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A STUDY ON ISOMORPHISM
OF ALGEBRAIC GRAPHS

Murali Krishna Rao Marapureddy

ABSTRACT. In this paper, we introduce the notion of algebraic graph, isomor-
phism of algebraic graphs and we study the properties of algebraic graphs.Our
main objective is to connect graph theory with algebra.We prove that the
number of edges of algebraic graph G(V, E, F) is sum of the degrees of all
functions belong to F'

1. Introduction

In 1735, Euler introduced graph theory to solve Konigsberg bridge problem.
A graph is a convenient way of representing information involving relationship be-
tween objects. The objects are represented by vertices and relations by edges.
Many problems that occur in the field of Computer Science, Information Technol-
ogy, Electrical Engineering and many other areas can be analyzed by using tech-
niques described in graph theory. Graph theory serves as a mathematical model
for any system involving a binary relation.

The problem of determining whether or not two graphs are isomorphic is known
as the isomorphism problem.The only known algorithms which guarantee a correct
answer to the isomorphic problem require approximately 2" operations where n
is the number of vertices.Finding a simple and efficient method for showing the
isomorphism of graphs is an important unsolved problem in graph theory.In this
paper, we introduce the notion of algebraic graph,isomorphism of algebraic graphs
and study the properties of algebraic graphs. We prove that the number of edges
of algebraic graph G(V, E, F) is sum of the degrees of all functions belong to F'
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and verify the isomorphism of the graphs, using the definition of isomorphism of
algebraic graphs

2. Preliminaries

A graph is a pair (V, E) where V is a nonempty set and E is a set of unordered
pairs of elements of V. The graph (V, E) is denoted by G(V, E). The number of
vertices in G(V, E) is called the order of G and it is denoted by |V|. The number
of edges in G(V, E) is called the size of G(V, E) and it is denoted by |E|. Two
vertices  and y in G(V, E) are said to be adjacent or neighbors if {z,y} is an
edge of G.The neighbor set of a vertex x of G(V, E) is the set of all elements in V'
which are adjacent to x and it is denoted by N (z). The degree of vertex x is defined
as the number of edges incident on z and it is denoted by d(z) or equivalently
deg(x) = |N(z)|. The degree of vertices of a graph arranged in non decreasing
order is called the degree sequence of the graph.If vy, vs, ..., v, are vertices of V
then the sequence (dy,ds,...,d,) where d; is deg (v;), is the degree sequence of
Gand 6 (G) =d; < dy < ... <d, = A(G) where 6(G) and A(G) are minimum
and maximum of degrees of vertices respectively. A graph G(V, E,) is said to be
k —regular graph if deg(v) = k for all v € V. A graph G is connected if there exists
a path between every two vertices a and b of G.A bipartite graph is one whose
vertices are partitioned into two disjoint parts such that the vertices of each edge
belongs to different partitions. A complete graph on the n vertices, denoted by Kn,
is a graph such that each pair of distinct vertices are adjacent.A graph G(V, E)
where V = V3 UV, and Vi NV, = (), is called a complete bi-partite graph if there
is an edge between every vertex in V7 and every vertex in V5.A circuit may have
repeated vertices whereas a cycle is a circuit with no repeated vertices. A complete

n(n —1)

A cyclic graph of order n is a connected graph whose edges form a cyclic of length
n. Two graphs G(V1, E1) and G(Va, E5) are said to be isomorphic if there exists a
bijection f : V4 — V4 such that vertices u,v are adjacent in G(V1, E1) if and only
if vertices f(u) and f(v) are adjacent in G(Va, Eq).

A bijection mapping of a finite set V onto itself is called a permutation. If
V ={v1,v9,...,v,} is a finite set and f is a bijection on V then

f . ( (%1 (%) . Un )
fo) floz) oo flon) )7
If f:V — M is a function then the number of elements of V is called the
degree of f and it is denoted by d(f). Let V = {v,vs,...,v,} and a permutation

graph with n vertices has edges and each of its vertices has degree n — 1.

f= otz Uk URHL e Un ) e called a cyclic permutation of de-
V2 U3 ... UVUg41 Ukgy2 ... U1
gree n. It is represented as (vi,vs,...,v,) which is a cycle of length n. If f, g

be two cycles on V such that they have no common element then f, g are disjoint
cycles.
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3. Algebraic graphs

In this section, we introduce the notion of algebraic graph,isomorphism of al-
gebraic graphs and study the properties of algebraic graphs. We prove that the
number of edges of algebraic graph G(V, E| F) is sum of the degrees of all func-
tions belong to F' and verify the isomorphism of the graphs, using the definition of
isomorphism of algebraic graphs

DEFINITION 3.1. A graph G(V, E) is said to be algebraic graph if there are
functions f; : V; = M;, (i = 1,2,...,n) where V; and M; are subsets of V' and
functions satisfying the following conditions.

(i) d(f1) =2 d(fz) = ... 2 d(fn) and U V; UM; =V and there is no function
i=1

defined on M which is a subset of V' if o(M) > o(V1),
(ii) If {a,b} € FE then there exists a unique function f; such that f;(a) =b .
(iii) If thereisa path {vi,va}, {ve,v3}, {vs,va}, ... {vn_1,v,} € E then there exists
a function fz such that fi(vl) = V2, fi(ilg) = Vs, fi(vg) = V4y..., fi(vn—l) = Un-
The number of elements in a set M is denoted by o(M). An algebraic graph
of graph G(V, E) is denoted by G(V, E, F).
ExaMPLE 3.1. Let G(V, E) be a graph shown in the figure 1, where V =
{a,b,c.d, e} and E = {{a, e}, {a,d},{e,d},{a, c},{e,b},{d, c} . {d, b}}.

Define functions f; : {a,e,b,d,c} — V by f; = (Z Z Z f;l Z) and

f2:{a,d}—>bef2:(g d)-

e
a
€

o

Define functions ¢; : {a,e,d,¢c} — V by g1 = ( (ei Z) and gg :

e b d
{e,b,d}%beg2<b d a)'

FIGURE 1. Diagram of graph G(V, E)

We observe that G(V, E, Fy) where Fy = {f1, f2} is an algebraic graph and
G(V, E, Fy) where Fy, = {g1, g2} is not an algebraic graph,since domain of g; is a
proper subset of f;.Hence F; is not satisfying the condition (i) in Definition 3.1
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EXAMPLE 3.2. Let G(V, E) be a bipartite graph, shown in the figure 2, with
vertices V = {a,b,c,d,e} and E = {{a,d},{a,e},{b,d}, {b,e},{c,d},{c,e}}. We
a d b e c a

d b e c d)andf2<e
We observe that G(V, E, F') where F = {f1, fo} is an algebraic graph

define functions by f1 =

a b c

d €

FIGURE 2. Bipartite graph G(V, E).

EXAMPLE 3.3. Let G(V, E) be a graph with V = {a,b,¢,d} and E = {{a, b},
{b,c}}. We cannot define a function on any subset of V' which contains d. Hence
G(V, E) is not an algebraic graph.

DEFINITION 3.2. Let G(V, E, F) where F = {f;/i = 1,2,...,n} be an algebraic
graph. Size of an algebraic graph is defined as n if |E| = n and order is defined as
V1.

DEFINITION 3.3. Let G(V, E, F) where F = {f;/i = 1,2,...,n} be an algebraic
graph. The degree of function f € F is defined as the number of elements in the
domain of fand it is denoted by d(f).

DEFINITION 3.4. Diameter of an algebraic graph G(V, E, F)
where F = {f;/i=1,2,...,n} and d(f1) > d(f2) > ... = d(fn), is defined as
degree of fi .

REMARK 3.1. An algebraic graph is a graph but a graph need not be an alge-
braic graph.

REMARK 3.2. Let G(V, E, F) be an algebraic graph. If f € F' and
a b c d e
f= ( b ¢c d e a )
then by definition of algebraic graph there is a closed path from a —b—c—d—e—a.

REMARK 3.3. Let G(V, E, F) be an algebraic graph. Suppose the functions
f,g € F such that

a b ¢ d e b d
fz(b ¢ d e b)andg:<d a>'

By definition of algebraic graph there is a closed path from a—b—c—d—e—b—d—a.
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REMARK 3.4. Let G(V, E, F) be an algebraic graph. If all the degrees of vertices
are two theemn there is a only one cyclic permutation on V.

REMARK 3.5. Let G(V, E, F') be an algebraic graph. If all the degrees of vertices
are two except one vertex of degree is 3 then there are only two functions in F' and
one function is a cyclic permutation on V.

REMARK 3.6. Let G(V, E, F) be an algebraic graph.If the degree of function
f € F is n then there are n edges € £

ExXAMPLE 3.4. Let G(V,E) be a graph with V' = {a,b,¢c,d,e, f} and E =
{{a,b},{b,c},{c,d},{d,e},{e, f},{f,a}}. We define a cyclic permutation f; : V—
V such that fi(a) = b, fi(b) = ¢, fi(c) = d. f1(d) = e, fa(€) = f. f1(f) = a. Hence
G(V,E,F) where F = {f1} is an algebraic graph and diameter of the algebraic
graph G(V, E, F) is 6.

ExaMPLE 3.5. Let G(V,E) be a graph with V = {a,b,c,d,e} and E =
{{a7 C}? {a’ d}7 {d7 b}7 {b7 6}’ {C7 b}}'

Define a function f; on Vi = {¢,a,d,b} such that fi(c) = a, f1(a) =d, f1(d) =
b, f1 (b) = €.

and a function fo on Vo = {c} by fa(c) = b. Obviously degree of f; =
4 and degree of fo = 1.

Therefore G(V, E, F) where F' = {f1, fo} is an algebraic graph and diameter
of an algebraic graph G(V, E| F) is 4 and number of edges = 44+1=5.

DEFINITION 3.5. An algebraic graph G(V, E, F) where V. = V; UV, and Vi N
Vo =0, is called a bi-partite algebraic graph if there are edges between vertices in
V1 and vertices in V5

DEFINITION 3.6. An algebraic graph G(V, E, F) where V. =V, UV, and Vi N
Vo = 0, is called a complete bi-partite algebraic graph if there is an edge between
every vertex in V7 and every vertex in V5

DEFINITION 3.7. An algebraic graph G(V, E, F) is said to be k — regular al-
gebraic graph if deg(v) = k for all v € V.

THEOREM 3.1 (The first theorem of algebraic graph theory). Let G(V,
E, F) be an algebraic graph. Then the number of edges of algebraic graph G(V, E, F')
is the sum of the degrees of all functions belong to F.

PRrROOF. Let G(V, E, F) be an algebraic graph and F = {f;/i=1,2,...,n}.
Suppose the degree of each function f; is d;. By the Definition [3.3], if the degree
of function f € F'is n then there are n edges € E. Therefore the number of edges
in E=dy+ds+...4+d,. Hence number of edges of algebraic graph is the sum of
degrees of all functions belong to F'. Hence the theorem. O

THEOREM 3.2. If an algebraic graph G(V, E, F) is a 2—regular algebraic graph
then F = {f} and d(f) = |V]|.

PROOF. Suppose G(V, E| F) is a 2—regular algebraic graph. Then there exists
only one cyclic permutation f on V. Hence by the first theorem of algebraic graph
theory, d(f) = |E| = |V|. O



528 MARAPUREDDY

COROLLARY 3.1. If an algebraic graph G(V, E, F) has only cyclic permutations
then all vertices of G are of even degree.

THEOREM 3.3. If G(V, E, F) is an algebraic bipartite graph then G has no cycle
of odd length.

PROOF. Suppose G(V, E, F) is an algebraic bipartite graph. Let V = V; U V4
and Vi NVo, = 0. Let v;1 — vy —v3 —--- — v, — v; be a cycle of length n and
v1 € V1. By the definition of algebraic graph, there exists a function f € F such
that f(v1) = ve, f(ve) = v3, -+, f(v,) = v1. Therefore vy, vy, -+ ,v, € Vo and
V1,03, ,Up—1 € V1 and the length of the cycle cannot be an odd number. Thus
G has no cycle of odd length. O

THEOREM 3.4. If an algebraic graph G(V, E, F) is a k—regular algebraic graph

then k|V|=2 > d(f).
fer

PROOF. Suppose G(V, E, F) is a k—regular algebraic graph. By Definition3.7,
we have deg(v) =k for all v € V.
= > deg(v) = 2|E]
Therefore k|V| =2 > d(f).

fer

THEOREM 3.5. Let G(V, E, F) be an algebraic graph. Then
2 > d(f)

feF
V|

where §(G) and A(G) are minimum and mazimum of degrees of vertices respec-
tively.

(@) < <AG)

PrOOF. Let G(V, E,F) be an algebraic graph. We have §(G) < deg(V) <
A(G) for allv e V.
= >0(G) <> deg(V) < 3 A(G).
= |VI0(G) < 2|E| < [VIA(G).
2 > d(f)

Therefore 6(G) < f€|+| < A(G). O
COROLLARY 3.2. If an algebraic graph G(V, E, F) is a k — regular then
k]

feF

DEFINITION 3.8. Let G(Vi, By, F1), G(Va, B, F») be algebraic graphs. f € Fy
and g € Fy. Then f is said to be equivalent to g
(i) if d(f) = d(g),

a d b e ¢
(11)1ff—<e b o a d)and
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g= (20 1) = A = ), d) = d(a, d0) = 40, de) =
(). d(e) = d(o)
and

(iii) if f is a cyclic permutation then g is also a cyclic permutation

THEOREM 3.6. Let G(V1, By, F1)and G(Va, By, Fy) be algebraic graphs and
|Fi| = |F2| and f; is an equivalent to g; for all i, f; € Fy and g; € Fs. Then
[Vi| = |Va| and there exists a bijection f : Vi — Va such that vertices u,v are
adjacent in G(Vi, E1, F1) if and only if vertices f(u) and f(v) are adjacent in
[F1| = |F2|.

PROOF. Let the algebraic graphs be G(Vi, E1, F1) and GV, Ey, I) where
F = {flaf27"'7fm}7d(f1) = d(fQ) = d(fS) Z .2 d(fm)a Fy = {glag2a~-->gm}a
d(g1) > d(g2) > d(g) < .- > d(gm) d(fs) = d(gs) for all

Then Y d(f;) = >_d(g;) for all i. Therefore by the first theorem of algebraic
graph theory,we have |E;| = |E3| which implies > d(v)= Y, d(u). Therefore

veVr ueVsa

[Vi| = |V2| since f; is an equivalent to g; for all i.

Therefore there exists a bijection f : V3 — Vs such that u,v are adjacent in
G(W1, By, Fy) if and only if f(u) and f(v) are adjacent in G(Va, Eq, F») Hence the
theorem. 0

DEFINITION 3.9. The algebraic graph G1(V1, E1, Fy) where
Fl = {f17f2a"'7fm}7 d(fl) > d(fQ) > d(fB) Z ...z d(fm)
and the algebraic graph G(Va, Eo, Fy) where Fy = {g1,92, .-, 9m}, such that
d(g1) = d(g2) > d(g3) < ... = d(gm)

are said to be isomorphic algebraic graphs, if f; is equivalent to g; for all i.

Proof of the following theorem follows from Theorem 3.6 and the algebraic
graph isomorphism Definition 3.9.

THEOREM 3.7. If G1(V1, E1, F1) and Go(Va, Ea, F5) are isomorphic algebraic
graphs then the graphs G1(V1, E1) and G2(Va, E2) are isomorphic graphs.

EXAMPLE 3.6. Let G1(V1,E1) and Go(Va, E2) be two graphs shown in the
figure 3.

. a b ¢ d e f .
Define a function A = ; degree of A = 6. Here ) is a
b c¢c d e f a

cyclic permutation.

Define a function p = ( g Z . ) Degree of u = 3. Here u is not a cyclic

@

permutation.
Then G(Vl,El,Fl) where F1 = {)\,‘LL}
p t g u r s

Define a function o = (
t g u r s p

>; degree of @« = 6. Here « is a

cyclic permutation.
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FIGURE 3. Diagram of non isomorphic graphs G1(V1, E1), Go(Va, Es)

t u s

u s t

tion. Thus G(Va, Ey, Fy) where Fy = {a.8}.u is not equivalent to 5.
Therefore graph G1(V1, F1) is not isomorphic to graph Go(Va, Es).

Define a function g = ; degree of § = 3. Here [ is a cyclic permuta-

ExXAMPLE 3.7. Consider the following graphs shown in the figure 4.

d

p

_(d c g h b a e f ([ h d a c
Deﬁne)\—(C g h boae f d)’ _(c o b f),G(VEF)
where F' = {), 6} and d(\) = 8 and d(§) =4
Define \ — s t uw p q v w )76,_<u p t q)
t v p q v w r vos r o ow
G/(V/,E/7F/)

where F' = {N,d¢'} and d(X\) = 8, d(§'} = 4. A, § are not equivalent to X\,
respectively Hence by Definition of isomorphism of algebraic graphs, G(V, E, F)
and G'(V', E', F') are not isomorphic i.e, G 2 G'.Therefore graphs G(V, E) and
G'(V', E’) are not isomorphic.
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ExampPLE 3.8. Consider the following graphs shown in the figure 5.

p

FIGURE 5. Isomorphic Graphs G(V, E), G(V', E')

Define functions

A(fhgeacdb)_(efha)
“\hgeacdbv )"\ nadov)
Therefore d(\) = 8 and d(u) = 4. Then G(V, E, F) where F' = {\, 1} is an algebraic
graph.
Define functions
X:<p v t u w q r s)u,:(u D w ’U>.
v t u w q r s t ) p v s r
Therefore d(\') = 8 and d(p') = 4. Then G(V', E', F’) where F' = {X, '} is an
algebraic graph.
A, p are equivalent to X' u’ respectively Therefore G(V, E, F) and G(V', E', F")
are isomorphic. Hence by Theorem 3.7, the graphs G(V, E) and G(V', E’) are
isomorphic.

ExXAMPLE 3.9. Consider the graphs G(Vi, Ey), G(Va, E3) shown in the figure
6.
Define functions

a b c d e a c e b d

fl_(b c d e f ch g>andf2—(c e g Z d f (J:>

Here f; and fy are cyclic permutations. Define functions
r s t u w s v r u t

g1<§ z s t u w p>andgg(:§ vor ou ¢ ;] p)'

Here f; and f5 are equivalent to g; and go respectively. Therefore by Definition
of isomorphism of algebraic graphs, G(V, E, F) and G(V', E’, F’) are isomorphic.
Hence by Theorem 3.7, the graphs G(V1, E1), G(Va, E») are isomorphic.

4. Conclusion

In this paper we introduced the notion of algebraic graph isomorphism of al-
gebraic graphs. We studied the properties of algebraic graphs and we proved that
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p q

FIGURE 6. Isomorphic Graphs G(V1, Ey), G(Va, Es)

the number of edges of an algebraic graph G(V, E, F') is sum of the degrees of all
functions belong to F' and verified the isomorphism of graphs, using the definition
of isomorphism of algebraic graphs In continuation of this paper we propose to
introduce and study subgraphs, trees and planar graphs of algebraic graphs.
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