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WEAKLY (1, 2)∗-g̈-OPEN

AND WEAKLY (1, 2)∗-g̈-CLOSED FUNCTIONS

R. Karthik and N. Rajasekar

Abstract. In this paper, the concepts of weakly (1, 2)∗-g̈-continuous func-
tions, weakly (1, 2)∗-g̈-compact spaces and weakly (1, 2)∗-g̈-connected spaces
are introduced and some of their properties are investigated.

1. Introduction

Ravi and Ganesan [7] have introduced the concept of g̈-closed sets and studied
their most fundamental properties in topological spaces. In this paper, we intro-
duce a new class of generalized closed sets called weakly (1, 2)∗-g̈-closed sets which
contains the above mentioned class. Also, we investigate the relationships among
the related generalized closed sets.

2. Preliminaries

Throughout this paper, (X, τ1, τ2), (Y, τ1, τ2) and (Z, η1, η2) (briefly, X, Y and
Z) will denote bitopological spaces.

Definition 2.1. Let S be a subset of X. Then S is said to be τ1,2-open [8] if
S = A ∪ B where A ∈ τ1 and B ∈ τ2. The complement of τ1,2-open set is called
τ1,2-closed.

Notice that τ1,2-open sets need not necessarily form a topology.

Definition 2.2. ([8]) Let S be a subset of a bitopological space X. Then

(1) the τ1,2-closure of S, denoted by τ1,2-cl(S), is defined as ∩{F : S ⊆ F and
F is τ1,2-closed }.
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(2) the τ1,2-interior of S, denoted by τ1,2-int(S), is defined as ∪{F : F ⊆ S
and F is τ1,2-open }.

Definition 2.3. A subset S of a bitopological space X is called

(1) (1, 2)∗-semi-open set [9] if S ⊆ τ1,2-cl(τ1,2-int(S));
(2) (1, 2)∗-α-open set [8] if S ⊆ τ1,2-int(τ1,2-cl(τ1,2-int(S)));
(3) regular (1, 2)∗-open set [10] if S = τ1,2-int(τ1,2-cl(S));
(4) (1, 2)∗-π-open set [10] if S is the finite union of regular (1, 2)∗-open sets.

The complements of the above mentioned open sets are called their respective closed
sets.

The (1, 2)∗-semi-closure [9] (resp. (1, 2)∗-α-closure [10]) of a subset S of X,
(1, 2)∗-scl(S) (resp. (1, 2)∗-αcl(S)), is defined to be the intersection of all (1, 2)∗-
semi-closed (resp. (1, 2)∗-α-closed) sets of X containing S. It is known that (1, 2)∗-
scl(S) (resp. (1, 2)∗-αcl(S)) is a (1, 2)∗-semi-closed (resp. an (1, 2)∗-α-closed) set.

Definition 2.4. A subset S of a bitopological space X is called

(1) (1, 2)∗-generalized closed (briefly, (1, 2)∗-g-closed) set [11] if τ1,2-cl(S) ⊆
U whenever S ⊆ U and U is τ1,2-open in X.

(2) (1, 2)∗-semi-generalized closed (briefly, (1, 2)∗-sg-closed) set [9] if (1, 2)∗-
scl(S) ⊆ U whenever S ⊆ U and U is (1, 2)∗-semi-open in X.

(3) (1, 2)∗-α-generalized closed (briefly, (1, 2)∗-αg-closed) set [12] if (1, 2)∗-
αcl(S) ⊆ U whenever S ⊆ U and U is τ1,2-open in X.

(4) (1, 2)∗-g̈-closed set [3] if τ1,2-cl(S) ⊆ U whenever S ⊆ U and U is (1, 2)∗-
sg-open in X.

(5) (1, 2)∗-πg-closed set [10] if τ1,2-cl(S) ⊆ U whenever S ⊆ U and U is
(1, 2)∗-π-open in X.

The complements of the above mentioned open sets are called their respective closed
sets.

The family of all (1, 2)∗-g̈-open (resp. (1, 2)∗-g̈-closed) sets in X is denoted by

(1, 2)∗-G̈O(X) (resp. (1, 2)∗-G̈C(X)).

Definition 2.5. ([4]) For every set S ⊆ X, we define the (1, 2)∗-g̈-closure of
S to be the intersection of all (1, 2)∗-g̈-closed sets containing S. That is (1, 2)∗-g̈-

cl(S) = ∩{F : S ⊆ F ∈ (1, 2)∗-G̈C(X)}.

Definition 2.6. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. A
function f : (X, τ1, τ2) → (Y, σ1, σ2) is called

(1) completely (1, 2)∗-continuous [10] (resp. (1, 2)∗-R-map [10]) if f−1(V ) is
regular (1, 2)∗-open in X for each σ1,2-open (resp. regular (1, 2)∗-open)
set V of Y .

(2) perfectly (1, 2)∗-continuous [10] if f−1(V ) is both τ1,2-open and τ1,2-closed
in X for each σ1,2-open set V of Y .

(3) (1, 2)∗-g̈-continuous [4] if f−1(V ) is (1, 2)∗-g̈-closed in X for every σ1,2-
closed set V of Y .
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(4) (1, 2)∗-g̈-irresolute [4] if f−1(V ) is (1, 2)∗-g̈-closed in X for every (1, 2)∗-
g̈-closed set V of Y .

(5) (1, 2)∗-sg-irresolute [13] if f−1(V ) is (1, 2)∗-sg-open in X for every (1, 2)∗-
sg-open set V of Y .

(6) (1, 2)∗-g̈-closed [5] if the image of every τ1,2-closed set in X is (1, 2)∗-g̈-
closed in Y .

Definition 2.7. A subset S of a bitopological space X is called

(1) weakly (1, 2)∗-g-closed (briefly, (1, 2)∗-wg-closed) set [14] if τ1,2-cl(τ1,2-
int(S)) ⊆ U whenever S ⊆ U and U is τ1,2-open in X.

(2) weakly (1, 2)∗-πg-closed (briefly, (1, 2)∗-wπg-closed) set [14] if τ1,2-cl(τ1,2-
int(S)) ⊆ U whenever S ⊆ U and U is (1, 2)∗-πg-open in X.

(3) regular weakly (1, 2)∗-generalized closed (briefly, (1, 2)∗-rwg-closed) set
[14] if τ1,2-cl(τ1,2-int(S)) ⊆ U whenever S ⊆ U and U is regular (1, 2)∗-
open in X.

Definition 2.8. ([5]) A function f : (X, τ1, τ2) → (Y, σ1, σ2) is said to be an
(1, 2)∗-g̈-open map if the image f(S) is (1, 2)∗-g̈-open in Y for each τ1,2-open set S
of X.

Remark 2.1. ([4]) Every τ1,2-open set is (1, 2)∗-sg-open but not conversely.

Remark 2.2. ([14]) For a subset of a bitopological space, we have following
implications:

regular (1, 2)∗-open → (1, 2)∗-π-open → τ1,2-open

Definition 2.9. A subset S of a bitopological space X is said to be nowhere
dense if τ1,2-int(τ1,2-cl(S)) = ϕ.

Definition 2.10. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a function. Then f is
said to be

(1) contra-(1, 2)∗-g̈-continuous [14] if f−1(V ) is (1, 2)∗-g̈-closed in X for every
σ1,2-open set of Y .

(2) (1, 2)∗-continuous [14] if f−1(V ) is τ1,2-closed in X for every σ1,2-closed
set of Y .

Remark 2.3. ([4]) Every (1, 2)∗-continuous function is (1, 2)∗-g̈-continuous but
not conversely.

3. WEAKLY (1, 2)∗-g̈-CLOSED SETS

We introduce the definition of weakly (1, 2)∗-g̈-closed sets in bitopological
spaces and study the relationships of such sets.

Definition 3.1. A subset S of a bitopological space X is called a weakly
(1, 2)∗-g̈-closed (briefly, (1, 2)∗-wg̈-closed) set if τ1,2-cl(τ1,2-int(S)) ⊆ U whenever
S ⊆ U and U is (1, 2)∗-sg-open in X.

Theorem 3.1. Every (1, 2)∗-g̈-closed set is (1, 2)∗-wg̈-closed but not conversely.
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Example 3.1. Let X = {a1, a2, a3}, τ1 = {ϕ,X, {a1, a2}} and τ2 = {ϕ,X}.
Then the sets in {ϕ,X, {a1, a2}} are called τ1,2-open and the sets in {ϕ,X, {a3}}
are called τ1,2-closed. Then the set {a1} is (1, 2)∗-wg̈-closed set but it is not a
(1, 2)∗-g̈-closed in X.

Theorem 3.2. Every (1, 2)∗-wg̈-closed set is (1, 2)∗-wg-closed but not con-
versely.

Proof. Let S be any (1, 2)∗-wg̈-closed set and V be any τ1,2-open set con-
taining S. Then V is a (1, 2)∗-sg-open set containing S. We have τ1,2-cl(τ1,2-
int(S)) ⊆ U . Thus, S is (1, 2)∗-wg-closed. �

Example 3.2. Let X = {a1, a2, a3}, τ1 = {ϕ,X, {a1}} and τ2 = {ϕ,X}. Then
the sets in {ϕ,X, {a1}} are called τ1,2-open and the sets in {ϕ,X, {a2, a3}} are
called τ1,2-closed. Then the set {a1, a2} is (1, 2)∗-wg-closed but it is not a (1, 2)∗-
wg̈-closed.

Theorem 3.3. Every (1, 2)∗-wg̈-closed set is (1, 2)∗-wπg-closed but not con-
versely.

Proof. Let S be any (1, 2)∗-wg̈-closed set and V be any (1, 2)∗-π-open set
containing S. Then V is a (1, 2)∗-sg-open set containing S. We have τ1,2-cl(τ1,2-
int(S)) ⊆ U . Thus, S is (1, 2)∗-wπg-closed. �

Example 3.3. In Example 3.2, the set {a1, a3} is (1, 2)∗-wπg-closed but it is
not a (1, 2)∗-wg̈-closed.

Theorem 3.4. Every (1, 2)∗-wg̈-closed set is (1, 2)∗-rwg-closed but not con-
versely.

Proof. Let S be any (1, 2)∗-wg̈-closed set and V be any regular (1, 2)∗-open
set containing S. Then V is a (1, 2)∗-sg-open set containing S. We have τ1,2-cl(τ1,2-
int(S)) ⊆ V . Thus, S is (1, 2)∗-rwg-closed. �

Example 3.4. In Example 3.2, the set {a1} is (1, 2)∗-rwg-closed but it is not
a (1, 2)∗-wg̈-closed.

Theorem 3.5. If a subset S of a bitopological space X is both τ1,2-closed and
(1, 2)∗-αg-closed, then it is (1, 2)∗-wg̈-closed in X.

Proof. Let S be an (1, 2)∗-αg-closed set in X and V be any τ1,2-open set
containing S. Then V ⊇ (1, 2)∗-αcl(S) = S ∪ τ1,2-cl(τ1,2-int(τ1,2-cl(S))). Since S
is τ1,2-closed, V ⊇ τ1,2-cl(τ1,2-int(S)) and hence (1, 2)∗-wg̈-closed in X. �

Theorem 3.6. If a subset S of a bitopological space X is both τ1,2-open and
(1, 2)∗-wg̈-closed, then it is τ1,2-closed.

Proof. Since S is both τ1,2-open and (1, 2)∗-wg̈-closed, S ⊇ τ1,2-cl(τ1,2-int(S))
= τ1,2-cl(S) and hence S is τ1,2-closed in X. �

Corollary 3.1. If a subset S of a bitopological space X is both τ1,2-open and
(1, 2)∗-wg̈-closed, then it is both regular (1, 2)∗-open and regular (1, 2)∗-closed in
X.
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Theorem 3.7. Let X be a bitopological space and S ⊆ X be τ1,2-open. Then,
S is (1, 2)∗-wg̈-closed if and only if S is (1, 2)∗-g̈-closed.

Proof. Let S be (1, 2)∗-g̈-closed. By Theorem 3.1, it is (1, 2)∗-wg̈-closed.
Conversely, let S be (1, 2)∗-wg̈-closed. Since S is τ1,2-open, by Theorem 3.6, S

is τ1,2-closed. Hence S is (1, 2)∗-g̈-closed. �

Theorem 3.8. If a set S is (1, 2)∗-wg̈-closed then τ1,2-cl(τ1,2-int(S))−S con-
tains no non-empty (1, 2)∗-sg-closed set.

Proof. Let F be a (1, 2)∗-sg-closed set such that F ⊆ τ1,2-cl(τ1,2-int(S))−S.
Since F c is (1, 2)∗-sg-open and S ⊆ F c, from the definition of (1, 2)∗-wg̈-closedness,
it follows that τ1,2-cl(τ1,2-int(S)) ⊆ F c. That is F ⊆ (τ1,2-cl(τ1,2-int(S)))

c. This
implies that F ⊆ (τ1,2-cl(τ1,2-int(S))) ∩ (τ1,2-cl(τ1,2-int(S)))

c = ϕ. �

Theorem 3.9. If a subset S of a bitopological space X is nowhere dense, then
it is (1, 2)∗-wg̈-closed.

Proof. Since τ1,2-int(S) ⊆ τ1,2-int(τ1,2-cl(S)) and S is nowhere dense, τ1,2-
int(S) = ϕ. Therefore τ1,2-cl(τ1,2-int(S)) = ϕ and hence S is (1, 2)∗-wg̈-closed in
X.

The converse of Theorem 3.9 need not be true as seen in the following example.
�

Example 3.5. Let X = {a1, a2, a3}, τ1 = {ϕ,X, {a1}} and τ2 = {ϕ,X,
{a2, a3}}. Then the sets in {ϕ,X, {a1}, {a2, a3}} are called τ1,2-open and the sets in
{ϕ,X, {a1}, {a2, a3}} are called τ1,2-closed. Then the set {a1} is (1, 2)∗-wg̈-closed
set but not nowhere dense in X.

Remark 3.1. The following examples show that (1, 2)∗-wg̈-closedness and
(1, 2)∗-semi-closedness are independent.

Example 3.6. In Example 3.1, we have the set {a1, a3} is (1, 2)∗-wg̈-closed set
but not (1, 2)∗-semi-closed in X.

Example 3.7. Let X = {a1, a2, a3}, τ1 = {ϕ,X, {a1}} and τ2 = {ϕ,X, {a2}}.
Then the sets in {ϕ,X, {a1}, {a2}, {a1, a2}} are called τ1,2-open and the sets in
{ϕ,X, {a3}, {a1, a3}, {a2, a3}} are called τ1,2-closed. Then the set {a1} is (1, 2)∗-
semi-closed set but not (1, 2)∗-wg̈-closed in X.

Remark 3.2. From the above discussions and known results in [12]. We obtain
the following diagram, where A → B represents A implies B but not conversely.

Diagram

τ1,2-closed → (1, 2)∗-wg̈-closed → (1, 2)∗-wg-closed → (1, 2)∗-wπg-closed

→ (1, 2)∗-rwg-closed

None of the above implications is reversible as shown in the above examples and in
the related paper [14].
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Definition 3.2. A subset S of a bitopological spaceX is called (1, 2)∗-wg̈-open
set if Sc is (1, 2)∗-wg̈-closed in X.

Proposition 3.1. (1) Every (1, 2)∗-g̈-open set is (1, 2)∗-wg̈-open but not con-
versely.
(2) Every (1, 2)∗-g-open set is (1, 2)∗-wg̈-open but not conversely.

Theorem 3.10. A subset S of a bitopological space X is (1, 2)∗-wg̈-open if
G ⊆ τ1,2-int(τ1,2-cl(S)) whenever G ⊆ S and G is (1, 2)∗-sg-closed.

Proof. Let S be any (1, 2)∗-wg̈-open. Then Sc is (1, 2)∗-wg̈-closed. Let G be
a (1, 2)∗-sg-closed set contained in S. Then Gc is a (1, 2)∗-sg-open set containing
Sc. Since Sc is (1, 2)∗-wg̈-closed, we have τ1,2-cl(τ1,2-int(S

c)) ⊆ Gc. Therefore
G ⊆ τ1,2-int(τ1,2-cl(S)).

Conversely, we suppose that G ⊆ τ1,2-int(τ1,2-cl(S)) whenever G ⊆ S and G
is (1, 2)∗-sg-closed. Then Gc is a (1, 2)∗-sg-open set containing Sc and Gc ⊇ (τ1,2-
int(τ1,2-cl(S)))

c. It follows that Gc ⊇ τ1,2-cl(τ1,2-int(S
c)). Hence Sc is (1, 2)∗-wg̈-

closed and so S is (1, 2)∗-wg̈-open. �
Definition 3.3. Let S ⊆ X. The (1, 2)∗-kernel of S is defined as the intersec-

tion of all τ1,2-open supersets of the set S and is denoted by (1, 2)∗-ker(S).

Lemma 3.1. The following properties hold for subsets P , Q of a space X:
(1) x ∈ (1, 2)∗-ker(P ) if and only if P ∩ F ̸= ϕ for any τ1,2-closed set F

containing x.
(2) P ⊆ (1, 2)∗-ker(P ) and P = (1, 2)∗-ker(P ) if P is τ1,2-open in X.
(3) If P ⊆ Q, then (1, 2)∗-ker(P ) ⊆ (1, 2)∗-ker(Q).

Theorem 3.11. The following are equivalent for a function f : (X, τ1, τ2) →
(Y, σ1, σ2).

(1) f is contra (1, 2)∗-g̈-continuous,
(2) the inverse image of every σ1,2-closed set of Y is (1, 2)∗-g̈-open.

Proof. Let P be any σ1,2-closed set of Y . Since Y \P is σ1,2-open, then by
(1), it follows that f−1(Y \P ) = X\f−1(P ) is (1, 2)∗-g̈-closed. This shows that
f−1(P ) is (1, 2)∗-g̈-open in X.

Converse is similar. �
Theorem 3.12. Suppose that (1, 2)∗-G̈C(X) is closed under arbitrary intersec-

tions. Then the following are equivalent for a function f : (X, τ1, τ2) → (Y, σ1, σ2).

(1) f is contra (1, 2)∗-g̈-continuous,
(2) the inverse image of every σ1,2-closed set of Y is (1, 2)∗-g̈-open in X,
(3) for each x ∈ X and each σ1,2-closed set Q in Y with f(x) ∈ Q, there

exists a (1, 2)∗-g̈-open set P in X such that x ∈ P and f(P ) ⊆ Q,
(4) f((1, 2)∗-g̈-cl(P )) ⊆ (1, 2)∗-ker(f(P )) for every subset P of X,
(5) (1, 2)∗-g̈-cl(f−1(Q)) ⊆ f−1((1, 2)∗-ker(Q)) for every subset Q of Y .

Proof. (1) ⇒ (3). Let x ∈ X and Q be a σ1,2-closed set in Y with f(x) ∈ Q.
By (1), it follows that f−1(Y \Q) = X\f−1(Q) is (1, 2)∗-g̈-closed and so f−1(Q) is
(1, 2)∗-g̈-open. Take P = f−1(Q). We obtain that x ∈ P and f(P ) ⊆ Q.
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(3) ⇒ (2). Let Q be σ1,2-closed set in Y with x ∈ f−1(Q). Since f(x) ∈ Q, by
(3) there exists a (1, 2)∗-g̈-open set P in X containing x such that f(P ) ⊆ Q. It
follows that x ∈ P ⊆ f−1(Q). Hence f−1(Q) is (1, 2)∗-g̈-open.

(2) ⇒ (1). Follows from the previous Theorem.
(2) ⇒ (4). Let P be any subset of X. Let y ̸∈ (1, 2)∗-ker(f(P )). Then there

exists a σ1,2-closed set F containing y such that f(P ) ∩ F = ϕ. Hence, we have
P ∩ f−1(F ) = ϕ and (1, 2)∗-g̈-cl(P ) ∩ f−1(F ) = ϕ. Hence, we obtain f((1, 2)∗-
g̈-cl(P )) ∩ F = ϕ and y ̸∈ f((1, 2)∗-g̈-cl(P )). Thus, f((1, 2)∗-g̈-cl(P )) ⊆ (1, 2)∗-
ker(f(P )).

(4) ⇒ (5). Let Q be any subset of Y . By (4), f((1, 2)∗-g̈-cl(f−1(Q))) ⊆ (1, 2)∗-
ker(Q) and (1, 2)∗-g̈-cl(f−1(Q)) ⊆ f−1((1, 2)∗-ker(Q)).

(5) ⇒ (1). Let Q be any σ1,2-open set of Y . By (5), (1, 2)∗-g̈-cl(f−1(Q)) ⊆
f−1((1, 2)∗-ker(Q)) = f−1(Q) and (1, 2)∗-g̈-cl(f−1(Q)) = f−1(Q). We obtain that
f−1(Q) is (1, 2)∗-g̈-closed in X. �

4. WEAKLY (1, 2)∗-g̈-OPEN AND WEAKLY (1, 2)∗-g̈-CLOSED
FUNCTIONS

Definition 4.1. Let (X, τ1, τ2) and (Y, σ1, σ2) be bitopological spaces. A func-
tion f : (X, τ1, τ2) → (Y, σ1, σ2) is called weakly (1, 2)∗-g̈-open (briefly, (1, 2)∗-wg̈-
open) if f(V ) is a (1, 2)∗-wg̈-open set in Y for each τ1,2-open set V of X.

Remark 4.1. Every (1, 2)∗-g̈-open function is (1, 2)∗-wg̈-open but not con-
versely.

Example 4.1. Let X = Y = {a1, a2, a3, a4}, τ1 = {ϕ,X, {a1}} and τ2 = {ϕ,X,
{a1, a2, a4}}. Then the sets in {ϕ,X, {a1}, {a1, a2, a4}} are called τ1,2-open and the
sets in {ϕ,X, {a3}, {a2, a3, a4}} are called τ1,2-closed. Let σ1 = {ϕ, Y, {a1}} and
σ2 = {ϕ, Y, {a2, a3}}. Then the sets in {ϕ, Y, {a1}, {a2, a3}, {a1, a2, a3}} are called
σ1,2-open and the sets in {ϕ, Y, {a4}, {a1, a4}, {a2, a3, a4}} are called σ1,2-closed.
Let f : (X, τ1, τ2) → (Y, σ1, σ2) be the identity function. Then f is (1, 2)∗-wg̈-open
but not (1, 2)∗-g̈-open.

Definition 4.2. Let (X, τ1, τ2) and (Y, σ1, σ2) be bitopological spaces. A func-
tion f : (X, τ1, τ2) → (Y, σ1, σ2) is called weakly (1, 2)∗-g̈-closed (briefly, (1, 2)∗-wg̈-
closed) if f(V ) is a (1, 2)∗-wg̈-closed set in Y for each τ1,2-closed set V of X.

It is clear that an (1, 2)∗-open function is (1, 2)∗-wg̈-open and a (1, 2)∗-closed
function is (1, 2)∗-wg̈-closed.

Theorem 4.1. Let (X, τ1, τ2) and (Y, σ1, σ2) be bitopological spaces. A function
f : (X, τ1, τ2) → (Y, σ1, σ2) is (1, 2)∗-wg̈-closed if and only if for each subset Q of
Y and for each τ1,2-open set G containing f−1(Q) there exists a (1, 2)∗-wg̈-open
set F of Y such that Q ⊆ F and f−1(F ) ⊆ G.

Proof. Let Q be any subset of Y and let G be an τ1,2-open subset of X such
that f−1(Q) ⊆ G. Then F = Y \f(X\G) is (1, 2)∗-wg̈-open set containing Q and
f−1(F ) ⊆ G.

Conversely, let U be any τ1,2-closed subset of X. Then f−1(Y \f(U)) ⊆ X\U
and X\U is τ1,2-open. According to the assumption, there exists a (1, 2)∗-wg̈-open
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set F of Y such that Y \f(U) ⊆ F and f−1(F ) ⊆ X\U . Then U ⊆ X\f−1(F ).
From Y \F ⊆ f(U) ⊆ f(X\f−1(F )) ⊆ Y \F , it follows that f(U) = Y \F , so f(U)
is (1, 2)∗-wg̈-closed in Y . Therefore f is a (1, 2)∗-wg̈-closed function. �

Remark 4.2. The composition of two (1, 2)∗-wg̈-closed functions need not be
a (1, 2)∗-wg̈-closed as we can see from the following example.

Example 4.2. Let X = Y = Z = {a1, a2, a3}, τ1 = {ϕ,X, {a1}} and τ2 =
{ϕ,X, {a1, a2}}. Then the sets in {ϕ,X, {a1}, {a1, a2}} are called τ1,2-open and
the sets in {ϕ,X, {a3}, {a2, a3}} are called τ1,2-closed. Let σ1 = {ϕ, Y, {a1}} and
σ2 = {ϕ, Y, {a2, a3}}. Then the sets in {ϕ, Y, {a1}, {a2, a3}} are called σ1,2-open
and the sets in {ϕ, Y, {a1}, {a2, a3}} are called σ1,2-closed. Let η1 = {ϕ,Z, {a1, a2}}
and η2 = {ϕ,Z}. Then the sets in {ϕ,Z, {a1, a2}} are called η1,2-open and the sets
in {ϕ,Z, {a3}} are called σ1,2-closed. We define f : (X, τ1, τ2) → (Y, σ1, σ2) by
f(a1) = a3, f(a2) = a2 and f(a3) = a1 and let g : (Y, σ1, σ2) → (Z, η1, η2) be the
identity function. Hence both f and g are (1, 2)∗-wg̈-closed functions. For a τ1,2-
closed set U = {a2, a3}, (g ◦ f)(U) = g(f(U)) = g({a1, a2}) = {a1, a2} which is not
(1, 2)∗-wg̈-closed in Z. Hence the composition of two (1, 2)∗-wg̈-closed functions
need not be a (1, 2)∗-wg̈-closed.

Theorem 4.2. Let (X, τ1, τ2), (Y, σ1, σ2) and (Z, η1, η2) be bitopological spaces.
If f : (X, τ1, τ2) → (Y, σ1, σ2) is a (1, 2)∗-closed function and g : (Y, σ1, σ2) →
(Z, η1, η2) is a (1, 2)∗-wg̈-closed function, then g ◦ f : (X, τ1, τ2) → (Z, η1, η2) is a
(1, 2)∗-wg̈-closed function.

Definition 4.3. A function f : (X, τ1, τ2) → (Y, σ1, σ2) is called a weakly
(1, 2)∗-g̈-irresolute (briefly, (1, 2)∗-wg̈-irresolute) function if f−1(Q) is a (1, 2)∗-wg̈-
open set in X for each (1, 2)∗-wg̈-open set Q of Y .

Example 4.3. Let X = Y = {a1, a2, a3}, τ1 = {ϕ,X, {a2}} and τ2 = {ϕ,X,
{a1, a3}}. Then the sets in {ϕ,X, {a2}, {a1, a3}} are called τ1,2-open and the sets in
{ϕ,X, {a2}, {a1, a3}} are called τ1,2-closed. Let σ1 = {ϕ, Y, {a2}} and σ2 = {ϕ, Y }.
Then the sets in {ϕ, Y, {a2}} are called σ1,2-open and the sets in {ϕ, Y, {a1, a3}} are
called σ1,2-closed. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be the identity function. Then
f is (1, 2)∗-wg̈-irresolute.

Remark 4.3. The following examples show that (1, 2)∗-sg-irresoluteness and
(1, 2)∗-wg̈-irresoluteness are independent of each other.

Example 4.4. Let X = Y = {a1, a2, a3}, τ1 = {ϕ,X, {a1, a2}} and τ2 =
{ϕ,X}. Then the sets in {ϕ,X, {a1, a2}} are called τ1,2-open and the sets in
{ϕ,X, {a3}} are called τ1,2-closed. Let σ1 = {ϕ, Y, {a1}} and σ2 = {ϕ, Y }. Then
the sets in {ϕ, Y, {a1}} are called σ1,2-open and the sets in {ϕ, Y, {a2, a3}} are called
σ1,2-closed. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be the identity function. Then f is
(1, 2)∗-wg̈-irresolute but not (1, 2)∗-sg-irresolute.

Example 4.5. Let X = Y = {a1, a2, a3}, τ1 = {ϕ,X, {a1}} and τ2 = {ϕ,X,
{a2}}. Then the sets in {ϕ,X, {a1}, {a2}, {a1, a2}} are called τ1,2-open and the sets
in {ϕ,X, {a3}, {a1, a3}, {a2, a3}} are called τ1,2-closed. Let σ1 = {ϕ, Y, {a1, a2}}
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and σ2 = {ϕ, Y }. Then the sets in {ϕ, Y, {a1, a2}} are called σ1,2-open and the
sets in {ϕ, Y, {a3}} are called σ1,2-closed. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be the
identity function. Then f is (1, 2)∗-sg-irresolute but not (1, 2)∗-wg̈-irresolute.

Remark 4.4. Every (1, 2)∗-g̈-irresolute function is (1, 2)∗-wg̈-continuous but
not conversely. Also, the concepts of (1, 2)∗-g̈-irresoluteness and (1, 2)∗-wg̈-
irresoluteness are independent of each other.

Example 4.6. Let X = Y = {a1, a2, a3, a4}, τ1 = {ϕ,X, {a1}} and σ2 =
{ϕ,X, {a2, a3}}. Then the sets in {ϕ,X, {a1}, {a2, a3}, {a1, a2, a3}} are called τ1,2-
open and the sets in {ϕ,X, {a4}, {a1, a4}, {a2, a3, a4}} are called τ1,2-closed. Let
σ1 = {ϕ, Y, {a1}} and σ2 = {ϕ, Y, {a1, a2, a4}}. Then the sets in {ϕ, Y, {a1},
{a1, a2, a4}} are called σ1,2-open and the sets in {ϕ, Y, {a3}, {a2, a3, a4}} are called
σ1,2-closed. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be the identity function. Then f is
(1, 2)∗-wg̈-continuous but not (1, 2)∗-g̈-irresolute.

Example 4.7. Let X = Y = {a1, a2, a3}, τ1 = {ϕ,X, {a1}} and τ2 = {ϕ,X,
{a2, a3}}. Then the sets in {ϕ,X, {a1}, {a2, a3}} are called τ1,2-open and the sets
in {ϕ,X, {a1}, {a2, a3}} are called τ1,2-closed. Let σ1 = {ϕ, Y, {a1}} and σ2 =
{ϕ, Y, {a1, a2}}. Then the sets in {ϕ, Y, {a1}, {a1, a2}} are called σ1,2-open and the
sets in {ϕ, Y, {a3}, {a2, a3}} are called σ1,2-closed. Let f : (X, τ1, τ2) → (Y, σ1, σ2)
be the identity function. Then f is (1, 2)∗-wg̈-irresolute but not (1, 2)∗-g̈-irresolute.

Example 4.8. In Example 4.5, then f is (1, 2)∗-g̈-irresolute but not (1, 2)∗-
wg̈-irresolute.

Theorem 4.3. The composition of two (1, 2)∗-wg̈-irresolute functions is also
(1, 2)∗-wg̈-irresolute.

Theorem 4.4. Let f : (X, τ1, τ2) → (Y, σ1, σ2) and g : (Y, σ1, σ2) → (Z, η1, η2)
be functions such that g ◦ f : (X, τ1, τ2) → (Z, η1, η2) is (1, 2)∗-wg̈-closed function.
Then the following statements hold:

(1) if f is (1, 2)∗-continuous and injective, then g is (1, 2)∗-wg̈-closed.
(2) if g is (1, 2)∗-wg̈-irresolute and surjective, then f is (1, 2)∗-wg̈-closed.

Proof. (1) Let F be a σ1,2-closed set of Y . Since f−1(F ) is τ1,2-closed in
X, we can conclude that (g ◦ f)(f−1(F )) is (1, 2)∗-wg̈-closed in Z. Hence g(F ) is
(1, 2)∗-wg̈-closed in Z. Thus g is a (1, 2)∗-wg̈-closed function.

(2) It can be proved in a similar manner as (1). �
Theorem 4.5. If f : (X, τ1, τ2) → (Y, σ1, σ2) is an (1, 2)∗-wg̈-irresolute func-

tion, then it is (1, 2)∗-wg̈-continuous.

Remark 4.5. The converse of the above theorem need not be true in gen-
eral. The function f : (X, τ1, τ2) → (Y, σ1, σ2) in the Example 4.5 is (1, 2)∗-wg̈-
continuous but not (1, 2)∗-wg̈-irresolute.

Theorem 4.6. If f : (X, τ1, τ2) → (Y, σ1, σ2) is surjective (1, 2)∗-wg̈-irresolute
function and X is (1, 2)∗-wg̈-compact, then Y is (1, 2)∗-wg̈-compact.

Theorem 4.7. If f : (X, τ1, τ2) → (Y, σ1, σ2) is surjective (1, 2)∗-wg̈-irresolute
function and X is (1, 2)∗-wg̈-connected, then Y is (1, 2)∗-wg̈-connected.
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