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ABSTRACT. Graphs obtained by deleting a few edges from the complete graph
are referred to as cluster graphs. We determine expressions for the first and
second Zagreb indices, forgotten topological index, and hyper—Zagreb index of
four classes of cluster graphs and their complements, as well as expressions for
their coindices. In addition, we correct an error of one of the present authors,
regrading an expression for the hyper—Zagreb coindex.

1. Introduction

Throughout this paper we only consider finite, connected graphs. Let G be a
graph with n vertices and m edges. Let V(G) = {v1, va,...,v,} be the vertex set
of G and E(G) be an edge set of G. The edge between the vertices u and v is
denoted by uv. The degree of a vertex v in G is the number of edges incident to it
and is denoted by d(u). The complement of G, denoted by G, is the graph having
the same vertex set as G, in which two vertices are adjacent if and only if they are
not adjacent in G.

A large number of vertex—based graph invariants is studied in the recent and
current mathematical literature. The chief motivation for this is the fact that
these invariants, usually called “topological indices” found numerous and important
applications in chemistry [4, 5, 10, 19]
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The oldest among these degree—based invariants are the first and second Zagreb
indices:
My(G)= Y [d(u)+d(v)] and My(G)= > d(u)d(v).
weE(G) weEE(Q)

whose mathematical properties and chemical applications are studied in much detail
[2, 12, 15].
Dosli¢ [6] defined the first and second Zagreb coindices as

Mi(G)= > [d(u)+d(v)] and My(G)= > d(u)d(v)
w¢ E(G) wg E(G)

respectively, where it is assumed that u # v.
A so-called forgotten topological index, F(G), is defined as [8]

F(G)= ) d(u)
ueV(G)
It is easy to show that [7, 8|
F(G)= > [du)®+d(v)’]
weEE(G)
from which the coindex of F' is expressed as [3]
F(G) = Z [d(u)? + d(v)?] .
uwwg E(G)

An extension of the Zagreb—index concept, called hyper—Zagreb index, was
recently introduced by Shirdel et al. [18]:

HZ(G)= > [d(u)+d(v)]*.
uwveE(G)
The respective coindex is [20]
HZ(G)= Y l[d(u)+d)]?.
wg E(G)

Recently, one of the present authors [11], determined the the basic relations
between hyper—Zagreb index and its coindex for a graph G and of its complement

G. In [11], the following relations have been obtained:
THEOREM 1.1. [11] Let G be a graph with n vertices and m edges. Then

HZ(G) = 4m*+(n—2)M(G) - HZ(G)
HZ(G) = 2n(n—1)*—12m(n—1)* +4m?> + (5n — 6)M1(G) — HZ(G)
HZ(G) = 4m(n—1)?+4(n—-1)M(G)+ HZ(G).

The third equality in Theorem 1.1 contains an error. Its correct version should
be:
HZ(G)=4m(n —1)* —4(n — )M (G)+ HZ(G).
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2. Cluster graphs

From a chemical point of view, graphs with large number of edges may be
considered as representations of inorganic clusters, so-called cluster graphs [14].
Bearing this in mind, we consider here the graphs obtained from the complete
graph K, by removing some of its edges. These graphs were first studied in [13]
in connection with graph energy. In the present paper we are concerned with the
Zagreb, hyper—Zagreb, and forgotten indices of four classes of cluster graphs.

DEFINITION 2.1. [13] Let e;, i = 1,2,...,k, 1 < k < n — 2, be distinct edges
of the complete graph K,, n > 3, all being incident to a single vertex. The
graph Ka,(k) is obtained by deleting e;, ¢ = 1,2,...,k from K,. In addition,
Ka,(0) =2 K,.

DEFINITION 2.2. [13] Let f;, ¢ = 1,2,...,k, 1 < k < |[n/2] be independent
edges of the complete graph K,,, n > 3. The graph Kb, (k) is obtained by deleting
fisi=1,2,...,k from K,. In addition, Kb,(0) = K,,.

DEFINITION 2.3. [13] Let Vi, be a k-element subset of the vertex set of the
complete graph K,, 2 < k < n—1, n > 3. The graph Kc,(k) is obtained by
deleting from K, all the edges connecting pairs of vertices from V). In addition,
Ken(0) 2 Kep (1) 2 K.

DEFINITION 2.4. [13] Let 3 < k < n, n > 3. The graph Kd, (k) is obtained by
deleting from K, the edges belonging to a k-membered cycle.
3. Results
THEOREM 3.1. Forn>3 and1 <k<n-—2,
HZ(Kay(k)) = 2n* — 60 + 6n* — 1202k + 5nk?* + 29nk — 2n — k3 — 4k? — 19k

PROOF. The graph Ka, (k) has n vertices and n(n — 1)/2 — k edges. Its edge
set can be partitioned into four sets Fi, Fo, F3, and Ej, such that

Ei = {w]du)y=n-1-k & d(v)=n—-1}
E, = {w|du)=n—-2 & dv)=n—-2}
Es = {w|du)=n-2 & dv)=n-1}
E, = {w|dlu)=n-1 & dv)=n-—1}.

It is easy to check that |Ei| =n—k—1, |Es] = k(k—1)/2, |E3] = (n — k — 1)k,
and |Ey| = (n —k — 1)(n — k — 2)/2. Therefore

HZ(Kan(k) = Y [dw) +d@)* + Y [dw) +d@)]*+ Y [dw) +dw)]’

uveEE uvE Eo uvEE3

+ Y [dw) +d@)* =(n—k—1)[(n—1—k) + (n-1)

uveEEy

+ g k=10 —2)+ (1= 2 + (nk— K — ) [~ 2) + (n— DI
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4 %(n—k—1)(n—k—2)[(n—1)+(n—1)]2

and the expression given in Theorem 3.1 follows. O
THEOREM 3.2. Forn >3 and 1 < k < [n/2],
HZ(Kb,(k)) = 2n* — 12kn? — 6n® 4 4k* + 34kn + 6n> — 28k — 2n.

PROOF. The graph Kb, (k) has n vertices and n(n — 1)/2 — k edges. Its edge
set can be partitioned into three sets Ey, Fs, and E3, such that

E, = {w|dlu)=n-2 & dlv)=n-1}
Ey, = {w|dlu)=n-1 & dv)=n-1}
E; = {w]du)=n-2 & dv)=n-2}.

Then |Ey| = 2k(n—2k), |E2| = (n—2k)(n—2k—1)/2, and |E3| = 2k(2k—1)/2—k.
Thus

HZ(Kby (k) = > [dw) +d@)* + Y [du) +d@)*+ Y [d(u) + d(v)]?

uv€Ey uv€ Fo uveEE3
1
= (2nk—4k*)[(n—2)+ (n—1)" + 5 (n=2k)(n =2k = 1) [(n—1) + (n—1))
2k(2k —1
+ {((2)) k} [(n—2) + (n—2)]?
and the expression given in Theorem 3.2 follows. O

THEOREM 3.3. Forn>3 and2<k<n—1,

HZ(Ken(k)) = (=k* + nk) 2n — k — 1)° + % (n—k)(n—Fk—1)(2n —2).

PROOF. The graph Kc¢, (k) has n vertices and & (n — k)(n+k — 1) edges. The
edge set E(Kc,(k)) can be partitioned into two sets E7 and Fs, where

Ey = {w]du)=n—-k & dv)=n—-1}
E, = {w|dlu)=n—-1 & dv)=n—-1}.

We have that |E1| = (n — k)k and |E3| = (n — k)(n — k — 1)/2. Therefore
HZ(Keo(k)) = Y [d(w) +d@)]*+ Y [d(u) +d)]’

uveky uv€ Ea
1
= (nk:—k:2) [(n—k)+(n—1)]2+§(n—k)(n—k—1)[(n—1)+(n—1)]2
implying the expression given in Theorem 3.3. (|

THEOREM 3.4. For3<k<n andn > 3,

HZ(Kd,(k)) = 2n* — 12kn® — 6n> + 4k* 4 44kn + 6n? — 52k — 2n.
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PROOF. The graph Kd,, (k) has n vertices and n(n —1)/2 — k edges. The edge
set E(Kd,(k)) can be partitioned into three sets Fy, Es, and Ej3, such that

Ey = {w]du)=n-3 & d(v)=n-3}
E, = {w|dlu)=n-3 & dv)=n—-1}
Es = {w|dlu)=n-1 & dv)=n-1}.

It is easy to check that |Fi| = k(k —1)/2 — k, |Es] = (n — k)k, and |E3] =
(n—k)(n —k —1)/2. Therefore

HZ(Kdy(k) = Y [dw) +d@) + Y [dw) +d@)* + Y [du) +d()]’

uvEEy uvEE> uvEE3

- (k Q_k—’f) [(n—3) + (n—3))* + (nk — k) [(n —3) + (n — 1)

1
+ 5=k —k=1)[(n—1)+{n-1)
resulting in the expression given in Theorem 3.4. O

Recently, the following formulas for the first and second Zagreb indices and
forgotten index of the graphs Ka,(k), Kb, (k), K¢, (k), and Kd,, (k) were obtained
by Ramane et al. [16, 17]:

THEOREM 3.5. Forn>3 and2<k<n-—1,

My(Kan(k)) = (n—Fk—1)(n*—n—3k+nk)+k(k—1)(n—2)
My(Ka, (k) = % (n* —k*—n) — % (n® —n?) — %k + k?n — 3kn? + Tkn
F(Kan(k)) = n*+3n%+3nk*+15nk —3n® —6n?k —n — k* — 3k* — 10k .
THEOREM 3.6. Forn >3 and 1 < k < [n/2],
My (Kb, (k) = (n—2k)(n®+ 2nk — 4k — 2n+ 1) + 4k(k — 1)(n — 2)
M(Kbo(K) = 2k(n —2k)(n—2)(n—1)+ %(n k) (n — 2k — 1)(n — 1)2
+ 2k(k —1)(n —2)?
F(Kb,(k)) = 18nk —6n%k — 14k +n* —3n> +3n% —n.

THEOREM 3.7. Forn>3 and2<k<n-—1,

M (Kep(k)) = m—kk@2n—k—-1)+(n—-1)(n—k)(n—k—1)
My(Ken(K) = k(o= 1)n— K+ 50— K)o~k —1)(n —1)?
F(Kcn(k) = n*—3n%+3n? —3n%k? + 302k + 3nk® — 3nk —n — k* + k.

THEOREM 3.8. For3 < k<n andn > 3,
M, (Kd,(k)) k(k—3)(n—3)+k(n—k)(2n —4) + (n—k)(n—k—1)(n—1)
My (Kd, (k)) %k(k —3)(n—3) 2+ k(n—k)(n—3)(n—1)
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1
+ i(n—lc)(n—k—l)(n—l)2
F(Kd,(k)) = n*—3n®4+3n? —n—6n%k — 26k + 24nk.

4. Coindices of cluster graphs and their complements

The following earlier established results will be needed for the present consi-
derations.

THEOREM 4.1. [1, 12] Let G be a simple graph with n vertices and m edges.
Then

(4.1) My(G) = n(n—1)2—4m(n—1)+ M (G)
(4.2) Mi(G) = 2m(n—1)— M(G)
(4.3) Mi(G) = Mi(G)
(44) Mp(G) = %n(n—1)3—3m(n—1)2+2m2 + %(2n—3)M1(G)—M2(G)
(4.5) My(G) = 2m?* — My(G) — %Ml(G)
(46) THE) = m(n—1)° - (n— DM (G) + Ma(G)
THEOREM 4.2. [9] Let G be a simple graph with n vertices and m edges. Then
(4.7) F(G) = n(n—1)3—6m(n—1)*+3(n—1)M(G) — F(G)
(48)  FG) = (n-1D)M(G)-F(G)
(4.9) F(G) = 2m(n—1)?2-2(n—-1)M(G)+ F(G).

The next lemma follows from Theorems 3.5-3.8 and Eqs. (4.2)-(4.4) by taking
into account that Ka,(k), Kb,(k), Kd,(k) have m — k edges whereas K¢, (k) has
m — k(k —1)/2 edges:

LEMMA 4.1. Let Kay,(k), Kb, (k), Kc,(k) and Kd, (k) be the graphs defined
in Section 2. Then

M, (Kan(k;)> = K4k
M, (Kbn(k)) —= 2%
M, (Kcn(k)) = K24k
My (Kd,(B) = 4k
M, (Ka,(k)) = 2nk—k*>—3k
M, (Kb, (k) = 2nk — 4k
M (Kcn(k) = k*n—kn—k*+k?
Mi(Kdo(k)) = 2nk— 6k
M Kan(k:)) — onk— k% — 3k
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E(W) = 2nk — 4k
E(m) Ry gy
E(W(k)) — 20k — 6k.

From Theorems 3.5-3.8 and Eqgs. (4.4)—(4.6), we obtain:

LEMMA 4.2. Using the same notation as in Lemma 4.1,

Mg(Kan(k))> =
MQ(Kbn(k)) = k
ol 3 30 1
Mg(Kcn(k)> = Sk SR SR =Sk
Mg(Kdn(k)> — 4k
My(Kan(k)) = 2k* —nk® 4+ n’k — 3nk + 2k
My(Kbn(k)) = n?k—4nk + 4k
_ 1 1 1 1
My(Ken(k) = Sk* =k*n+ ok*n® = 0k + k*n — Skn?
My(Kd,(k)) = n?k—6nk+ 9%k
— 1, 1
Mg(Kan(k)> = K-k
E(Kbn(k)> — k% 2%k
T(Kcn(k)) = 0
E(Kdn(k)) —  2%% 6k,

From Theorems 3.5-3.8 and Eqs. (4.7)—(4.9), we obtain:

LEMMA 4.3. Using the same notation as in Lemma 4.1,

F(Kan(k)) = B4k

F(Kbn(k)) — 2%

F(Kcn(k)) = K -3k 43Kk

F(Kdn(k)) = 8k

F(Ka,(k)) = 2n%k—2nk*—6nk+ k> + 2k* 4 5k
F(Kb,(k)) = 2n*k—8nk+8k

F(Ken(k) = n?k?—n%k—2nk® 4+ 2nk® + k* — k°
F(Kd,(k)) = 2n*k—12nk+ 18k
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F(Kan(k) = nk+nk® -k — k2 — 2k
F(Kbn(k) — %kn — 4k

F(Kea®) = —20k% +nk+nk® — k' + 21% — &2
(Kdn(k)) = dkn — 12k.

From Theorem 3.1-3.4 and the corrected Theorem 1.1, we obtain:
LEMMA 4.4. Using the same notation as in Lemma 4.1,

HZ(W) = B2 4k

4k

2k* — 6k3 + 6k — 2k

o

N
A~

=

£

=

N—— N N~
Il

HZ (Kdn(k) — 16k
HZ(Kan(k)) = 4n’k —4nk? —12nk + k> + 6k* + 9k
HZ(Kb,(k)) = 4kn*—16kn + 16k
HZ(Kcn(k) = 2k*n? —2kn® — 4k n + 4k% n + 2k* — 2k°
HZ(Kd,(k)) = 2n*—6n®—8nk+6n?+20nk —2n + 4k* — 32k
W(Kan(k:)) = nk+nk?— K -3k
ﬁ(Kbn(k)) = 4k® 4 2kn — 8k
W(Kcn(k)) = Kn— 2K+ kn — kY + 2k% — k2
7(Kdn(k:)) = 4k + 4kn — 24k
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