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FUZZY LEFT AND RIGHT BI-QUASI IDEALS
OF SEMIRINGS

Marapureddy Murali Krishna Rao

ABSTRACT. In this paper,we introduce the notions of fuzzy left bi-quasi ideal ,
fuzzy right bi-quasi ideal and fuzzy bi-quasi ideal of semiring. We characterize
the regular semiring in terms of fuzzy right (left) bi-quasi ideals of semiring.

1. Introduction

Semiring is an algebraic structure which is a common generalization of rings and
distributive lattices, was first introduced by Vandiver [18] in 1934 but non-trivial
examples of semirings had appeared in the studies on the theory of commutative
ideals of rings by Dedekind in 19th century. Semiring is a universal algebra with two
binary operations called addition and multiplication, where one of them distributive
over the other. Bounded distributive lattices are commutative semirings which are
both additively idempotent and multiplicatively idempotent. A natural example of
semiring is the set of all natural numbers under usual addition and multiplication of
numbers. In particular, if I is the unit interval on the real line, then (I, mazx, min)
is a semiring in which 0 is the additive identity and 1 is the multiplicative identity.
The theory of rings and the theory of semigroups have considerable impact on
the development of the theory of semirings. In structure, semirings lie between
semigroups and rings. Additive and multiplicative structures of a semiring play
an important role in determining the structure of a semiring. Semiring as the
basic algebraic structure was used in the areas of theoretical computer science as
well as in the solutions of graph theory, optimization theory and in particular for
studying automata , coding theory and formal languages. Semiring theory has many
applications in other branches. The notion of ideals was introduced by Dedekind
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for the theory of algebraic numbers, was generalized by E. Noether for associative
rings. The one and two sided ideals introduced by her, are still central concepts in
ring theory. We know that the notion of an one sided ideal of any algebraic structure
is a generalization of notion of an ideal. The quasi ideals are generalization of left
and right ideals where as the bi-ideals are generalization of quasi ideals. The notion
of bi-ideals in semigroups was introduced by Lajos [9]. Iseki [4, 5, 6] introduced
the concept of quasi ideal for a semiring. Quasi ideals in '—semirings studied by
Jagtap and Pawar [7]. M. Henriksen [3] studied ideals in semirings. As a further
generalization of ideals, Steinfeld [16] first introduced the notion of quasi ideals for
semigroups and then for rings.We know that the notion of the bi-ideal in semirings
is a special case of (m, n) ideal introduced by S. Lajos. The concept of bi-ideals
was first introduced by R.A. Good and D. R. Hughes [2] for a semigroup. Lajos
and Szasz [10] introduced the concept of bi-ideals for rings.

The fuzzy set theory was developed by L. A. Zadeh [28] in 1965. Many papers
on fuzzy sets appeared showing the importance of the concept and its applications
to logic, set theory, group theory, ring theory, real analysis, topology, measure the-
ory etc. The fuzzification of algebraic structure was introduced by A. Rosenfeld
[24] and he introduced the notion of fuzzy subgroups in 1971. K. L. N. Swamy
and U. M. Swamy [26] studied fuzzy prime ideals in rings in 1988. In 1982, W.
J. Liu [11] defined and studied fuzzy subrings as well as fuzzy ideals in rings. D.
Mandal [12] studied fuzzy ideals and fuzzy interior ideals in an ordered semiring.
M. Murali Krishna Rao [13] studied fuzzy soft I'-semiring and fuzzy soft k—ideal
over I'—semiring. N. Kuroki [8] studied fuzzy interior ideals in semigroups.Murali
Krishna Rao [14] studied T—fuzzy ideals of ordered I'—semirings. In 2017, Mara-
pureddy Murali Krishna Rao [15, 16, 22, 23] introduced bi-quasi-ideals in semirings,
bi-quasi-ideals and fuzzy bi-quasi—ideals in I'—semigroups and T- fuzzy ideals in
ordered I'—semirings. In this paper we introduce the notion of right(left) bi-quasi
ideal of semiring which is a generalization of bi-ideals of semiring and study the
properties of right bi-quasi ideal. We characterize the right bi-quasi simple semiring
and regular semiring. We also introduce the notion of fuzzy right (left) bi-quasi
ideal of semiring and we characterize the regular semiring in terms of fuzzy right
bi-quasi ideals of semiring.

2. Preliminaries

In this section we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

DEFINITION 2.1. A semigroup is an algebraic system (.59, .) consisting of a non-
empty set S together with an associative binary operation ' - ’.

DEFINITION 2.2. A sub semigroup T of semigroup S is a non-empty subset T’
of S such that TT C T.

DEFINITION 2.3. A non-empty subset T' of semigroup S is called a left (right)
ideal of Sif STCT(TSCT).
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DEFINITION 2.4. A non-empty subset T' of semigroup S is called an ideal of .S
if it is both a left ideal and a right ideal of S.

DEFINITION 2.5. A non-empty @ of semigroup S is called a quasi ideal of S if
RSNSQ CQ.

DEFINITION 2.6. A sub semigroup 7' of semigroup S is called a bi-ideal of S if
TST CT.

DEFINITION 2.7. A sub semigroup 7" of semigroup S is called an interior ideal
of Sif STSCT.

DEFINITION 2.8. An element a of a semigroup S is called a regular element if
there exists an element b of S such that a = aba.

DEFINITION 2.9. A semigroup S is called a regular semigroup if every element
of S is a regular element.

DEFINITION 2.10. A set S together with two associative binary operations
called addition and multiplication (denoted by + and - respectively) will be called
a semiring provided

(i) addition is a commutative operation.

(ii) multiplication distributes over addition both from the left and from the
right.

(iii) there exists 0 € S such that x+0 =2 and -0 =0-2 = 0 for each x € S.

DEFINITION 2.11. A non-empty subset A of semiring M is called
(i) a subsemiring of M if (A, +) is a subsemigroup of (M,+) and AA C A.
(ii) a quasi ideal of M if A is a subsemiring of M and AM N M C A.
) a bi-ideal of M if A is a subsemiring of M and AMA C A.
)
)

(iii

(iv) an interior ideal of M if A is a subsemiring of M and M AM C A.
(v) aleft (right) ideal of M if A is a subsemiring of M and

MAC A(AM C A).
(vi) an ideal if A is a subsemiring of M, A C A and M A C A.
(vii) a k—ideal if A is a subsemiring of M if holds
AM CA MACAandx e M, x+y € A,y € A then z € A.

DEFINITION 2.12. Let M be a non-empty set. A mapping p: M — [0,1] is
called a fuzzy subset of M.

DEFINITION 2.13. If p is a fuzzy subset of M, for ¢ € [0, 1] then the set p; =
{z € M | u(z) >t} is called a level subset of M with respect to a fuzzy subset .

DEFINITION 2.14. A fuzzy subset p: M — [0,1] is a non-empty fuzzy subset
if p is not a constant function.

DEFINITION 2.15. For any two fuzzy subsets A and g of M, A C p means
Azx) < p(z) for all x € M.
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DEFINITION 2.16. Let A be a non-empty subset of M. The characteristic func-

tion of A is a fuzzy subset of M is defined by x  (z) = { (1)’ ii ; ﬁ;

DEFINITION 2.17. A fuzzy subset p of semiring M is called

(i) a fuzzy subsemiring of M if it satisfies the following conditions

(a) p(x +y) = min {u(z), p(y)}
(0) plzy) 2 min {u(x), p(y)}, for all z,y € M.

(i) a fuzzy left (right) ideal of M if it satisfies the following conditions
(@) u(z +y) = min{u(z), u(y)}
(0) plzy) =2 p(y) (u(x)), for all z,y € M.

(iii) a fuzzy ideal of M if it satisfies the following conditions
(@) p(z +y) = min{u(x), p(y)}
(0) p(xy) = max {u(x), u(y)}, for all z,y € M.

(iv) a fuzzy bi-ideal of M if it satisfies the following conditions
(a) p(z +y) = min{p(z), p(y)} for all z,y € M
(b) poxmopC p.

(v) a fuzzy quasi -ideal ofM if it satisfies the following conditions
(a) p(z +y) = min{p(z), u(y)} for all z,y € M
(b)poxm Nxarop C p.

DEFINITION 2.18. Let M be a semiring. A non-empty subset L of M is said to
be left bi-quasi ideal (right bi-quasi ideal) of M if L is a subsemigroup of (M, +)
and MLNLMLCL (LMNLML CL).

DEFINITION 2.19. Let M be a semiring. L is said to be bi-quasi ideal of M if
it is both a left bi-quasi and a right bi-quasi ideal of M.

DEFINITION 2.20. A semiring M is called a right bi-quasi simple semiring if M
has no right bi-quasi ideal other than M itself.

EXAMPLE 2.1. (i) Let @ be the set of all rational numbers,

M:{(CCL Z>|a,b,c,d€Q}

be the additive semigroup of M matrices. Binary operation AB is defined as usual
matrix multiplication of A, B, for all A, B € M.

(a) R = {( g 8 ) |07éa,()7$b€Q} then R is a quasi ideal of semiring

M and R is neither a left ideal nor a right ideal.

(b) If S = {( 8 (I; ) |0#£a,0#be Q} then S is a bi-ideal of I'—semiring
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8 lc) ) | a,b,c € Q}. Then M is a semiring with respect to usual

addition of matrices and usual matrix multiplication and

A:{(g 2)|07éa,07éb66,2}.

Then A is a left bi-quasi ideal and A is not a bi-ideal of semiring M.

(i) IfM:{(

3. Fuzzy left and right bi-quasi ideals

In this section we introduce the notion of fuzzy right ( left) bi-quasi ideal as
a generalization of fuzzy bi-ideal of semiring M.and study the properties of fuzzy
right bi-quasi ideals

DEFINITION 3.1. A fuzzy subset p of semiring M is called a fuzzy left (right)
bi-quasi ideal if
(1) p(x +y) = min{u(z), u(y)} for all z,y € M.
(it) xaropNpoxaop S p(poxar NpoxaropC p).
A fuzzy subset p of semiring M is called a fuzzy bi-quasi ideal if it is both a
fuzzy left and a fuzzy right bi-quasi ideal of M.

ExaMPLE 3.1. Let @ be the set of all rational numbers,

M—{(g lc)>|a,b,06Q}.

Then M is a semiring with respect to usual addition of matrices and ternary oper-
ation is defined as the usual matrix multiplication and

A:{(g 2>|a,07éb€Q}.

Then A is a right bi-quasi ideal but not a bi-ideal of semiring M. Define p: M —
1 if A

[0,1] such that u(x) == Hre ©7 Then p is a fuzzy right bi-quasi ideal of
0, otherwise.

M.

THEOREM 3.1. Ewvery fuzzy right ideal of semiring M is a fuzzy right bi-quasi
ideal of M.

PrROOF. Let p be a fuzzy right ideal of semiring M and x € M.

po xum(z) = sup min{pu(a), xar(b)} = sup p(a) < sup p(ab) = p(z).

r=a r=ab r=ab

Therefore p o xar(x) < p(z). Now

poxa op(z) = sup min{u o xar(uv), u(s)} < sup min{u(uv), u(s)} = p(z).

T=Uvs T=UvVS
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Now
o xm N o xar o p(x) = min{p o xar(2), o xar o p(x)}
< min{yu o xar(2), p(z)}
< ().
Hence p is a fuzzy right bi-quasi ideal of semiring M. U

THEOREM 3.2. Every fuzzy left ideal of semiring M is a fuzzy left bi-quasi ideal
of M.

PROOF. Let u be a fuzzy left ideal of semiring M and x € M.

X o p(x) = sup min{xar(a), u(b)} = sup min{1, zu(b)} = sup p(b)

r=aob r=ab zr=ab

< sup p(ab) = sgpbu(x) = p(z)

r=ab =

So, we have y s o u(z) < p(z). Now

wo xar o () = sup minfp o xar(wv), u(s)}

T=Uvs

< sup min{u(uv), p(s)}

= p(x)
and
Xar o N o xar o p(x) =min{xas o pu(z), pro xar o p(z)}
min{pu(x), p(x)}
= p(x).
Therefore xaroppN o xarop C p. Hence p is a fuzzy left bi-quasi ideal of M. O

N

THEOREM 3.3. FEvery fuzzy left ideal of semiring M is a fuzzy right bi-quasi
ideal of M.

PROOF. Let pu be a fuzzy left ideal of semiring M and = € M. By Theorem
3.2, we have xps o C p. Then

pro xar o pu(x) = sup min{u(s), xar © p(vs)}

T=Uvs

< sup minfu(s), p(vs)}

= p().
Now
o xn Npoxn o p(x) =min{uoxar(@), poxu o p(x)}
< min{p o xar(2), p(2)}
< p(z).
Hence p is a fuzzy right bi-quasi ideal of M. O
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COROLLARY 3.1. Ewvery fuzzy right ideal of semiring M is a fuzzy left bi-quasi
ideal of M.

COROLLARY 3.2. Every fuzzy right (left) ideal of semiring M is a fuzzy bi-quasi
ideal of M.

THEOREM 3.4. Let M be a semiring and p1 be a non-empty fuzzy subset of M. A
fuzzy subset p is a fuzzy left bi-quasi ideal of semiring if and only if the level subset
we of wis a left bi-quasi ideal of semiring M for every t € [0, 1], where py # ¢.

PROOF. Let M be a semiring and p be a non-empty fuzzy subset of M. Suppose
w is a fuzzy left bi-quasi ideal of semiring, u: # ¢,t € [0,1] and a,b € uz, Then
wu(a) = t, pu(b) = t. Thus p(a +b) > min{u(a), u(d)} >t and a +b € .

Let x € Mpus N pe M. Then = ba = cde, where b,d € M, a,c,e € u; Thus

Xm0 p(x) = tand poxn op(z) >t and p(x) = (xmopNpoxuop)(z) >t
Therefore x € us. Hence p; is a left bi-quasi ideal of M.

Conversely suppose that p; is a left bi-quasi ideal of semiring M, for all ¢ €
Im(p). Let z,y € M, p(x) = t1,u(y) = t2 and t; > to. Then z,y € py,. Thus
T4y € pu, and 2,y € py, and p(z +y) > to = minf{ty, {2} = min{u(@), u(y)}-
Therefore p(z + y) > to = min{u(z), u(y)}. We have My, N pMp C pe, for all
leIm(p).

Suppose ¢ = min{Im(u)}. Then Mu; N peMpy C pg. Therefore

XM OO poxnopE ph
Hence p is a fuzzy left bi-quasi ideal of semiring M. O

COROLLARY 3.3. Let M be a semiring and u be a non-empty fuzzy subset of
M. A fuzzy subset p is a fuzzy right bi-quasi ideal of semiring if and only if the
level subset py of w is a right bi-quasi ideal of T'—semiring M for every t € [0,1],
where g # ¢.

THEOREM 3.5. Let I be a non-empty subset of a semiring M and x; be the
characteristic function of I. Then I is a right bi-quasi ideal of semiring M if and
only if x1 is a fuzzy right bi-quasi ideal of semiring M.

PROOF. Let I be a non-empty subset of a semiring M and x; be the charac-
teristic function of I. Suppose I is a right bi-quasi ideal of semiring M. Obviously
xr is a fuzzy subsemiring of M. We have IM NIMI C I. Then

XI10XMNXIoXMOXI = XiMmNXimI = XiMniMI S XTI

Therefore yr is a fuzzy right bi-quasi ideal of semiring M.

Conversely suppose that y; is a fuzzy right bi-quasi ideal of M. Then [ is a
subsemiring of M. We have x7 o xa Nxroxam ©xr € xr. Then xras N xrar € X1
and xrvnrmr € xr Therefore IM N IMI C I. Hence [ is a right bi-quasi ideal of
semiring M. O

THEOREM 3.6. If i and A are fuzzy left bi-quasi ideals of semiring M, then
WA s a fuzzy left bi-quasi ideal of semiring M.
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PROOF. Let p and A be fuzzy bi- quasi ideals of semiring M. Then
pN Az +y) =min{u(z+y), \(z+y)}
> min{min{u(z), u(y)}, min{A(z), A\(y)} }
= min{min{u(z), A(z)}, min{u(y), AM(y)}}
=min{g N A(z), pNA(y)}

and

X o pNA(z) = sup min{xa(a), # N A(b)}

z=ab

= sup min{xas(a), min{u(b), A\(b)}}

r=ab

= sup min{min{xx(a), x(b)}, min{xas(a), A(b)}}

z=ab

= min{ sup min{xss(a). u(8)}. sup min{xar (@), A(D)}}

@=ab z=a
= min{xas o p(x).xar © A(@)}
= X 0 N xar 0 A(x)
Therefore xar o p N A = xar 0 N xar © A Further on from p N Ao xa o pNA(x),
we have
pNAoxaopnA(z)
= sup min{g N A(a), xa o pNA(be)}

r=abc

= sup min{p N A(a), xar o N xa o A(be)}

r=abc

= sup min{min{u(a), A(a)}, min{xas o u(bc), xapr o A(bc)}}

r=abc

= sup min{min{u(a), xar o p(bc)}, min{A(a), xar o A(bc)}}

r=abc

= min{ sup min{u(a), xn o p(bc)}, sup min{A(a), xar o A(bc)}}

r=abc r=abc
= min{p o xar o (), Ao xar 0 A(z)}
=poxmopNAoxy o).
Therefore pNAXoxpropNA=poxyopmnNAoyxny oA Hence
XM o pNANpNAox o pNA = (Xaro )N (poxarop) N(XamoA)N(AoxaroA) € uNA.
Thus N A is a left fuzzy bi-quasi ideal of M.
Hence the theorem. (]
COROLLARY 3.4. If u and X\ are fuzzy right bi-quasi ideals of semiring M then
WA s a fuzzy right bi-quasi ideal of semiring M.

THEOREM 3.7. Let pu and X be fuzzy right ideal and fuzzy left ideal of semiring
M respectively. Then N X is a left fuzzy bi-quasi ideal of semiring M.
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PROOF. Let u and A be fuzzy right ideal and fuzzy left ideal of semiring M
respectively. Then

Az +y) =min{u(z +y), Nz +y)}

> min{min{p(z), u(y) }, min{A(z), A(y) }}

— min{min{p(z), ()}, mingpu(y), A(y)H

= min{p N A(z), £ N A(y)}
By Theorem 3.6 have xar o (uNA) =xpmopuNxmodand pNAoxpyopNA=
poxpopunNAoxa oA Thus

Xmo(pNA)NuNAioxpopuNA
=(xmop)N(pmoxmomN(xproA)N(Aoxamod) CpunA.

Hence N A is a left fuzzy bi-quasi ideal of semiring M. O

COROLLARY 3.5. Let 1 and X be fuzzy right ideal and fuzzy left ideal of semiring
M respectively. Then uN X is a right fuzzy bi-quasi ideal of semiring M.

Proof of the following theorems are similar to theorems in [14]. So we omit the
proofs.

THEOREM 3.8. If i is a fuzzy quasi-ideal of a regular semiring M then p is a
fuzzy ideal of M.

THEOREM 3.9. M is a regular semiring if and only AB = AN B, for any right
ideal A and left ideal B of semiring M.

THEOREM 3.10. A semiring M is a regular if and only if Aoy = ANu, for any
fuzzy right ideal \ and fuzzy left ideal p of M.

THEOREM 3.11. Let M be a reqular semiring. Then u is a fuzzy left bi-quasi
ideal of M if and only if p is a fuzzy quasi ideal of M.
PROOF. Let i be a fuzzy left bi-quasi ideal of semiring M and x € M. Then
XM O pMpoxn oS ph
Suppose x o p(x) > pu(x) and po xar(x) > p(x). Since M is a regular, there exists
y € M such that ¢ = xyx. Thus

poxn(z) = sup min{u(z),xn(yx)} = sup min{p(z), 1} = sup u(z)= p().
T=TYT T=TYT T=TYT
Therefore o xpr Nxar o p C p. and
poxa o p(z) = sup min{poxa(z), u(yz)}) > sup min{u(z), p(yz)} = p(z)

T=xYT T=xYT

which is a contradiction. Hence p is a fuzzy quasi ideal of M. It is clear that the
converse is true. O

COROLLARY 3.6. Let M be a reqular semiring. Then u is a fuzzy right bi-quasi
ideal of M if and only if 1 is a fuzzy quasi ideal of M.
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THEOREM 3.12. ([15]) Let M be a semiring. If M is a regular semiring if and
only if B= MBN BMB for every left bi-quast ideal B of M.

THEOREM 3.13. Let M be a semiring. Then M is a regular if and only if
w=poxpy Nuoxn o, for any fuzzy right bi-quasi ideal p of semiring M.

PrOOF. Let pu be a fuzzy right bi-quasi ideal of regular semiring M. Then
poxm NpoxnopS p. Thus
poxum(x) = sup min{u(z), xnm(yz)} = p(z)

T=xYT

)
o Xn o p(w) = S min{p(z), X o p(yz)}
= s min{u(z),
)

sup min{xn(s), u(r)}}

YT=rSs

= sup min{u(z), sup min{l,u(s)}}

T=TYT yr=ras
2 sup min{yu(z), u(z)} = p(x).
=TT

Therefore xp o pNpoxa op = .

Conversely suppose that © = poxp Npoxas o, for any fuzzy left bi-quasi ideal
w of semiring M. Let B be a right bi-quasi ideal ofsemiring M. Then by Theorem
3.8, xB be a fuzzy right bi-quasi ideal of semiring M. Therefore

XB=XMOXBMNXBOXMOXB=XMBNXBMB
and B= MBN BMB. By Theorem 3.12, M is a regular semiring. (]

THEOREM 3.14. Let M be a semiring. Then M is a regular if and only if
Ny CyouNpoyow, for every fuzzy left bi-quasi ideal pand every fuzzy ideal
of semiring M.

PROOF. Let M be a semiring. Suppose M is regular and x € M. Then there
exists y € M such that zy = zyzy.

poyopu(z) = sup min{poy(y), u(z)}

> lsztigl min{u o y(zay), u(z)}
—minf sup. win{j(a),7(9). )

> min{ sup min{p(a),v(yzy)}, u(x)}

wmin{min{u(z). 7(z)})
= min{u(z),v(z)}
~yo ,u(m) = sup min{'V(CL)aM(b)}

r=ab

= sup min{y(y), u(z)}

> min{y(z), p4(z)} = pN ().

Therefore p N~y C poyopu. Hence uNy CyopuNpo-you.

WV
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Conversely suppose that the condition holds. Let y be a fuzzy left bi-quasi ideal
of semiring M. Then pNxapr CxpmopNpoxpropand p S xpar 0o pMN o Xaro .
By Theorem 3.12, M is a regular semiring. O

COROLLARY 3.7. Let M be a semiring. Then M is a regular if and only if
uNy CpuoyNuoyowu, for every fuzzy right bi-quasi ideal p and every fuzzy ideal
v ofsemiring M.

4. Conclusion

In this paper, we introduced the notion of fuzzy right (left) bi-quasi ideal of
semiring and characterized the regular semiring in terms of fuzzy right(left) bi-quasi
ideals of semiring and studied some of their algebraical properties.
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