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A NOTE ON AVERAGE DOMINATION AND AVERAGE

INDEPENDENT DOMINATION NUMBERS IN GRAPHS

A. Wilson Baskar and P. Nataraj

Abstract. Henning[6] introduced the concept of average domination and av-
erage independent domination. The domination number γv(G) of G relative
to v is the minimum cardinality of a dominating set containing v. The average

domination number of G is γav(G) =
1

|V (G)|
∑

v∈V (G) γv(G). The indepen-

dent domination number iv(G) of G relative to v is the minimum cardinality

of a maximal independent set in G that contains v. The average independent

domination number of G is iav(G) =
1

|V (G)|
∑

v∈V (G) iv(G). In this note, we

look at these parameters in a different point of view and hence simplify the
results.

1. Introduction

Domination and its variations in graphs are well studied and the literature on
this subject has been surveyed and detailed in the books [4], [5]. For notation and
graph theory terminology we in general follow [4]. Specifically, let G = (V,E) be
a graph with a vertex set V of order n and edge set E of size m, and let v be a
vertex in V . The open neighborhood of v is N(v) = {u ∈ V |uv ∈ E} and the closed
neighborhood of v is N [v] = {v} ∪ N(v). For a set S ⊆ V , its open neighborhood
N(S) = ∪v∈SN(v) and its closed neighborhood N [S] = N(S)∪S. A leaf is a vertex
of degree one and its neighbor is called a support vertex. A vertex v is said to be a
full degree vertex if deg(v) = |V (G)| − 1.

A subset S ⊆ V of vertices is a dominating set of G if every vertex in V − S is
adjacent to at least one vertex of S. The domination number γ(G) is the minimum
cardinality of a dominating set in G. A subset I ⊆ V of vertices is an independent
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set of G if no two vertices are adjacent in I. The independence number β(G) of
G is the maximum cardinality of an independent set in G, while the independent
domination number i(G) of G is the minimum cardinality of maximal independent
set of G.

Definition 1.1. Let µ(G) be a numerical invariant of a graph G defined in
such a way that it is the minimum or maximum number of vertices of a set S ⊆ V
with a given property P. A set with property P and with µ(G) vertices in G is
called a µ - set of G. A vertex v of a graph G is defined to be a

(1) ([3]) µ - good vertex if it belongs to some µ - set of G;
(2) ([3]) µ - bad vertex if it belongs to no µ - set of G;
(3) ([7]) µ - fixed vertex if it belongs to every µ - set of G;
(4) ([7]) µ - free vertex if it belongs to some µ - set but not to all µ - sets of

G.

Definition 1.2. ([8]) A graph G is µ-excellent if every vertex of G belongs to
some µ-set.

Definition 1.3. The corona H+ = H ◦ K1 is the graph constructed from a
copy of H, where for each vertex v ∈ V (H), a new vertex v′ and a pendant edge
vv′ are added.

Definition 1.4. The binomial tree of order n > 0 with root R is the tree Bn

defined as follows.

(1) If n = 0, Bn = B0 = R, i.e., the binomial tree of order zero consists of a
single vertex R.

(2) If n > 0, Bn = R,B0, B1, · · · , Bn−1, i.e., the binomial tree of order n > 0
comprises of the root R, and n binomial sub trees, B0, B1, · · · , Bn−1.

Note 1.1. From above definition, Bn = B+
n−1.

Definition 1.5. Let p1, p2, · · · , pn be non-negative integers and G be a graph
with |V (G)| = n. The thorn graph of a graph, with parameters p1, p2, · · · , pn, is
obtained by attaching pi new vertices of degree 1 to the vertex ui of the graph
G, i = 1, 2, · · · , n. The thorn graph of the graph G will be denoted by G∗ or by
G∗(p1, p2, · · · , pn).

Definition 1.6. A complete k-ary tree with depth n is, all leaves with the
same depth and all internal vertices have exactly k children. A complete k-ary tree

has
kn+1 − 1

k − 1
vertices and

kn+1 − 1

k − 1
− 1 edges.

2. Average Domination Number

For a vertex v of G, the domination number γv(G) of G relative to v is defined as
the minimum cardinality of a dominating set containing v. The average domination
number of G is

γav(G) =
1

|V (G)|
∑

v∈V (G)

γv(G).
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We call a dominating set of cardinality γv(G) containing v a γv - set. Let S ⊆ V
be a γ - set of G. Then for every vertex v ∈ V (G), either v ∈ D or v /∈ D. If v ∈ D,
then γv = γ, if v /∈ D, then γv = γ+1. Therefore, γ 6 γv 6 γ+1 for all v ∈ V (G)
and thus γ 6 γav 6 γ + 1.

Definition 2.1. Let G be a graph. Let Vg be the set of all γ-good vertices in
G and Vb be the set of all γ-bad vertices. Then, |Vb| = |V | − |Vg|. Let gγ = |Vg|
and bγ = |Vb|. Therefore, gγ = n− bγ .

Proposition 2.1. For any graph G, γav(G) = γ(G) +
bγ(G)

n
.

Proof. By definition of γav(G),

γav(G) =
1

|V |

(∑
v∈V (G) γv

)
=

1

n

∑
v∈Vg

γv +
∑
v∈Vb

γv

 =
1

n

(
γ|Vg|+(γ+1)|Vb|

)
=

1

n
(nγ + bγ) = γ(G) +

bγ
n
. �

Corollary 2.1. γ 6 γav < γ + 1.

Corollary 2.2. G is γ-excellent iff γav = γ.

Corollary 2.3. γav(Cn) = γ(Cn) =
⌈n
3

⌉
, γav(Kn) = γ(Kn) = 1,

γav(Km,n) = γ(Km,n) = 2, for m,n > 2.

Corollary 2.4. If G = H+, then γav(G) = γ(G) = |V (H)|, for some H.

Corollary 2.5 ([1]). γav(Bn) = γ(Bn) = 2n−1.

Proof. Since Bn = B+
n−1 , γav(Bn) = γ(Bn) = 2n−1. �

Corollary 2.6 ([6]). γav 6 γ + 1 − γ

n
, with equality iff G has a unique γ -

set.

Proposition 2.2. bγ(Pn) =


2n

3
if n ≡ 0 (mod 3)

0 if n ≡ 1 (mod 3)
n− 2

3
if n ≡ 2 (mod 3).

Corollary 2.7 ([6]). γav(Pn) =


n+ 2

3
− 2

3n
if n ≡ 2 (mod 3)

n+ 2

3
otherwise.

Proposition 2.3. Let G be a connected graph of order n and G∗ be the thorn
graph of G. Then

bγ(G
∗) =

{
0 if pi = 1 for all i∑

i pi if pi > 1 for all i.
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Proof. For pi = 1 for all i, G∗ is γ-excellent and hence bγ(G
∗) = 0. For

pi > 1 for all i, bγ(G
∗) =

∑
i pi. �

Corollary 2.8 ([1]).

γav(G
∗) =

n if pi = 1 for all i

n+ 1− n

n+
∑

i pi
if pi > 1 for all i.

Proposition 2.4. Let G be a complete k-ary tree with depth n. Then

γ(G) =



k2(kn − 1)

k3 − 1
+ 1 n ≡ 0(mod 3)

kn+2 − 1

k3 − 1
n ≡ 1(mod 3)

k(kn+1 − 1)

k3 − 1
n ≡ 2(mod 3).

Proposition 2.5. Let G be the complete k-ary tree with depth n. Then

bγ(G) =

{
|V (G)| − γ(G)− k if n ≡ 0(mod 3)

|V (G)| − γ(G) otherwise.

Proof. Let G be the complete k-ary tree with depth n. Then all the vertices

on the levels n− 1− 3i 6 3, 0 6 i 6 n− 4

3
, are γ-fixed vertices.

If n ≡ 1(mod 3), then the root vertex is γ-fixed. If n ≡ 2(mod 3), then the
vertices at level one are γ-fixed. Therefore, γ-set is unique and hence bγ(G) =
|V (G)| − γ(G).

If n ≡ 0(mod 3), then the root vertex and the vertices at level one are γ-free
vertices and thus bγ(G) = |V (G)| − γ(G)− k. �

Corollary 2.9 ([1]).

γav(G) =


γ(G) + 1− γ(G) + k

|V (G)|
if n ≡ 0(mod 3)

γ(G) + 1− γ

|V (G)|
otherwise.

Proposition 2.6. Let G be a graph with full-degree vertices. Then, bγ = n−r,
where r denotes the number of full degree vertices.

Corollary 2.10. Let G be a graph with r full-degree vertices. Then, γav(G) =

2− r

n
.

Corollary 2.11 ([1]). Let r1, r2 be the number of full-degree vertices of two

graphs G1, G2 respectively. Then, γav(G1 + G2) = 2 − r1 + r2
n1 + n2

, where n1 =

|V (G1)|, n2 = |V (G2)|.
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Corollary 2.12 ([1]). Let G1 and G2 be two graphs without full-degree vertex.
Then, γav(G1 +G2) = 2.

3. Average Domination Number of Some Middle Graphs

Definition 3.1. The middle graph M(G) is the graph obtained from G by
inserting a new vertex into every edge of G and by joining edges those pairs of
these new vertices which lie on adjacent edges of G. The new inserted vertices are
called middle vertices. If G is a (n,m)-graph, then |V (M(G))| = n+m.

Proposition 3.1. γ(M(Pn)) =
⌈n
2

⌉
and γ-set is unique when n is even.

Proposition 3.2. γ(M(Cn)) =
⌈n
2

⌉
.

Proposition 3.3. γ(M(Kn)) =
⌈n
2

⌉
.

Proposition 3.4. γ(M(Wn)) =
⌈n
2

⌉
.

Proposition 3.5. γ(M(K1,n)) = n.

Proposition 3.6. Let M(Cn) be the middle graph of Cn. Then

bγ(M(Cn)) =

{
n if n is even

0 if n is odd.

Proof. When n is even, the n middle vertices of M(Cn) are γ-free vertices

and the remaining n vertices are γ-bad. When n is odd, we need
n− 1

2
middle

vertices and 1 non middle vertex to dominate V (M(Cn)) and hence the vertices in
each γ-set are γ-free. Therefore, bγ(M(Cn)) = 0, when n is odd. �

Corollary 3.1 ([2]). γav(M(Cn)) =
n+ 1

2
.

Proposition 3.7. Let M(Pn) be the middle graph of Pn. Then

bγ(M(Pn)) =


3n− 2

2
if n is even

n− 1

2
if n is odd.

Proof. Let Pn : v1, v2, · · · , vn be a path. When n is even, γ-set is unique and

hence bγ(M(Pn)) = |V (M(Pn))|−γ(M(Pn)) =
3n− 2

2
. When n is odd, the vertices

v2, v4, · · · , vn−1 are γ - bad vertices of M(Pn). Therefore, bγ(M(Pn)) =
n− 1

2
. �

Corollary 3.2 ([2]). γav(M(Pn)) =
n2 + n− 1

2n− 1
.
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Proposition 3.8. Let M(Wn) be the middle graph of Wn. Then

bγ(M(Wn)) =

{
n if n is even

0 if n is odd.

Proof. When n is even, the 2(n - 1) middle vertices of M(Wn) are γ-free

vertices and the remaining n vertices are γ-bad. When n is odd,
n− 1

2
middle

vertices of M(Wn) dominates all but one non middle vertex. Therefore all the
vertices are γ-free. Hence, bγ(M(Wn)) = 0. �

Corollary 3.3 ([2]). γav(M(Wn)) =


3n2

6n− 4
if n is even

n+ 1

2
if n is odd

Proposition 3.9. Let M(Kn) be the middle graph of Kn. Then

bγ(M(Kn)) =

{
n if n is even

0 if n is odd.

Proof. When n is even, the middle vertices on the perfect matching of Kn

are the γ - sets of Kn. Therefore, the n vertices in Kn are γ-bad vertices of M(Kn).
When n is odd, all the vertices are γ-free. Therefore, bγ(M(Kn)) = 0, when n is
odd. �

Corollary 3.4 ([2]). γav(M(Kn)) =


n2 + n+ 4

2n+ 2
if n is even

n+ 1

2
if n is odd.

Proposition 3.10. Let M(K1,n) be the middle graph of K1,n. Then

bγ(M(K1,n)) = 1.

Proof. Since the non pendant vertex of K1,n is the only γ-bad vertex of
M(K1,n), bγ(M(K1,n)) = 1. �

Corollary 3.5 ([2]). Let M(K1,n) be the middle graph of K1,n. Then

γav(M(K1,n)) =
2n2 + n+ 1

2n+ 1
.

4. Average independent domination in graphs

For a vertex v of G, the independent domination number iv(G) of G relative
to v is the minimum cardinality of a maximal independent set in G that contains
v. The average independent domination number of G is

iav(G) =
1

|V (G)|
∑

v∈V (G)

iv(G).

Definition 4.1. Let G be a graph. Let Vgi and Vbi be the set of all i-good
vertices and the set of all i-bad vertices in G respectively. Let bi = |Vbi |.
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Theorem 4.1. iav 6 i+
(β − i)bi

n
.

Proof. By definition,

iav =
1

|V (G)|
∑
v∈V

iv =
1

|V (G)|

 ∑
v∈Vgi

iv +
∑
v∈Vbi

iv

 6 1

n

(
i|Vgi | + β|Vbi |

)
=

1

n

(
i(n− |Vbi |) + β|Vbi |

)
= i+

(β − i)bi
n

. �

Corollary 4.1. iav 6 β − i(β − i)

n
.

Proof. Since, bi 6 n− i, the result follows. �

Theorem 4.2 ([6]). iav = β− i(β − i)

n
iff G is well-covered or G has a unique

i-set and for each vertex not in i(G) - set, every maximal independent set containing
it has cardinality β(G).

Proof. Let iav = β− i(β − i)

n
. Suppose i - set is not unique. Then there exists

a vertex w ∈ Vbi such that iw = i and so n iav 6 i(n− bi)+β(bi−1)+ i. Therefore,

iav < β − i(β − i)

n
. If some vertex w′ ∈ Vbi such that v belongs to a maximal

independent set of cardinality less than β, then n iav 6 i(n−bi)+β(bi−1)+(β−1).

Therefore, iav < β − i(β − i)

n
. Hence, if iav = β − i(β − i)

n
, then G must have a

unique i(G) - set and each vertex not in i(G) - set is such that every maximal
independent set containing it has cardinality β(G). Conversely if G is well-covered
or G has a unique i-set and for each vertex not in i(G) - set, every maximal
independent set containing it has cardinality β(G), then it is easy to verify iav =

β − i(β − i)

n
. �

Corollary 4.2. iav(T ) 6 n− 2 +
2

n
.

5. (γav, iav)-graphs

Theorem 5.1. Let G be a graph. Then, γav(G) = iav(G) iff γ = i, bγ = bi
and iv = i+ 1 for all i - bad vertices.

Proof. Let γav = iav. Since, γv 6 iv for all v and
∑

v γv =
∑

v iv, γv = iv
for all v. Since γ = γv1 for some v1, γ = γv1 = iv1 > i. Since γ 6 i, γ = i.

We have γav = γ +
bγ
n

and iav = i +

∑
v∈Vbi

(iv − i)

n
. Since γav(G) = iav(G) and

γ = i, bγ =
∑

v∈Vbi
(iv − i). Since γ = i, cardinality of every i-good vertex is a

γ-good vertex. Therefore, |Vgi | 6 |Vg| and hence |Vbi | > |Vb| = bγ . Since iv − i > 1
for all v ∈ Vbi , bγ =

∑
v∈Vbi

(iv − i) >
∑

v∈Vbi
1 = |Vbi |. Thus, bγ = |Vbi |. Now,

Vbi = ϕ iff Vb = ϕ. Let Vbi ̸= ϕ. Suppose iv1 − i > 2, for some v1 ∈ Vbi then,
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bγ =
∑

v∈Vbi
(iv − i) > 2 +

∑
v∈Vbi

−{v1}(iv − 1) > 2 + |Vbi | − 1 = bγ + 1, which is a

contradiction. Therefore, iv − i 6 1 for all v ∈ Vbi . Hence iv = i+ 1 for all v ∈ Vbi .
It is easy to verify the converse. �
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