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FUZZY GRAPH OF SEMIGROUP
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ABSTRACT. The main objective of this paper is to connect fuzzy theory and
graph theory with an algebraic structure semigroup.In this paper,we introduce
the notion of fuzzy graph of semigroup, the notion of isomorphism of fuzzy
graphs of semigroups,the notion of regular fuzzy graph of semigroup and the
notion of anti fuzzy ideal graph of semigroup as a generalization of anti fuzzy
ideal of semigroup, fuzzy graph and graph. We study some of their properties
and prove that G(V1, E1, u1) and G(Va, E2, u2) be fuzzy graphs of semigroups
are isomorphic if and only if their complements are isomorphic..

1. Introduction

The formal study of semigroups begin in the early 20th century. Semigroups
are basic algebraic structures in many braches of engineering like automata, formal
languages, coding theory, finite state machines. The major role of graph theory
in computer applications is the development of graph algorithms. A number of
algorithms are used to solve problems that are modeled in the form of graphs.
In 1965, Zadeh [24] introduced the fuzzy theory. The aim of this theory is to
develop theory which deals with problem of uncertainity Zadeh [25] introduced
the notion of interval-valued fuzzy sets and Atanassov [3] introduced the concept
of intuitionistic fuzzy sets as an extension of Zadeh’s fuzzy set for representing
vagueness and uncertainty.. The concept of fuzzy set was applied to theory of
subgroups by Rosenfeld [21]. After that Kuroki [9] and Mordeson et al. [11] studied
theory of fuzzy semigroups. Jun et al. [5, 7] studied theory of fuzzy semigroups
and fuzzy I'— rings. Murali Krishna Rao [8-16] studied Anti fuzzy kideals and anti
homomorphisms of I'-semiring and fuzzy soft I'— semirings. The first definition
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of fuzzy graph was introduced by Kauffman [9] in 1973 based on Zadeh’s fuzzy
relations. In 1975, Rosenfeld [22] considered fuzzy relations on fuzzy subsets and
developed the theory of fuzzy graphs as a generalization of Euler’s graph theory
obtaining analogs of several graph theoretical concepts. Rosenfeld introduced fuzzy
graph to model real life situations.

If there is a vagueness in the description of objects or in its relationships or
in both then we need to a assign a fuzzy graph model. Fuzzy graphs are useful to
represent relationships which deal with uncertainty. Fuzzy graph theory is useful
in solving the combinatorial problems in data structure theory, data mining, neural
networks, cluster analysis and etc. Mordeson and Peng [10] defined the concept of
complement of fuzzy graph and described some operations on fuzzy graphs. Akram
[1, 2] introduced many new concepts including bipolar fuzzy graphs, interval-valued
line fuzzy graphs and strong intuitionistic fuzzy graphs. Bhattacharya [4], Sunitha
et al. [23] studied fuzzy graphs.In this paper,we introduce the notion of fuzzy graph
of semigroup, the notion of isomorphism of fuzzy graphs of semigroups,the notion
of regular fuzzy graph of semigroup and the notion of anti fuzzy ideal graph of
semigroup as a generalization of anti fuzzy ideal of semigroup, fuzzy graph and
graph. The main objective of this paper is to connect fuzzy theory and graph
theory with algebraic structure.

2. Preliminaries

In this section we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

DEFINITION 2.1. A graph is a pair (V, E), where V is a non-empty set and E
is a set of unordered pairs of elements of V.

DEFINITION 2.2. A simple graph is an undirected graph without loops and
multiple edges.

DEFINITION 2.3. A complete graph is a simple graph in which every pair of
distinct vertices is connected by an edge.

DEFINITION 2.4. A graph G(V, E) is connected if there exists a path between
every two vertices a and b of V.

DEFINITION 2.5. The number of vertices in a graph G(V, E) is called an order
of G(V, E) and it is denoted by |V].

DEFINITION 2.6. The number of edges in a graph G(V, E) is called a size of
graph G(V, E) and it is denoted by |E|.

DEFINITION 2.7. The neighbor set of a vertex x of graph G(V, E) is the set of
all elements in V' which are adjacent to x and it is denoted by N(x).

DEFINITION 2.8. The degree of vertex x of graph G(V,E) is defined as the

number of edges incident on x and it is denoted by d(z) or equivalently deg(z) =
[N ()]
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The first theorem of graph theory
Let G(V, E) be a graph. Then twice the number of edges of graph G(V, E) is sum
of the degrees of all vertices belong to V.

DEFINITION 2.9. A graph G(V, E) is said to be k —regular graph if deg(v) = k
forallv e V.

DEFINITION 2.10. Let S be a non-empty set.A mapping f : S — [0, 1] is called
a fuzzy subset of S.

DEFINITION 2.11. Let S be a semigroup. A fuzzy subset p of S is said to be
fuzzy subsemigroup of S if it satisfies p(zy) = min{u(x), u(y)} for all z,y € S.

DEFINITION 2.12. A fuzzy subset p of a semigroup S is called a fuzzy left(right)
ideal of S if u(zy) = u(y)(u(z)) for all z,y € S.

DEFINITION 2.13. A fuzzy subset p of a semigroup S is called a fuzzy ideal of
S if p(zy) > max{u(x), u(y)} for all x,y € S

DEFINITION 2.14. A fuzzy subset p of a semigroup S is called an anti fuzzy
ideal of S if p(zry) < min{p(z), u(y)} for all x,y € S

DEFINITION 2.15. A map o : X x X — [0,1] is called a fuzzy relation on a
fuzzy subset p of X if o(z,y) < min{u(x), u(y)}, for all x,y € X. A fuzzy relation
o is symmetric if o(z,y) = o(y,z), for all z,y € X. A fuzzy relation o is reflexive
if o(z,x) = p(x), for all x € X.

DEFINITION 2.16. Let V' be a non-empty finite set, u and o be fuzzy subsets
on V and V x V respectively. If o(z,y) < min{u(z), u(y)} for all {u,v} € E then
the pair G = (u,0) is called a fuzzy graph over the set V. Here p and o are called
fuzzy vertex and fuzzy edge of the fuzzy graph G respectively.

DEFINITION 2.17. The underlying crisp graph of a fuzzy graph G = (u,0) is
denoted by G = (u*,0*), where p* = {z € V | p(z) > 0} and o* = {(z,y) €
VxV|o(z,y) >0}

DEFINITION 2.18. A fuzzy graph G = (u,0) is called a strong fuzzy graph if
o(z,y) = min{u(z), u(y)}, for all {u,v} € E.

DEFINITION 2.19. A fuzzy graph G = (u,0) is called a complete fuzzy graph
if o(x,y) = min{u(x), u(y)}, for all z,y € V.

DEFINITION 2.20. The order and the size of a fuzzy graph G = (u,0) are
defined as O(G) = Y p(z) and S(G) = Y. o(x,y) respectively.
zeV (z,y)EE

DEFINITION 2.21. Let H = (4,v) and G = (u,0) be fuzzy graphs over the set
V. Then H is called a fuzzy subgraph of fuzzy graph G if §(x) < u(z) for allz € V
and y(z,y) < o(x,y), for all {u,v} € E.
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3. Fuzzy graph of semigroup

In this section, we introduce the notion of fuzzy graph of semigroup as a gen-
eralization of fuzzy graph and graph. We study some of their properties. Through
out this paper we will consider only simple graphs with finite number of vertices
and edges.

DEFINITION 3.1. Let G(V, E) be a graph, (V) be a finite commutative semi-
group and p be a fuzzy subset of V' such that p(uv) < min{p(u), pu(v)}, for all
{u,v} € E. Then G(V,E) is called a fuzzy graph of semigroup. It is denoted by
G(V,E,p) .

DEFINITION 3.2. If G(V, E) be a complete graph.Then fuzzy graph of semi-
group G(V, E, ) is called an anti fuzzy ideal graph of semigroup V.

REMARK 3.1. Let G(V, E, i) be an anti fuzzy ideal graph of semigroup.Define
o as a fuzzy subset of V' x V such that o(x,y) = p(zy), for all 2,y € V. Then G =
(0, ) is a fuzzy graph in the sense of Rosenfeld. Then fuzzy ideal graph G(V, E, )
is a generalization of anti fuzzy ideal of semigroup, fuzzy graph G = (o, u) and the
graph G(V, E).

DEFINITION 3.3. Let G(V, E, u) be a fuzzy graph of semigroup .
(1). The order of G(V, E, ) is defined as Y u(x). It is denoted by p.

zeV
(2). The size of G(V, E, 1) is defined as Y.  p(zy). It is denoted by q.
{z.y}eb
(3). The degree of vertex v of G(V, E, 11) is defined as > pw(uv). It is

u#tv,{u,v}€E
denoted by D(v).

EXAMPLE 3.1. Let V = {a,b, c}. The binary operation ’ - ' on V' is defined by

®lo|o|o

O|T| o |
ol |olo

C

Let G(V, E) be a graph where E = {(a,b), (a,¢)}

a

o

b

Let p: V — [0,1] be a fuzzy subset defined by p(a) = 0.5, u(b) = 0.4, u(c) =
0.3. By Definition 3.1, G(V, E, 1) is a fuzzy graph of semigroup V.
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EXAMPLE 3.2. Let V = {a,b,c,d}. The binary operation ' - / on V is defined
by

a|b|cl|d
ala|b|lc|d
b|b|b|c|d
clclc|lc|d
d{d|d|d|c
Then (V,-) is a commutative semigroup. Let G(V, E) be a complete graph where

E ={(a,b),(b,¢),(c,d),(d,a),(a,c),(d,b)}.
d c

a b
Let p: V — [0,1] be a fuzzy subset defined by
04, ifz=a;
plr) = { 0.2, ifx#0.
Obviously u is an anti fuzzy ideal of semigroup V. By Definition 3.1, G(V, E, 1)
is an anti fuzzy ideal graph of semigroup
ExaMPLE 3.3. Let G(V, E) be a graph with
V ={a,b,c} and E = {(a,b), (b,c), (¢c,a)}
and binary operation ' - ' on V be defined by
b

<
0| |®|

ojloja|lo

a
b
c

S

b C

Obviously (V,-) is a finite commutative semigroup. Define p : V' — [0,1]

by p(a) = 5,pu(b) = 2,u(c) = 1. Then p is an anti fuzzy ideal of semigroup V.

Therefore, G(V, E, 1) is an anti fuzzy ideal graph of semigroup. Order of an anti

fuzzy ideal graph is equal Y. p(v) = p(a) + p(b) + p(c) = 3. Size of an anti fuzzy
veV

ideal graph is equal > p(uv) = p(ab) + pu(be) + p(ca) = 3+ 3 + 5 = £.
{uv}eE
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DEFINITION 3.4. Let G(V4, E1, 1) and G(Va, Ea, o) be fuzzy graphs of semi-
groups V1 and V5 respectively. Then a map h : V4 — V5 such that

(i) h is an isomorphism of semigroups
(ii) p1(z) = po(h(z)), for all x € V;
(ii) g1 (2y) = pa(h(@)h(y)) for all {z,y} € By and {A(x),h(y)} € s
if and only if h is said to be isomorphism of fuzzy graphs of semigroups. It is
denoted by G(Vi1, By, p1) = G(Va, Ea, p2).

THEOREM 3.1. Let G(V1, E1, 1) and G(Va, Ea, pa) be isomorphic fuzzy graphs
of semigroup. Then the degree of their vertices are preserved.

PROOF. Let h be the isomorphism of fuzzy graphs of semigroups G(V1, E1, 1)
and G(Va, Ea, u2). Then there exists an isomorphism A : V3 — V5 of semigroups such
that p(xy) = pa(h(x)h(y)), for all {z,y} € Ey and {h(x), h(y)} € Ey. Therefore

D)= Y m(w)= >, p2(h(u)h(v)) = D(h(u)).
u#v,{u,v}€E; uFv,{h(u),h(v)}€F>
Hence the theorem. O

THEOREM 3.2. Let G(V4, E1, u1) and G(Va, Ea, ) be isomorphic fuzzy graphs
of semigroups Vi and Vo respectively. Then their orders and sizes are same.

PROOF. Suppose G(Vi, Eq, p1) and G(Va, Es, ps) are isomorphic fuzzy graphs
of semigroups. Then there exists an isomorphism h : V3 — V5 such that

(i) p1(x) = pa(h(x)) for all z € 1y
(i) p(zy) = p2(h(2)h(y)), for all {z,y} € Ei. and {h(z), h(y)} € E»

Order of G(V1, By, 1) = Z w1 (v)
veV

= Z p2h((v))

veV
= order of G(Va, Ea, p2).

Size of G(Vi, Ev,in) = Y pu(ay)
{w’y}eEl

— S elilay)
{:L’,y}GEl

= > pa(h(2)h(y)
{h(z),h(y)}EE

= size of G(‘/Q’EQ,'LLQ).

Hence the theorem. U
THEOREM 3.3. Let G(V, E, 1) be a fuzzy graph of semigroup. Then > D(v) <
veV
> d(v)p(v).

veV
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PROOF. Let vy, v,--- v, be vertices of fuzzy graph of semigroup G(V, E, p1).
Then

D(v;) = > pi1(v5v;)
’Ui;él)]',{l)i,vj}EE
< d(vi) p(v;)
= > D) <> d(vi)p(v)).
v, €V
Hence the theorem. O

COROLLARY 3.1. Let G(V, E, ) be a fuzzy regular graph of semigroup. Then

2. D(vi) < d(vi) 22 pa(vy)-

v; EV

DEFINITION 3.5. Let G(V, E, ) be a fuzzy graph of semigroup. Then the
complement of G(V, E, u) is defined as G(V, E, i), where fi(zy) = min{pu(z), u(y)}—
w(zy), for all {z,y} € E.

THEOREM 3.4. G(V1, E1, p1) and G(Va, Ea, us) be isomorphic fuzzy graphs of
semigroups if and only if their complements are isomorphic.

PROOF. Suppose G(Vi, E1, 1) and G(Va, Es, o) are isomorphic fuzzy graphs
of semigroups Then there exists an isomorphism of semigroups, h : V3 — V5 such
that

w1 (x) = pa(h(z)), forall z €V
and i1 (zy) = p2(h(x)h(y)), {z, y} € Ex, {h(z), h(y)} € E2
fir(zy) = min{p (x), p1(y)} — pa(zy)

= min{uz(h(x)), p2h((y))} — p2(h(x)h(y))

= fia(h(z)h(y)), for all {z,y} € Ex,,{h(z),h(y)} € E>
Therefore G(V1, E1, 1) = G(Va, Es, fi). Similarly we can prove the converse.
Hence the theorem. O

THEOREM 3.5. The complement of complement of fuzzy graph of semigroup

G(V, E, ) is itself.

PROOF. Suppose the complement of G(V, E, u) is G(V, E, i), where f(zy) =
min{p(z), u(y)} — p(zy), for all {z,y} € E. Then

(1) (zy) = min{u(z), u(y)} — Alzy)
= min{u(z), u(y)} — {min{pu(z), u(y)} — plzy)}
= u(zy), for all {z,y} € E.
Hence the theorem. O
THEOREM 3.6. Let G(V, E, u) be an anti fuzzy ideal graph of semigroup. Then

w(zy) = 3 min{p(z), u(y)} for all z,y € V if and only if G(V, E, p) is self comple-
mentary anti fuzzy ideal graph of semigroup.
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PROOF. Let the complement of G(V, E, u) be G(V, E, i), where

fi(wy) = min{u(x), u(y)} — plzy).
Suppose

1
play) = 5 min{u(z), p(y)}, forallz,y e V.

Thus 2u(zy) = min{u(z), u(y)} and p(zy) = p(zy), for all z,y € V. Therefore
i(zy) = p(xy), for all z,y € V. Hence G(V, E, p) is self complementary anti fuzzy
ideal graph of semigroup.

Conversely suppose that G(V, F, 1) is self complementary anti fuzzy ideal graph
of semigroup where fi(zy) = min{pu(z), u(y)} — p(zy). Then f(zy) = p(xy) for all
z,y € V.. Thus 2u(zy) = min{u(z), u(y)} and p(zy) = 3 min{u(z), u(y)}. O

COROLLARY 3.2. Let G(V, E, u) be a self complementary anti fuzzy ideal graph
of semigroup . Then size of G(V, E,p) = 3 3 min{u(z), u(y)}, z,y € V.
z#yY

THEOREM 3.7. Let G(V, E, 1) be an anti fuzzy ideal graph of semigroup with 0
element and 1 element. Then

(1) p(0) < p(u), for allu eV
(i) 14(0) < ju(1).

ProOOF. Let G(V, E,u) be an anti fuzzy ideal graph of semigroup V with 0
element and 1 element. Then

Hence the theorem. O

DEFINITION 3.6. Let G(V, E, i) be a fuzzy graph of semigroup . If D(v) = k,
for all v € V then G(V, E, 1) is said to be regular fuzzy graph of semigroup .

DEFINITION 3.7. Let G(V, E, ) be a fuzzy graph of semigroup . Total degree
of a vertex u € V is defined as D(u) + p(u). It is denoted by T'D(u).

DEFINITION 3.8. If each vertex of fuzzy graph of semigroup G(V, E, 1) has the
same total degree k then G(V,E, ) is said to be totally regular fuzzy graph of
semigroup of total degree k.

THEOREM 3.8. The size of a k—regular anti fuzzy ideal graph of semigroup
G(V, B, p) is T~
PROOF. Size of G(V, E, ) is equal Y. pu(uv). We have
{u,v}eE

Z D(w) =2 Z p(uv) = 2size of G(V, E, ).

veV {u,v}eE

and 25(G) = Yk =| V | k. Therefore S(G) = ¥ O
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THEOREM 3.9. Let G(V, E, ) be fuzzy graph of semigroup. Then fuzzy subset
w is a constant function if and only if the following are equivalent

(i) fuzzy graph of semigroup G(V, E, u) is regular
(ii) fuzzy graph of semigroup G(V, E, u) is totally regular .

PRrROOF. Let G(V, E, 1) be a fuzzy graph of semigroup and fuzzy subset u be
a constant function.
(¢) = (i1) : Suppose fuzzy graph of semigroup G(V, E, ) is regular, D(u) = k, and
w(u) =c. forallu e V.
TD(u) = D(u) + u(u) = k + ¢, for all u € V. Hence (i) = (i).

(ii) = (i) : Suppose a fuzzy graph of semigroup G(V, E, ) is totally regular and
TD(u) =k, forallueV

= D(u)+ p(u) =k, foralu e V
=D(u)+c=k
=Du)=k—c.

Therefore fuzzy graph of semigroup G(V, E, ) is regular.
Converse is obvious. Hence the theorem. O

4. Conclusion

We introduced the notion of fuzzy graph of semigroup, the notion of isomor-
phism of fuzzy graphs of semigroup, the notion of regular fuzzy graph of semigroups
and the notion of anti fuzzy ideal graph of semigroup as a generalization of anti
fuzzy ideal of semigroup, fuzzy graph and graph. We studied some of their proper-
ties.

References

[1] M. Akram. Bipolar fuzzy graphs. Information Sciences, 181(24)(2011), 5548-5564.
[2] M. Akram. Interval-valued fuzzy line graphs. Neural Comput. Applic., 21(Suppl 1): 145-150.
[3] K. T. Atanassov. Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20(1)(1986), 87-96.
[4] P. Bhattacharya. Some remarks on fuzzy graphs. Pattern Recognition Letters, 6(5)(1987),
297-302.
[5] S. M. Hong, Y. B. Jun and J. Meng. Fuzzy interior ideals in semigroups, Indian J. Pure
Appl. Math. 26(9)(1995), 859-863.
[6] J. M. Howie. An introduction to semigroup theory. Academic Press, London, 1976.
[7] Y. B. Jun and C. Y. Lee. Fuzzy I'—rings. Pusan Kyongnam Math. J. (now, East Asian
Math. J. 8(2)(1992), 163-170.
[8] A. Kauffman. Introduction la thorie des sous-ensembles flous [usage des ingnieurs (fuzzy
sets theory), vol. 1, Masson et Cie, 1973.
[9] N. Kuroki. On fuzzy semigroups. Information Sciences, 53(3)(1991), 203—236.
[10] J. N. Mordeson and C.-S. Peng. Operations on fuzzy graphs. Information Sciences, 79(3-
4)(1994), 159-170.
[11] J. N. Mordeson, D. S. Malik, and N. Kuroki. Fuzzy Semigroups, Springer Science and Busi-
ness Media, Berlin, 2003.
[12] M. Murali Krishna Rao, Fuzzy soft I'—semiring and fuzzy soft k ideal over I'—semiring, Anl.
of Fuzzy Math. and Info., 9 (2)(2015), 12-25.



448

(13]
[14]
[15]
[16]
(17]

(18]

(19]
20]

(21]
(22]

23]

[24]
[25]

MARAPUREDDY MURALI KRISHNA RAO

M. Murali Krishna Rao, Fuzzy soft I'- semiring homomorphism, Annals of Fuzzy Mathemat-
ics and Informatics,Volume 12, No. 4, (October 2016), pp. 479- 489.

M. Murali Krishna Rao, T-fuzzy ideals in ordered I" - semirings, Annals of Fuzzy Mathematics
and Informatics Volume 13, No. 2, (February 2017), pp. 253 -276

M. Murali Krishna Rao, Bi-quasi ideals and fuzzy bi-quasi ideals of I' - semigroups. Bull.
Int. Math. Virtual Inst. 7 (2) (2017) 231-242.

M. Murali Krishna Rao and B. Venkateswarlu, L— fuzzy ideals in I'—semirings, Annals of
Fuzzy Mathematics and Informatics,10 (1), (2015), 1-16.

M. Murali Krishna Rao and B. Venkateswarlu, Fuzzy soft k ideals over semiring and fuzzy
soft semiring homomorphism, Journal of Hyperstructures 4 (2) (2015) 93-116.

M. Murali Krishna Rao, An intuitionistic normal fuzzy soft k -ideal over a I' -semiring,
Annals of Fuzzy Mathematics and Informatics Volume 11, No. 3, (March 2016), pp. 361
-376.

M. Murali Krishna Rao and B. Venkateswarlu. Anti fuzzy kideals and anti homomorphisms
of I'-semiring. J. Int. Math. Virt. Inst., 5(2015), 37-54.

M. Murali Krishna Rao. Fuzzy soft I'—semiring and fuzzy soft k ideal over I'-semiring. Anal.
Fuzzy Math. Info., 9(2)(2015), 12-25.

A. Rosenfeld. Fuzzy groups. J. Math. Anal. Appl. 35(3)(1971), 512-517.

A. Rosenfeld. Fuzzy graphs. In L. A. Zadeh, K. S. Fu, and M. Shimura, Eds. Fuzzy sets and
their applications, (pp. 77-95), Academic Press, New York, NY, 1975.

M. S. Sunitha and A. V. Kumar. Complement of a fuzzy graph. Indian J. Pure Appl. Math.,
33(9)(2002), 1451-1464.

L. A. Zadeh. Fuzzy sets. Information and Control, 8(3)(1965), 338-353.

L. A. Zadeh. The concept of a linguistic variable and its application to approximate reasoning,
I. Information Sciences, 8(3)(1975), 199-249.

Received by editors 31.08.2017; Revised version 20.01.2018; Available online 09.07.2018.

DEPARTMENT OF MATHEMATICS, GITAM UNIVERSITY, VISAKHAPATNAM, INDIA
E-mail address: mmarapureddy@gmail.comserver



