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UNIFORM STATISTICAL CONVERGENCE
OF DOUBLE SUBSEQUENCES

Fikret Cunjalo

ABSTRACT. In the [3] is proven that sequence S;; uniformly statistically con-
verges to L if and only if it there is a subset A of the set N x N uniform
density zero and subsequence S (z) defined by, S;; (z) = S;; for (i,5) € A€,
converges to L, in the Pringsheim’s sense. In this paper it is proven that ana-
log is valid for subsequence S (z) provided that for each N and i < NVj < N
is a set of all S;; (x) finite set. Is generally valid: If the subsequence S (x) uni-
formly statistically converges to L, then, there is a subset A of the set N x N
uniform density zero and subsequence S (y) defined by, S;; (y) = S;ij (z) for
(i,§) € A€, converges to L, in the Pringsheim’s sense. If there is a subset
A of the set N x N uniform density zero and subsequence S (y) defined by,
Sij (y) = Sij (x) for (i,5) € A, such that lim ( lim S;; (y)) = L, then, the
1—00 j—o0

subsequence S (z) uniformly statistically converges to L.

1. Introduction

The concept of the statistical convergence of a sequences of reals was introduced
by H. Fast [12]. Furthemore, Gékhan et al. [15] introduced the notion of point-
wise and uniform statistical convergent of double sequences of real-valued function.
Cakan and Altay [4] presented multi dimensional analogues of the results presented
by Fridy and Orhan [13, 14]. Dindar and Atay [5,6,7, 8, 9] investigated the relation
between I-convergence of double sequences. Now, we recall that the definitions of
concepts of ideal convergence and basic concepts.[1, 2,10, 11, 16].

The sequence S;; of real numbers converges to L in the Pringsheim’s sense, if
for any € > 0 there exists K > 0 such that

|Sij*L‘ gE
for any 1,7 > K.
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We write lim S;; = L.

1,]—>0Q

Let K € N x N. Let K, be the number of (i,7) € K such that i < n,j < m.
If

Knm
dy(K) = lim

n,m—oo NI
in the Pringsheim’s sense. Then we say that K has double natural density. Let is
sequence S;; of real numbers and € > 0. Let

A(€) = {(l,]) €eNxN: |Slj — L| = 8}.
The sequence S = S;; statistically converges to L € R if
(Ve > 0)(d2(A(e)) = 0).
In this cese, we write st — lim S;; = L.
Let is set X # 0. A class I of subsets of X is said to be an ideal in X provided
the following statements hold:
(i)0el
(i) A, BeI=AUBel
(tit) Ae L BC A= Bel
I'is nontrivial ideal if X ¢ I. A nontrivial ideal [ is called admissible if {«} € T for
any x € X.
In this paper the focus is put on ideal I, C 2¥*N defined by: subset A belongs
to the I, if
1
lim —{i<p,j<q:(n+im+j)eA}=0
p,q—o0pq
uniformly on n, m € N in the Pringsheim’s sense. That is subset A of the set N x N
is uniformly density zero.
The sequence S = S;; uniformly statistically converges to L if for any € > 0
{(2,]) e NxN: ‘S” —Ll > E} € I,.
That is sequence S = S;; uniformly statistically converges to L, if any ¢, ¢’ > 0
there exists K > 0 such that

1 .. .
p—q|{z<p,j < q:|Sntimt; — Ll = e} <€, Vp,g > K,Vn,meN.

We write Ust —1im S;; = L.

We denote with X a set of all double sequences of 0’s and 1’s, i.e.

X={z=u; 2, €{0,1},i,j € N}.

Let sequence S = S;; and x € X. Then with S (z) we denote a sequence

defined following way
Sij (l‘) = Sij, for Tij = 1.

which we refer to as subsequence of sequence S.

The subsequence S (x) of sequence S uniformly statistically converges to L,

if for any €, &’ > 0 there exists K > 0 such that for every p, ¢ > K and for all
n,m € N provided that z,,, = 1 we have
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Hi <p,J <q:|Stim+i — Ll > & Totimt; = 1}
‘{7’ < p7] <q: Tntim+j = 1}|
We write Ust — lim S;; (x) = L.

/

N

2. New results

THEOREM 2.1. Let notions and notations as in above. Then, we have

hm Sij =L = Ust— th” =L = st— th” = L.
1,j—00

Proor. If lim S;; = L, then for any € > 0 there exists K € N such that for

1,]—>0Q

all 4,7 > K, we have |S;; — L| <e. Then
1 .. .
—Hi<p,i<q:|Sntim+j — Ll Z e} =
pq
| . . .
EHZ <p,Ji<q:|Sntimt; — Ll Zen+i<KVm+j<K}H+
| . . .
EHZ <pJ<q:|Sptimtj — Ll Zen+im+j> K} =

1 . . . ;
E\{z<p,j<q:|5n+,;7m+jfL|25,n+z<K\/m+]<K}\.

If n,m < K, then, Ve,e’ > 0,3K, such that for Vp, ¢ > K, we have
1 .
—Hi<p,j<q:|Snyimrj— Ll =€} <
pq
1

o [¢(K —n)+p(K —m)] <&,Vp,q> K.

If n < K, then, Ve, e’ > 0,3K, such that for Vp,q > K5, we have

1 .. . 1
p” Hi<p,j<q:|Snvimsj — L] =€} < pfqu(K*n) <e\Vp,q > Ks.

If m < K, then, Ve, ¢’ > 0,3K, such that for Vp,q > K, we have
1
—p
pq
Hence, Ve,¢’ > 0,3K4 = max {K, K1, Ko, K3} such that for Vp,q > K4,Yn,m € N,

we have

1. .
ITC] |{7’ <p,J<gq: |Sn+i,m+j - L| > €}| < (K - m) < 5/7vaq > Ks.

1. .
o i <pj <q:|Snvimes — L = e} <€,
respectively, Ust —lim S;; = L.
Let Ust—lim S;; = L, then, Ve,&’ > 0,3K > 0 such that for Vp,q > K,Vn,m €
N, we have

/

1 .. .
” Hi <p,j <q:|Sntimyj — L] =} <€
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Specially, for n =m =1 and for any p, ¢ > K, we have
Cfi<pi<alSy -z <,
pq
ie. st —1lim S;; = L. O
ExaMPLE 2.1. Let S = S,,,,, defined as
1, 141424 +k<nm<1+1+2+ - +k+k+1,
S = k=1,2,---
0, otherwise
Let
I+142+-+k<p<l+142+--+k+k+1,

1+14+2+ - +k<gq
Then, for any ,&’ > 0, there exists kg € N, such that for all

ko (ko + 1)

qg>1
pg>1+ 5

is true

1. .
El{z<p73<q:|5i,j—0l>6}\<

1
p—q{22+32+---+(k—1)2+(p—1—1—---—k)(k+1)} -

1 [(k—1)k(2k—1) k(k+1)
[ e (- M ) <
(k—l)k6(2k—1) s ((k+1)2(k+2) _ k(k;l))(lﬁ—l)

(14 EEEDY (1, GG

!
<el

2 2

Hence, st — lim S;; = 0.

Forallk e Nand forany e >0, n=1+14+2+---+ k, we have

1
(k+1)2 i, j <k+1:[Sntin+ty | > e}

Respectively, sequence S = S,,,,, does not uniformly statistically converge.

In the [3] is proved theorem: If S = S;; is a double sequence, then

Ust — hIIlSZj =1L

if and only if there exists A C NxN uniformly density zero, such that lim S;; =L

1,]—>00
in the Pringsheim’s sense, for
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Following theorem is a generalization of subsequences.

Let € X. Let is an ideal I,(z) C 2N defined by: the subset A of set
{(4,7) : ;5 = 1} belongs to the I,(z) if for all € > 0 there exists K > 0 such that
for all p,q > K and for all n,m € N provided that z,,, = 1, we have

{i<pj<q:(ntim+j) e A}
|{Z <p,Jj<gq: Tntim+j — 1}|

~

THEOREM 2.2. (a) Let x € X and Ust —limS;; (x) = L. Then there is a
set A € I,,(x), such that subsequence S (y) of the sequence S converges to L in the
Pringsheim’s sense, for

B0 ) eAm; =0
(b) If there is a set A € I,(x) such that for subsequence S (y) of the sequence
S walid lim ( lim S;; (y)) = L, for
i—00 j—00
o 17 (7’7])¢A71"2J:1
yzj B Oa (17]) € A7x2_7 = 0
then Ust — lim S;; (x) = L.

PROOF. a) Let Ust — lim S;; (x) = L. Then for all £ € N there exists 5, > 0,
such that for all p, ¢ > r and for all n,m € N provided z,,,, = 1, we have

. . 1
H@ <P j<q:|Snyims; — LI = 7 Tptim+j = 1}‘ 1
SE

Hi<p,j <q:Tnyimej = 1}]

Lt A= U U {(n+im+j):
k=2n,m=1
. . . 1
iJ 2 Tkt < Tkt VJ < Tkt [Snpimtg — L| 2 7 Tnkimtj = 1}.
For all € > 0 there exists kg € N such that for Vk > kg we have
1 5 1 €

ek 5 S 5 g S
2o 12 S g (ko—1)2 = 2
Then, for all p,q > ri, and for all n,m € N provided that x,,, =1, we have

Hi<p,j<q:(n+im+j)eA}
|{7’ < p7] <q: Tntim+j = 1}|

Hi<p,j<q:4,j>rk,(n+i,m+j)e A}
Hi<p,j < q:Tptim4j = 1}
Hi<p,j<q:i<rgVi<rg,(n+im+j)e A}
{i <p,j <q:Tntims; =1}

+

<

X
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Hi<p,j<q:i,j=rr,(n+im+j)e A}

. C Hi<pi<q:izngime; =1}
Hi<p,j<q:i,j=rpgs1,(n+i,m+j) € A}

Hi<p,j<q:Tnyimej = 1}]

_|_

+...+

Hi<p,j<q:i<riyVj<Tky,(n+i,m+j)e A} .
I{Z <paj <q:xn+i7m+j :1}| =
1

L
(ko — 1)

:g,

| ™
| ™

I 1
> ke 72 +
Let

L Gy EAr =1
y”_ 07 (’L,])GA71‘”:0 ’

Then, for all € > 0 there exists kg € N such that for yp4im+; =1, n+i,m+7 > rg,
we have

[Sutiints ) = Il = |Snsimss — LI < - <2
which implies that for all n,m > ry, we have
S (y) — LI < e
Respectively, Z_}_igloosij (y) = L in the Pringsheim’s sense.

b) For all € > 0 there exists ng, mg € N such that for n > ngVm = mg we
have

|Spm (y) — L| < e.
Then

|{Z <p,j<gq: |Sn+i,m+j - L| Z &, Tntimtj = 1}' _
|{Z < pa] <q: Tntim+j — 1}|

I{Z <p,j <g:n+i1< no,m—i—j < my, |Sn+i,m+j — L| > €, Tntim+j = 1}‘+
|{Z <p,Jj<gq: Tntim+j = ]-}|

Hi<pj<q:intiznoVm+j2mo|Sutim+j =Ll 2 & Tntimej =1} <
|{i<paj<q:xn+i,m+j:].}| =

nomo [{i <p,j<g:(n+im+j)e A}
Hi <p,j <q:Tptimy; =1} Hi <p,j <q:ZTngims; =1}
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The first summand is smaller than % for all p,q > N and for all n,m € N such
that Tn+im+j = 1.
The second summand is smaller than % for all p,g > M and for all n,m € N

such that x,,, = 1. Therefore, for all p,q > max{N, M} and for all n,m € N
provided that x,,, = 1 we have that

Hi<p,j <q:|Snyimrj — Ll 2 Tnpimej =1} <fi8_,
|{i<p7j<q:mn+i,m+j:1}| = 2 2 ’
it is Ust — lim Sij(l‘) = L. O

We denote
X' ={zeX:{(i,j) : i< NVj<N,x;; =1} is finite set for VN € N}.

COROLLARY 2.1. Let sequence S = S;; andx € X'. Then, Ust—lim S;; (x) = L
if and only if there is a set A € I,(z), such that subsequence S (y) of the sequence
S converges to L in the Pringsheim’s sense, for

)L Gy EAm =1
v 07 (Z,])EA,IZ]:()
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