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*A,~-CONNECTEDNESS IN GENERALIZED
TOPOLOGICAL SPACES

Pon Jeyanthi, Periyadurai Nalayini, and Takashi Noiri

ABSTRACT. In this paper, we introduce the concept of *\,-connectedness in
generalized topological spaces by means of *\,-open sets and investigate their
properties.

1. Introduction

In 1997, Csészér [2] introduced the concept of a generalization of topological
spaces, which is a generalized topological space. A generalized topology (briefly
GT) p on a non-empty set X is a collection of subsets of X such that ¢ € p and p
is closed under arbitrary union. Elements of u are called p-open sets. A set X with
a GT p is called a generalized topological space (briefly GTS), denoted by (X, u).
If A is a subset of (X, p), then ¢,(A) is the smallest p-closed set containing A and
i, (A) is the largest p-open set contained in A. Clearly, A is p-open if and only if
A =1,(A) and A is p-closed if and only if A = ¢, (A) [4, 3]. A GTS (X, p) is called
a strong generalized topological space if X € u. The concept of y-connectedness
was also introduced by Csészar, further studied by several authors including Shen
[10] and Baskaran et al. [1]. In this paper, we introduce the concept of *\,-
connectedness in generalized topological spaces and give some characterizations of
these spaces.

DEFINITION 1.1. ([6]) Let (X,u) be a GTS and A C X. Then the subsets
Au(A) and Vv, (A) are defined as follows:

AL (A) = N{G:ACG,G e p} if there exists G € p such that A C G;
" N X otherwise.
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and
V.(A) { U{H:HC A, H® € pu} if there exists H® € u suchthat H C A;
,J, =

0 otherwise.

DEFINITION 1.2. ([6]) In a GTS (X, ), a subset B is called a A,-set (resp.
V-set) if B = A,(B) (resp. B =V,(B)).

DEFINITION 1.3. ([9]) A subset A of a GTS (X, u) is said to be A,-closed set
if A=TnNC, where T is a Ay-set and C' is a p-closed set. The complement of a
Au-closed set is called a A,-open set.

For A C X, we denote by c-5, (A) the intersection of all *\,—closed subsets of
X containing A.

DEFINITION 1.4. ([8]) Let (X, i) be a GTS. A subset A of X is called a *A,-set
if A=*N, (A), where *A, (A) ="{G:ACG,GeNOX,pn)}.

DEFINITION 1.5. A subset A of a GTS (X, pu) is called a *\,-closed set if
A=TnNC, where T is a *Ay-set and C is A,-closed. The complement of a *A,-
closed set is called a *\,-open set.

We denote the collection of all A,-open (resp.\,-closed, *A,-open. *\,-closed)
sets of X by A,O(X, p) (resp. A, C(X, 1), *A,O(X, ), *N,C(X, p)).

DEFINITION 1.6. A GTS (X, p) is p-connected [10] (y-connected [5]) if there
are no non-empty disjoint sets U, V' € p such that UUV = X.

DEFINITION 1.7. ([1]) Two subsets A and B in a GTS (X, u) are said to be
p-separated if and only if AN ¢, (B) =0 and BNec,(A) = 0.

DEFINITION 1.8. ([7]) If (X, ) is a GTS and Y is a subset of X, then the
collection puly = {UNY : U € p}is a GT on Y called the subspace generalized
topology and (Y, uly) is the subspace of X.

2. *),-Separateness

In this section, we introduce the notion of *\,-separated sets and discuss its
properties.

DEFINITION 2.1. Two subsets A and B of a GTS (X, p1) are said to be *\,-
separated if and only if ANec-y,(B) =0 and c-5,(A)N B = 0.

From the fact that c-5,(A) C cu(A), for every subset A of (X,u), every u-
separated set is *\,-separated. But the converse may not be true as shown in the
following example.

EXAMPLE 2.1. Let X = R and p = {0, Q}, where R and @Q denote the set
of all real numbers and rational numbers, respectively. The family of all *A,-
closed sets is {0, Q, R\Q, R}. Then Q Nc-y,(R\Q) = c-»,(Q) N (R\Q) = 0 but
¢, (Q) N (R\Q) # 0. Hence @ and R\Q are *\,-separated but not p-separated.

O
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REMARK 2.1. Since ANB C ANc-, (B), *A,-separated sets are always disjoint.
The converse may not be true in general. [J

EXAMPLE 2.2. Let X = R and p = {0, Q}. The subsets {v/2,v3}, {v/5,V7}

are disjoint but not *\,-separated.
O

THEOREM 2.1. Let A and B be non-empty subsets in a GTS (X,pu). The
following statements are hold:

(i) If A and B are *\,-separated, A; C A and By C B, then A; and By are
also * A, -separated.

(i) If A and B are *\,-closed sets such that AN B = (), then A and B are
*Au-separated.

(ili) If A and B are *A,-open, H = AN (X\B) and G = BN (X\A), then H
and G are * )\, -separated.

Proor. (i) Since A; C A, ¢y, (A1) € ¢z, (A). Therefore BNy, (A) =0
implies By N ¢y, (A) = 0 and By Ncey, (A1) = 0. Similarly A; N ey ( 1) = 0.
Hence A; and B; are *\,-separated.

(ii) Since A and B are *\,-closed, A = *A“( ) and B = c-,(B). Now
AN B = () implies c+x,(A) N B = 0 and ¢-»,(B)N A = (. Hence A and B are
*Au-separated.

(iii) Since H C (X\B), c+x,(H) C ¢y, (X\B) = X\B and hence ¢+, (H) N
B =1. Also G C B implies ¢y, (H) NG = . Similarly, H N ¢+, (G) = (). Hence
H and G are *\,-separated. O

COROLLARY 2.1. Let A and B be non-empty sets in a GTS (X,u). The fol-
lowing statements are hold:

(i) If A and B are *A,-open sets such that AN B = (), then A and B are
*Au-separated.

(ii) If A and B are *A,-closed, H = AN (X\B) and G = BN (X\A), then H
and G are * )\, -separated.

THEOREM 2.2. The subsets A and B of a GT'S (X, u) are *\,-separated if and
only if there exist U,V € *,O(X, ) such that AC U, BCV and ANV =0,
BnU=0.

PROOF. Let A and B be *),-separated sets. Let V = X\c-5,(A4) and U
X\cex, (B). Then U,V € *A,O(X, ) such that AC U, BCV and ANV =
BNU = 0. On the otherhand, let U,V € *),O(X, u) such that A C U, B C
and ANV =0, BNU = (. Since X\V and X\U are *\,-closed, c«y, (A
e, (X\V) = X\V C X\B. Thus, c-»,(A)N B = 0. Slmllarly, AN ey (B) =
Hence A and B are *\,-separated sets.

O=siN <=l

3. *),-Connectedness

In this section, we introduce the notion of *A,-connectedness and discuss their
properties.
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DEFINITION 3.1. A subset S of a GTS (X, i) is said to be *A,-connected if
there exist no *\,-separated subsets A and B and S = AU B. Otherwise S is said
to be *,-disconnected.

It is clear that each *\,-connected set is p-connected. The converse may not
be true in general as shown in the following example. In other world, each u-
disconnected is *\,-disconnected.

ExaMPLE 3.1. Let X = [1,2] and p = {0,{1},{1,2}}. The family of all
*Ap-closed sets is {0, {1}, {2},{1,2},(1,2),[1,2),(1,2],(1,2]}. Thus, {1,2} is p-
connected but not *\,-separated.

U

THEOREM 3.1. A GTS (X, p) is *A,-disconnected if and only if there exists a
non-empty proper *\,-clopen subset.

PROOF. Assume that (X, p) is *A,-disconnected. There exist *\,-separated
sets A and B such that AUB = X, AN B = 0. Hence A= X\B and B = X\A.
Since AUB = X and B C ¢+, (B), X € AUc-y,(B). But AUc-,,(B) € X. Thus,
AUc-y,(B) = X. We have ANc-y,(B) =0 and B Nec-y,(A) = 0 which implies
A = X\cx,(B) and B = X\c-y,(A). Since c-y,(A) and c-y,(B) are *\,-closed,
X\c-x,(A) and X\c-y,(B) are *A -open. Thus, A and B are *),-open. Since
A= X\B and B = X\A, A and B are *),-closed. Conversely, assume that there
exists non-empty proper *\,-clopen subset A of X. Let B = X\A. Then ANB =)
and AUB = X. Since ANB =0, c-»,(A)NB =0 and ANc-y, (B) =0. Thus, A
and B are *\,-separated. Hence (X, p1) is *\,-disconnected. O

THEOREM 3.2. A GTS (X, ) is *A,-disconnected if and only if any one of the
following statements holds:

(i) X is the union of two non-empty disjoint *X,,-open sets.

(i) X s the union of two non-empty disjoint *A,-closed sets.

PROOF. Assume that (X, i) is *A,-disconnected. By Theorem 3.1, there exists
a non-empty proper *A,-clopen subset A of X. Also, AU (X\A) = X. Hence A
and X\ A satisfy the conditions (i) and (ii). Conversely, assume that AU B = X
and AN B = (), where A and B are non-empty *\,-open sets. Then A = X\B is
*Au-closed. Since B is non-empty, A is a proper subset of X. Thus, A is a non-
empty proper *\,-clopen subset of X. By Theorem 3.1, X is *\,-disconnected. Let
X =CUD and CND =0, where C' and D are non-empty *\,-closed sets. Then
C = X\D so that C'is *)\,-open. Since D is non-empty, C' is a proper *\,-clopen
subset of X. By Theorem 3.1, X is *),-disconnected. O

THEOREM 3.3. If E is a *\,-connected subset of a GTS (X, ) such that E C
AU B, where A and B are *\,-separated sets, then either E C A or E C B.

PrOOF. Since A and B are *\,-separated sets, AN c-y, (B) = ) and B N
c=x,(A) =0. EC AUB implies E = EN(AUB) = (ENA)U(ENB). Suppose
ENA#0and ENB #(. Then (ENA)Nec-x,(ENB) C(ENA)N (cn,(E)N
c=x,(B)) = (ENcex, (E))N(ANc-y,(B)) = 0. Similarly, (ENB)Nec-y, (ENA) = 0.
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Hence EN A and E N B are *\,-separated. Thus, E is *\,-disconnected, which
is a contradiction. Hence at least one of the sets E N A and £ N B is empty. If
ENA=0, then E = EN B which implies that £ C B. Similarly if EN B = 0§,
then EE C A. Therefore, either E C A or E C B. O

COROLLARY 3.1. If E is a *A,-connected subset of a GTS (X, pn) such that
E C AU B, where A and B are disjoint *X,-open (resp, *\,-closed) subsets of X,
then A and B are *\,-separated.

PRrOOF. Since A C X\B, c-»,(A) C cx, (X\B) = X\B. Thus, BNe-y,(A) =
(. Similarly, ANc-y,(B) = (. Hence A and B are *),-separated. O

THEOREM 3.4. If E is a *A,-connected subset of a GTS (X,p) and C is a
subset such that E C C C c-x,(E), then C is also *\,-connected.

PRroor. Suppose that C' is not *A,-connected. There exist *\,-separated sets
A and B such that C = AUB. Since E C C, F C AUB. By Theorem 3.3, E C A
or £ C B. Let E C A, then c-y,(E) C c-x,(A) which implies c-»,(E) N B C
c=x, (A)NB = 0. Since C C ¢y, (E), BC C C c-y,(F) and hence ¢y, (E)NB = B.
Thus, ¢y, (E)NB =0 and ¢, (E)NB = B imply B = (). Similarly, if we consider
E C B, we obtain A = ), which contradicts A and B are non-empty. Therefore C
is *\,-connected. O

COROLLARY 3.2. If E is a *\,-connected subset of a GTS (X, i), c-x,(E) is
also * A, -connected.

ProoF. This is obvious by Theorem 3.4. O

THEOREM 3.5. Let E be a subset of a GTS (X, ). If any two points of E are
contained in some * A, -connected subset of E, E is a *A,-connected subset of X.

PRrOOF. Suppose F is not *A,-connected. Then there exist non-empty subsets
A and B of X such that ANc-y,(B) =0, BNe-y,(A) =0 and E= AU B. Since
A, B are non-empty, there exists a point a € A and a point b € B. By hypothesis,
a and b must be contained in some *\,-connected subset F' of E. Since F' C AUB
and F' is *),-connected, either I C A or F' C B. It follows that either a, b € A or
a,b € B. Let a, b € A. Then AN B # (), which is a contradiction. Hence E is a
*Au-connected subset of X. O

THEOREM 3.6. The union of any family of *A,-connected sets having a non-
empty intersection is a *\,-connected set.

PROOF. Let {E,} be any family of *),-connected sets such that N{E,} # 0.
Let E = U{E,}. Suppose E is not *),-connected. Therefore, there exist *,-
separated sets A and B such that £ = AU B. Since N{E,} # 0, x € N{E,}. Then
x belongs to each F, and so x € E. Consequently, z € A or x € B. Without loss
of generality, assume that x € A. Then E, C A for each a. Hence UE, C A and
so B C A. Thus, AUB C A. Therefore A = E which implies B = () which is a
contradiction. Thus, F is *,-connected. O
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THEOREM 3.7. The union of any family of *\,-connected subsets of a GTS
(X, u) with the property that one of the members of the family, intersects every
other members is a *\,-connected set.

PRrROOF. Let {E,} be any family of *),-connected sets of a GTS (X, ) with
the property that one of the member say, E,, intersects every other members.
By Theorem 3.6, E,, U E, is *A,-connected. Now, let F,,6 and E,, be any two
members of the family. Then Eq, N Ey, # 0, Es, N Ey, # 0 and hence (Eq, N
Eo,) U (Eay N Ey,) = Eoy U (Ea, N Ey,) # 0. By Theorem 3.6, U(Ey, N E,) for
each o is *A,-connected. Hence UE,, is * ) -connected. O

THEOREM 3.8. If A C BUC such that A is a non-empty *\,-connected set
ina GTS (X,u) and B, C are *\,-separated, then one of the following conditions
holds:

(i) ACBand ANC =10.

(i) ACC and ANB = 0.

ProOOF. This is obvious by Theorem 3.3. (]

DEFINITION 3.2. Let (X, 1) and (X, ') be two GTS. A mapping f : (X, u) —
(Y, 1) is said to be (*)\M,M,)-continuous if for each p'-open set V, f~1(V) is *Au-
open.

THEOREM 3.9. Let f: (X, pu) — (Y, i) be a (*)\M,u/)-continuous function. If
K is *\,-connected in X, then f(K) is ji' -connected in Y .

PROOF. Suppose that f(K) is ,u/—disconnected in Y. There exist u,-separated
sets G and H of Y such that f(K) = GUH. Set A= KN f~}G) and B =
KN f~1(H). Since f(K) =GUH, KN f~1(G) # 0 and hence A # . Similarly,
B#0. Now, ANB=(KNfYGQ)N(KNnfYH)=Kn(f Y G)nf1(H)) =
Kn(f~(GNnH))=0. Thus, ANB=0and AUB = K. Now, ANec-y,(B) C
fTHG) Ne=n, (fH(H)). Since f is (*/\H,,u,)—continuous, ANey,(B)C f7H(G)N
fHey (H) € f7(G ey (H) = 0. Therefore, AN ey, (B) = 0. Similarly,
BnNeey,(A) =0. Thus, A and B are *),-separated in X which is a contradiction.
Therefore f(K) is yi -connected in Y. O

COROLLARY 3.3. Let f: (X, ) — (Y,p') be a (*A, 1 )-continuous surjection.
If K is p/-disconnected in Y, then f~1(K) is *\,-disconnected in X.

PrROOF. Let f~'(K) be not *),-disconnected in X. Then f~!(K) is *\,-
connected in X and by Theorem 3.10, f(f~!(K)) = K is y/-connected. Hence K
is not p/-disconnected in Y. Therefore, the proof is completed. O
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