approximation. Vija-
yaraj et al [14] proved fixed point theorem for S-nonexpansive and asymptotically
S-nonexpansive mapping that generalized results of Al-Thagafi [1].
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Bright V. S. et al [11] proved fixed point theorem for weakly B-contraction
that unified my fixed point theorems including Banach contraction principle [2],
Kannan fixed point theorem and Chatterjee’s fixed point theorem.

In this paper we introduce S-weakly B-contraction mappings and prove com-
mon fixed point theorem for S-weakly B-contraction mappings that generalize the
results of Bright V.S etal [11], Al-Thagafi [1] and Vijayaraj et al [14]. Also we
obtain common fixed point theorem for three mappings.

The following results will be used in the sequel.

DEFINITION 1.1. Let K be a nonempty subset of a normed linear space X, and
let T be a self-mapping of K. Then K is g-starshaped if there exists a point ¢ € K
such that (1 — X)g+ Az € K for all z € K.

DEFINITION 1.2. Let K be a nonempty subset of a normed linear space X,
and let T be a self-mapping of K. Then T is demicompact if whenever {z,} is a
bounded sequence of points of K such that x,, — T'(z,) converges, then {z,} has a
convergent subsequence.

EXAMPLE 1.1. Let K = {z = {x,} € I : Y22 < o0 and ||z|| < 1}, where
l|lz|| = S a2. Define T : K — K by T(x) = /2. Then T is demicompact but not
compact.

It is known that every compact mapping is a demicompact mapping but the
converse need not be true.

DEFINITION 1.3. Let K be a nonempty convex subset of a normed linear space
X. A self-mapping T of K is said to be affine if

Tz + (1 —Ny)=MT(z)+ (1 —XNT(y) forall z,y € K and X € (0,1).

DEFINITION 1.4. Let K be a nonempty convex subset of a normed linear space
X. A self- mapping T of K is said to be affine with respect to ¢ if

Tz + (1 —X)gq) =XT(z)+ (1 —NT(q) forall z € K and X € (0,1).

The following example shows that an affine mapping with respect to a point
need not be affine.

EXAMPLE 1.2. Let X =R and K = [0, 1]. Define T on K by
T — 1z:fx6 [0,1)

Oifx=1
Then we have

Tz + (1-A)1/2) = {1 if x €[0,1) and A € (0,1)

Oifz=1land A=1
If x €]0,1) and A € (0,1), then T'(z) =1 =T(1/2) and therefore
TOa+ (1—N)1/2) = 1= \T(z) + (1 — NT(1/2).
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If x=1and A =1, then
TOx+(1-M1/2)=0=AT(x) + (1 — N)T(1/2).
Therefore T is affine with respect to 1/2. If x =1 and A = 1/2, then
TAx+(1-MN1/2)=T3/4)=1#£1/2=T1)+ (1 -)T(1/2).
Hence T is not affine.
The concept of weakly compatiable maps was introduced by Jungck [8]

DEFINITION 1.5. Let (X, d) be a complete metric space and T',.S be two map-
pings. Then T and S are said to be weakly compatible if they commute at their
coincidence point x, that is, Tx = Sz implies TSz = STx.

DEFINITION 1.6. [11] Let T : X — X, where (X,d) is a complete metric
space, is called a B-contraction if there exists positive real number «, 3,7y such
that 0 < a+ 28+ 2y < 1 for all z,y € X the following inequality holds:

(1.1)  d(T=,Ty) < ad(x,y) + Bld(z, Tz) + d(y, Ty)] + v[d(z, Ty) + d(y, Tv)]

DEeFINITION 1.7. [3] Let (X,d) be a metric space. A mapping T : X — X
is said sequentially convergent if, for each sequence {y,} in X the following holds
true:

if {T'y,,} convergences, then {y,} also convergences.

THEOREM 1.1. [11] Let T : X — X, where (X,d) is a complete metric space,
be a weak B-contraction. Then T has a unique fized point.

The following theorem, due to Al-Thagafi [1], has played a vital role to prove
some results in this paper.

THEOREM 1.2. [1] Let K be a nonempty closed subset of a metric space K
and let T, S be self-mappings of K with T(K) C S(K). If T(K) is complete, S is
continuous, T and S are commuting and T is S-contraction, then T and S have a
unique common fixed point in K.

In this paper, let F(T,S) denote the set of common fixed points of T" and S
and F(S) the set of fixed points of S.

2. Main Results

DEFINITION 2.1. Let (X, d) be a metric space, T and S be a self mappings of
X. Then T is S-weakly B-contraction, if

(2.1) d(Tz,Ty) < «d(Sz,Sy)+ Bld(Sz, Tz) + d(Sy, Ty)] +
yd(Sz, Ty) + d(Sy, Tx)].
for all z,y € X, there exist positive real numbers «, 3,y such that o+ 25 +2v < 1.
THEOREM 2.1. Let D be a nonempty closed subset of a metric space X and
let T and S be a self maps of D with T(D) C S(D). If T(D) is complete, S is

continuous, T and S are commuting and T is S-weakly B-contraction, then T and
S have a unique common fixed point in D.
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PROOF. Let us take an element xg € D. Since T(D) C S(D) we get an element
x1 € D such that Tz = Szy. Again, since T(D) C S(D), there exists an element
x9 € D such that Tx; = Szo. Continuing in this manner inductively, we obtain a
sequence {z,} in D with

Tr,_1 =Sz,
for all positive integers n. Since T' is S-weakly B-contraction,

d(Txpi1,Txy) < ad(Szhpy1,Sxy,)
+8[d(STpt1, Txni1) + d(Sxpn, Txy)] +
Y[d(Sxpi1, Txy) + d(Sxp, TTpi1)]
= ad(Txp, Txp_1)
+O[d(Txp, Txng1) + d(Txp_1,Txy)] +
Y[d(Txy, Txy) + d(Txp-1,TTnt1)]
(a4 B+v)d(Txp, Trp—1)

(m) d(Txy, Txn_1)

(1 - ﬁ - ’}/)d(TIn+1, Txn)

d(Txpi1,Tay)

N

N

at+pB+y\"
(1—6—/‘y> d(TﬁL’n, Tl'nfl)

for all n € N. Hence {T'z,,} is a Cauchy sequence. Since T'(D) is complete, there
exists y € T(D) such that T'(z,) — y as n — oo.
Since S is continuous, we have S(T'z,) — Sy as n — oo. Since T and S are

commute, we get T'(Sxzy,) = S(Tx,) for all n, and hence

N

T(Sz,) — Syasn— oo
ie,T(Ttp—1) — Syasn—
Now we claim that Ty = Sy.
d(Ty, Sy) d(Ty,T(Txy,)) + d(T(Tzy,), Sy)
ad(Sy, S(Txy,)) + Bld(Sy, Ty) + d(S(Txy,), T(Txy))] +
VNd(Sy, T(Txy)) + d(S(Tan), Ty)] + d(T(Txy), Sy)
ad(Sy, S(Tx,)) + Bld(Sy, Ty) + d(S(Tx,), T(Stni1))] +
V[d(Sy, T(Szns1)) + d(S(Txn), Ty)] + d(T(Szn1), Sy)
= ad(Sy,S(Txzy)) + Bld(Sy, Ty) + d(S(Txy), S(TTnt1))] +
YNd(Sy, S(Txn41)) + d(S(Tan), Ty)] + d(S(TTn41), Sy)-
Taking the limit as n — oo on right side, we get
d(Ty,Sy) < ad(Sy,Sy) + Bld(Sy, Ty) + d(Sy, Sy)]
+71d(Sy, Sy) + d(Sy, Ty)] + d(Sy, Sy)
(1—B—=7)d(Ty,Sy) < 0.

NN
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Since 1 — 8 —~v > 0, d(Tx,Sy) = 0 and hence Ty = Sy. Hence T(Ty) = S(Ty) =
S(Sy) by commutativity. We can therefore infer

d(Ty, T(Ty)) < ad(Sy,S(Ty)+ Bld(Sy,Ty) +d(S(Ty), Ty)] +
Vd(Sy, T(Ty)) + d(S(Ty), Ty)]
ad(Ty, T(Ty)) + Bld(Ty, Ty) + d(T(Ty), Ty)] +
Vd(Ty,T(Ty)) + d(T(Ty),Ty)]

= (a+2y)d(Ty,T(Ty))

(I—a—=2y)d(Ty, T(Ty)) < 0.

Since « + 2y < 1, we have Ty = T(Ty). We now have Ty = T(Ty) = S(Ty), that
is T'y is a common fixed point of T and S.

Finally, we show that T and S have a unique common fixed point. Suppose
2 and y are two common fixed points for T and S, i.e. = = T(z) = S(z) and
y=T(y) = S(y), then using (2.1), we see that

d(z,y) =d(Tz,Ty) < ad(Sz,Sy)+ pld(Sz,Tz) + d(Sy, Ty)]

+7[d(Sz,Ty) + d(Sy, Tx)]
= ad(z,y) + Bld(z, ) + d(y,y)] + v[d(z, y) + d(y, v)]

(1-a—=2y)d(=z,y) < 0.
Since o + 2v < 1, we have x = y. Hence T and S have a unique common fixed
point. O

DEFINITION 2.2. Let (X,d) be a metric space, T and S be a self mappings of
X. Then T is S-weakly B-nonexpansive, if
(2.2) d(Tz,Ty) < ad(Sz,Sy)+ Bld(Sz,Tx)+ d(Sy,Ty)] +
V[d(Sz, Ty) + d(Sy, Tz)].

for all z,y € X, there exist positive real numbers «, 3,y such that o+ 25 +2v < 1.

THEOREM 2.2. Let K be a nonempty closed subset of a mormed linear space
X, T and S be self-mappings of K with T(K) C S(K) and q € F(S). If K s
q-starshapped, T'(K) is complete bounded, T is demicompact, S is continuous and
affine with respect to q, T and S are commuting and S-weakly B-nonexpansive,
then T and S have a common fized point in K.

PrOOF. For each n € N, define T;, by
To(x) = (1 —tp)g+t,T(x) for each x € K,

where {t,} is a sequence in (0,1) such that ¢, — 1 as n — oo. Since K is ¢-
starshapped, S is affine with respect to ¢ and T'(K) C S(K), it follows that

T.(z) = (1—ty)g+t,T(x)
= (1-t,)S(q) +t,T(z) € S(K).



580 M. MURUGESU, M. MUTHIAH AND M. S. KHAN

Hence T,,(K) C S(K) for each n. Since T and S commute and that S is affine with
respect to g, it follows that

To(S(x)) = (I—ta)g+tT(S(2))
= (1 - tn)S(Q) + tnS(T(‘r))
128

= S((1—tn)g+tT(x))
S(Ta(x)).
Hence T,, and S commute. Since S-weakly B-nonexpansive, it follows that
|Tn(2) = Ta()ll = tallT(x) —T(y)]

< oSz — Syl + BlllSz — Tzl + [|Sy — Tyl]
Hll[Sz = Tyl + || Sy — T[]]).
Now t,(a + 268 4+ 2v) < t, < 1, T, is S-weakly B-contraction. Since T, (K) =
(1—t,)q+ t,T(K) and T(K) is complete, it follows that T},(K) is complete.
Hence by Theorem 2.1, there exists x,, € K such that {z,,} = F(T,,S) for each n.
Since T'(K) is bounded and t,, — 1 as n — oo, it follows that

Ty —T(xn) = (1 —tn)(¢—T(zn)) = 0 as n — oco.
Since T is demicompact, {x,} has a subsequence {z,, } such that
ZTp, — T as k — oo.
Since S is continuous, S(x,, ) — S(z). Hence
Sz = nl;rrgo S(xn,) = nhﬁn;(} T, = .

Hence we have z € F(S) and

e =T < lz—znl+ lzn, — Tl + 1T (2n,) —T(z)|

< o —an, |l + lzn, — T(an,)ll

+allS(@n,) = S@)|| + BllIS(@n,) = T ()l +

Sz — T[] + v[[[S(xn,) — Tz| + | Sz — Twn, [[]
< o —an, |l + lzn, — T2,

+al[Szp, = S@)| + Bllzn, — T(@n,)ll +

lz = Tx|l] + vlllzn, — Tl + |2 = Tan,|]
<z =2 | + 20, — T(zn,)|l

Fal|Szn, — S(@)| + Blllzn, —T(zn, )| + llz —Tz|]
llzn, — 2l + llz = Tz| + |l — 25, ||
Hzn, — Tan,l]
A=B=lz =T < lz—znl+lzn, —T(zn, )
Fal|Szn, — S(@)| + Bllzn, —T(zn, )l
Y0, — 2l + |2 — Zn | + |Zn, — T, []]
— 0as k— oo.
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Thus T'(z) = «. Hence T and S have a common fixed point in K. 0

COROLLARY 2.1. Let K be a nonempty complete and bounded subset of a
normed linear space X, T and S be self-mappings of K with T(K) C S(K) and
q € F(S). If K is q-starshaped, T is demicompact, S is continuous and affine with
respect to q, T and S are commuting and T is S-nonexpansive, then T and S have
a common fized point in K.

ProOF. T(K), being a closed subset of a complete and bounded set of K, is
complete and bounded. Hence the proof follows from Theorem 2.2. O

The preceding corollary subsumes the following result due to Al-Thagafi [1].

COROLLARY 2.2. Let K be a nonempty closed subset of a normed linear space
X and let T, S be self- mappings of K with T(K) C S(K) and q € F(S). If K s
starshaped, T(K) is compact, S is continuous and linear, T and S are commuting
and T is S-nonexpansive, then T and S have a common fixed point in K.

PRrROOF. Since T(K) is compact, it is complete and bounded and the mapping
T is compact. Hence T is demicompact. Hence by Theorem 2.2, T' and S have a
common fixed point in K. O

COROLLARY 2.3. Let K be a nonempty closed starshaped subset of a mormed
linear space X. If T is a nonexpansive and demicompact self-mapping of K and
T(K) is complete bounded, then T has a fized point in K.

PrOOF. The proof of this corollary follows from Theorem 2.2 by putting S =
I, the identity mapping. 0

The following result due to Habiniak [6] is a special case of preceding corollary.

COROLLARY 2.4. Let K be a nonempty closed starshaped subset of a mormed
linear space X and let T be a nonexpansive self-mapping of K such that T(K) is
compact. Then T has a fized point in K.

PRrOOF. Since T'(K) is compact, it is complete bounded and the mapping 7T is
compact. Hence T is demicompact. Hence by Corollary 2.3, T has a fixed point in
K. O

The following result due to Dotson [5] is a special case of preceding corollary.

COROLLARY 2.5. Let K be a nonempty compact starshaped subset of a normed
linear space X. Let T be a nonexpansive self-mapping of K. Then T has a fized
point in K.

PRrROOF. Since K is compact and T is continuous, it follows that T'(K) is com-
pact. Therefore by Corollary 2.4, T has a fixed point in K. O

The following theorem, is the common fixed point theorem of three types of
mappings T, S1 and S, where T is a sequentially convergent mapping.
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THEOREM 2.3. Let (X, d) be a nonempty complete metric space and let T : X —
X be a continuous, injective, sequentially convergent mapping. Let S1,55 : X — X
be self maps such that

(2.3) d(TS12,TSyy) < od(Tz,Ty)+ Bld(Tz,TS1x)+ d(Ty,TSay)] +
V[d(Ty, T'S1x) + d(Tx, T'S2y)]
where o > 0 and B,7 > 0 with a + 28 4+ 2y < 1 and d(Tz, S1y) < d(z,y) (or)

d(Tz, Say) < d(z,y) for all x,y € X, then T,S1 and Sy have a unique common
fized point.

PrOOF. Let ¢y € X. Define z,, by zont+1 = S1%2n, Tanta = SoTon41, for
n=20,1,2,---. Let n be odd.

d(Tzn, Txpy1) = d(TS12p-1,TS2z,)

< ad(Tan, Trpyr) + Bld(Txn—1,TS12n-1) + d(Txpn, T Saxy)]
+y[d(Tzp, TS12n-1) + d(Txp_1,TS22),)]
ad(Txy, Trpi1) + Bld(Txn—1,Txy) + d(T2pn, TZpi1))
+y[d(Txp, Ty) + d(Txp—1,TTni1)]
d(Txp, Txne1) < (%)d(Tﬂ:n_l,Ti’n).

Since a4+ 28 + 2y < 1, {Tz,} is a Cauchy sequence in X. Therefore {Txz,} is
convergent in X. Since T is a sequentially convergent, {z,} is convergent, that is
there exists x € X such that z,, — x as n — oo. Since T is continuous, Tz,, — Tx
as n — co. Now

d(Tz,TS12) < d(Tz,Txay)+ d(Txa, + TS1)

d(Tx, Txop) + d(TSaxon—1 + TS1x)
d(Tz,Txay,) + +ad(Txop—1,Tx)
+B[d(Tz, TS1z) + d(Txop—1,TSox2,-1)] +
Y[d(Tx2n-1,TS12) + d(Tx, T S222,—1)]
d(Tz,Txap) + ad(Txop—1,Tx)
+8[d(Tx, TS12) + d(Txan—1,Txon)] +
Y[d(Tx2n—1,TS12) + d(Tz, Txay)]
= (B+7)d(Tz, TS1z) as n — .

N

Therefore Tx = T'Syx, since T is injective, x = Syz. Similarly z = S;x. Hence
r = S1x = Sex and

d(z,Tz) < d(z,x2,)+ d(xe,, Tx)
= d(z,zo,) + d(Saxan_1,Tx)
< d(z,xop) +d(xap—1,7)
— 0asn— oo.

Therefore Tx = x. Hence T, S1, S have a common fixed point.
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Uniqueness: Suppose there exists y € X such that S1y = Soy =Ty = y. Now

d(Tz, Ty) d(TS1z, TS2y)
ad(Tz, Ty) + Bld(Tz, TS1z) + d(Ty, T'S2y)]
+7[d(Ty, TS1x) + d(Tx, T'Szy))

= (a+2y)d(Tz,Ty).

N

Since 28 + v < 1, Tx =Ty and hence x = y.
Hence T, 57 and S have a unique common fixed point. O

COROLLARY 2.6. Let (X, d) be a complete metric space and let T : X — X be a
continuous, injective, sequentially convergent mapping. Let S1,S3 : X — X be self
maps such that d(T'S1z,TSey) < kd(Tz,Ty), where k € [0,1) and d(Tx,S1y) <
d(z,y) (or) d(Tx,Say) < d(x,y) for all z,y € X, then T, S1 and Sz have a unique
common fixed point.

PrOOF. The proof of the corollary follows from the Theorem 2.3 by putting
f=v=0and a =k. U

THEOREM 2.4. Let K be a nonempty compact subset of a metric space (X, d).
Let T : K — K be a continuous, injective, mapping and let S1,59 : K — K be self
maps such that

(2.4) d(TS12,TSoy) < ad(Tx,Ty)+ Bld(Tz, TS1x) + d(Ty, TS2y)] +
VNd(Ty, T'S1z) + d(Tx, T'Szy)]

where o > 0 and B,7 > 0 with a + 28 4+ 2y < 1 and d(Tz, S1y) < d(z,y) (or)
d(Tz, Say) < d(z,y) for all x,y € X, then T,S1 and Sy have a unique common
fized point.

PrROOF. For each n € N, let z9,41 = Si1%9,, Topta = Soxant1. Then the
sequence {z,} C K. Since K is compact, {z,} has a subsequence {z,, } such that
Zpn, — ¢ as k — oo. Therefore T'x,, — T'r. Now

d(Tx,TS1z2) < d(Tz,Txon,, )+ d(Txey,, +TS12)
d(Tx,Trap, ) + d(T'S2xon, 1 + TS17)

d(Tx, Trap, ) + +ad(Txan,—1,T)

+B[d(Tz, T'S1x) + d(Tx2n, —1, TSoTon, —1)] +

Y[d(Tx2n, -1, TS12) + d(Tx, TSaxon, —1)]

d(Tx,Trap, ) + ad(Txon,—1,Tx)

+4[d(Tx, TS1z) + d(Txan, -1, Txon, )] +

Yd(Txon, -1, TS12) + d(Tx, Txoy, )]

— (B+7v)d(Tz, TS1z) as n — co.

/A
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Therefore Tx = T'Syx, since T is injective, x = Siz. Similarly z = Syx. Hence
z = S;x = Syx and
d(z,Tx) < d(z,zon+1)+ d(xopstr,TT)
= d(z,22n+1) + d(S122,, T)
< d(x,zap) + d(zop, x)
— 0as k— oo.

Therefore Tx = x. Hence T, .57 and S5 have a common fixed point.
Uniqueness: Suppose there exists y € X such that Siy = Sey = Ty = y. Now

d(Tz,Ty) = d(TS12,TSay)
< ad(Tz,Ty) + Bld(Tz, TS1x) + d(Ty, T'Say))
+y[d(Ty, TS1x) + d(Tx, TS2y)]
= (a+2y)d(Tz,Ty).
Since 28 +v < 1, Tx = Ty and hence x = y.

Hence T, 57 and S; have a unique common fixed point. O

THEOREM 2.5. Let K be a nonempty compact convex subset of a Banach space
X. Let T : K — K be continuous, injective, affine and let S1,52 : K — K be self
maps such that
(2.5) | TS1x — TSay|| < «|Tx— Tyl + B[||Tx — TS1z|| + |Ty — TSa2y||] +

ATy — TS1all + [Tz — TSyl

where a > 0 and B, = 0 with o+ 28 + 2y < 1 and ||Tx — S1y|| < ||z —y| (or)
1Tz — Say|| < ||z — yl|| for all x,y € X, then T,S1 and Sy have a common fized
point.

PROOF. Let 2 € K, o, € (0,1) such that v, — 1, as n — oo. Define Sy, S2, :
K — K by

Sin(z) = (1—an)zo+andiz,
Son(x) = (1 —ay)zro+ anSax.
Then
ITS1ne —TSanyll = an||TS1z— TSyl

< an(alTe = Tyl + Bl T2 — TS1z|| + | Ty — T'S2yl|]
+ylITy = TS12| + [Tz — TSa2yll]).

Now ap(a+ 28+ 2v) < @, < 1. Then by Theorem 2.3, Sy, So, have a common
fixed point. Let Sipx, = Sonx, = x,, for all n € N. Since K is compact, {z,}
has a subsequence {z,,} such that z,, — = as k — oo. Since T is continuous,
Txy, — Tx.

Now

xnk - Slnk (xnk) - (1 - ank)xo + Oénk51xnk7

S1%n, — xask — oo.
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Similarly Sex,, — © as k — co. Then

Tz —TS1z|| < || Tz —TSsxy,| + |TS2wn, —TS12||
|ITx — T'Soxy, || + a||Tx — Tay, ||
+8[|Tx — TS1z|| + [|TTn, — TSoxn, ||| +
VT, — TS12]| + [Tz — T'S2an,||]

= (B+Y)|Tz—TS1z| as k — .

/

N

Therefore Tx = T'S1z, since T is injective, x = Syx. Similarly = Syz. Hence
r = S12z = Sex and

le =Tall <l = Sl + [[S12n, - Ta|
= Nz = Sizn, || + [[en, — ]

— 0Oas k — .

Therefore Tz = x. Hence T, S7 and S5 have a common fixed point.

12.

13.

14.
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