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UNIFORM STATISTICAL CONVERGENCE

OF DOUBLE SUBSEQUENCES

Fikret Čunjalo

Abstract. In the [3] is proven that sequence Sij uniformly statistically con-

verges to L if and only if it there is a subset A of the set N × N uniform
density zero and subsequence S (x) defined by, Sij (x) = Sij for (i, j) ∈ Ac,
converges to L, in the Pringsheim’s sense. In this paper it is proven that ana-
log is valid for subsequence S (x) provided that for each N and i 6 N ∨ j 6 N

is a set of all Sij (x) finite set. Is generally valid: If the subsequence S (x) uni-
formly statistically converges to L, then, there is a subset A of the set N× N
uniform density zero and subsequence S (y) defined by, Sij (y) = Sij (x) for

(i, j) ∈ Ac, converges to L, in the Pringsheim’s sense. If there is a subset
A of the set N × N uniform density zero and subsequence S (y) defined by,
Sij (y) = Sij (x) for (i, j) ∈ Ac, such that lim

i→∞
( lim
j→∞

Sij (y)) = L, then, the

subsequence S (x) uniformly statistically converges to L.

1. Introduction

The concept of the statistical convergence of a sequences of reals was introduced
by H. Fast [12]. Furthemore, Gökhan et al. [15] introduced the notion of point-
wise and uniform statistical convergent of double sequences of real-valued function.
Çakan and Altay [4] presented multi dimensional analogues of the results presented
by Fridy and Orhan [13, 14]. Dündar and Atay [5, 6, 7, 8, 9] investigated the relation
between I-convergence of double sequences. Now, we recall that the definitions of
concepts of ideal convergence and basic concepts.[1, 2, 10, 11, 16].

The sequence Sij of real numbers converges to L in the Pringsheim’s sense, if
for any ε > 0 there exists K > 0 such that

|Sij − L| 6 ε

for any i, j > K.
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We write lim
i,j→∞

Sij = L.

Let K ⊂ N× N. Let Knm be the number of (i, j) ∈ K such that i 6 n, j 6 m.
If

d2(K) = lim
n,m→∞

Knm

nm
in the Pringsheim’s sense. Then we say that K has double natural density. Let is
sequence Sij of real numbers and ε > 0. Let

A(ε) = {(i, j) ∈ N× N : |Sij − L| > ε}.
The sequence S = Sij statistically converges to L ∈ R if

(∀ε > 0)(d2(A(ε)) = 0).

In this cese, we write st− limSij = L.
Let is set X ̸= ∅. A class I of subsets of X is said to be an ideal in X provided

the following statements hold:
(i) ∅ ∈ I
(ii) A,B ∈ I ⇒ A ∪B ∈ I
(iii) A ∈ I, B ⊂ A ⇒ B ∈ I.

I is nontrivial ideal if X /∈ I. A nontrivial ideal I is called admissible if {x} ∈ I for
any x ∈ X.

In this paper the focus is put on ideal Iu ⊂ 2N×N defined by: subset A belongs
to the Iu if

lim
p,q→∞

1

pq
|{i < p, j < q : (n+ i,m+ j) ∈ A}| = 0

uniformly on n,m ∈ N in the Pringsheim’s sense. That is subset A of the set N×N
is uniformly density zero.

The sequence S = Sij uniformly statistically converges to L if for any ε > 0

{(i, j) ∈ N× N : |Sij − L| > ε} ∈ Iu.

That is sequence S = Sij uniformly statistically converges to L, if any ε, ε′ > 0
there exists K > 0 such that

1

pq
|{i < p, j < q : |Sn+i,m+j − L| > ε}| < ε′, ∀p, q > K, ∀n,m ∈ N.

We write Ust− limSij = L.

We denote with X a set of all double sequences of 0’s and 1’s, i.e.

X = {x = xij : xij ∈ {0, 1} , i, j ∈ N}.
Let sequence S = Sij and x ∈ X. Then with S (x) we denote a sequence

defined following way

Sij (x) = Sij , for xij = 1.

which we refer to as subsequence of sequence S.
The subsequence S (x) of sequence S uniformly statistically converges to L,

if for any ε, ε′ > 0 there exists K > 0 such that for every p, q > K and for all
n,m ∈ N provided that xnm = 1 we have
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|{i < p, j < q : |Sn+i,m+j − L| > ε, xn+i,m+j = 1}|
|{i < p, j < q : xn+i,m+j = 1}|

6 ε′.

We write Ust− limSij (x) = L.

2. New results

Theorem 2.1. Let notions and notations as in above. Then, we have

lim
i,j→∞

Sij = L =⇒ Ust− limSij = L =⇒ st− limSij = L.

Proof. If lim
i,j→∞

Sij = L, then for any ε > 0 there exists K ∈ N such that for

all i, j > K, we have |Sij − L| 6 ε. Then

1

pq
|{i < p, j < q : |Sn+i,m+j − L| > ε}| =

1

pq
|{i < p, j < q : |Sn+i,m+j − L| > ε, n+ i < K ∨m+ j < K}|+

1

pq
|{i < p, j < q : |Sn+i,m+j − L| > ε, n+ i,m+ j > K}| =

1

pq
|{i < p, j < q : |Sn+i,m+j − L| > ε, n+ i < K ∨m+ j < K}| .

If n,m < K, then, ∀ε, ε′ > 0, ∃K1, such that for ∀p, q > K1, we have

1

pq
|{i < p, j < q : |Sn+i,m+j − L| > ε}| 6

1

pq
[q (K − n) + p (K −m)] 6 ε′, ∀p, q > K1.

If n < K, then, ∀ε, ε′ > 0,∃K1, such that for ∀p, q > K2, we have

1

pq
|{i < p, j < q : |Sn+i,m+j − L| > ε}| 6 1

pq
q (K − n) 6 ε′, ∀p, q > K2.

If m < K, then, ∀ε, ε′ > 0, ∃K1, such that for ∀p, q > K2, we have

1

pq
|{i < p, j < q : |Sn+i,m+j − L| > ε}| 6 1

pq
p (K −m) 6 ε′,∀p, q > K3.

Hence, ∀ ε, ε′ > 0, ∃K4 = max {K,K1,K2,K3} such that for ∀p, q > K4, ∀n,m ∈ N,
we have

1

pq
|{i < p, j < q : |Sn+i,m+j − L| > ε}| 6 ε′,

respectively, Ust− limSij = L.
Let Ust−limSij = L, then, ∀ ε, ε′ > 0,∃K > 0 such that for ∀p, q > K, ∀n,m ∈

N, we have
1

pq
|{i < p, j < q : |Sn+i,m+j − L| > ε}| 6 ε′.
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Specially, for n = m = 1 and for any p, q > K, we have

1

pq
|{i 6 p, j 6 q : |Si,j − L| > ε}| 6 ε′,

ie. st− limSij = L. �

Example 2.1. Let S = Snm defined as

Snm =


1, 1 + 1 + 2 + · · ·+ k < n,m 6 1 + 1 + 2 + · · ·+ k + k + 1,

k = 1, 2, · · ·
0, otherwise

.

Let

1 + 1 + 2 + · · ·+ k 6 p < 1 + 1 + 2 + · · ·+ k + k + 1,

1 + 1 + 2 + · · ·+ k < q.

Then, for any ε, ε′ > 0, there exists k0 ∈ N, such that for all

p, q > 1 +
k0 (k0 + 1)

2
is true

1

pq
|{i 6 p, j 6 q : |Si,j − 0| > ε}| 6

1

pq

[
22 + 32 + · · ·+ (k − 1)

2
+ (p− 1− 1− · · · − k) (k + 1)

]
=

1

pq

[
(k − 1) k (2k − 1)

6
− 1 +

(
p− 1− k (k + 1)

2

)
(k + 1)

]
6

(k − 1) k (2k − 1)

6
− 1 +

(
(k + 1) (k + 2)

2
− k (k + 1)

2

)
(k + 1)(

1 +
k (k + 1)

2

)(
1 +

(k + 1) (k + 2)

2

) 6 ε′.

Hence, st− limSij = 0.

For all k ∈ N and for any ε > 0, n = 1 + 1 + 2 + · · ·+ k, we have

1

(k + 1)2
|{i, j < k + 1 : |Sn+i,n+j − 0| > ε}| = 1.

Respectively, sequence S = Snm does not uniformly statistically converge.

In the [3] is proved theorem: If S = Sij is a double sequence, then

Ust− limSij = L

if and only if there exists A ⊂ N×N uniformly density zero, such that lim
i,j→∞

Sij = L

in the Pringsheim’s sense, for

xij =

{
1, (i, j) /∈ A
0, (i, j) ∈ A
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Following theorem is a generalization of subsequences.

Let x ∈ X. Let is an ideal Iu(x) ⊂ 2N×N defined by: the subset A of set
{(i, j) : xij = 1} belongs to the Iu(x) if for all ε > 0 there exists K > 0 such that
for all p, q > K and for all n,m ∈ N provided that xnm = 1, we have

|{i < p, j < q : (n+ i,m+ j) ∈ A}|
|{i < p, j < q : xn+i,m+j = 1}|

6 ε.

Theorem 2.2. (a) Let x ∈ X and Ust − limSij (x) = L. Then there is a
set A ∈ Iu(x), such that subsequence S (y) of the sequence S converges to L in the
Pringsheim’s sense, for

yij =

{
1, (i, j) /∈ A, xij = 1

0, (i, j) ∈ A, xij = 0
.

(b) If there is a set A ∈ Iu(x) such that for subsequence S (y) of the sequence
S valid lim

i→∞
( lim
j→∞

Sij (y)) = L, for

yij =

{
1, (i, j) /∈ A, xij = 1

0, (i, j) ∈ A, xij = 0

then Ust− limSij (x) = L.

Proof. a) Let Ust − limSij (x) = L. Then for all k ∈ N there exists rk > 0,
such that for all p, q > rk and for all n,m ∈ N provided xnm = 1, we have∣∣∣∣{i < p, j < q : |Sn+i,m+j − L| > 1

k
, xn+i,m+j = 1

}∣∣∣∣
|{i < p, j < q : xn+i,m+j = 1}|

6 1

k2
.

Let A =
∞
∪

k=2

∞
∪

n,m=1
{(n+ i,m+ j) :

i, j > rk, i < rk+1 ∨ j < rk+1, |Sn+i,m+j − L| > 1

k
, xn+i,m+j = 1}.

For all ε > 0 there exists k0 ∈ N such that for ∀k > k0 we have∑∞
k=k0

1

k2
6 ε

2
,

1

(k0 − 1)2
6 ε

2
.

Then, for all p, q > rk0 and for all n,m ∈ N provided that xnm = 1, we have

|{i < p, j < q : (n+ i,m+ j) ∈ A}|
|{i < p, j < q : xn+i,m+j = 1}|

=

|{i < p, j < q : i, j > rk0 , (n+ i,m+ j) ∈ A}|
|{i < p, j < q : xn+i,m+j = 1}|

+

|{i < p, j < q : i < rk0
∨ j < rk0

, (n+ i,m+ j) ∈ A}|
|{i < p, j < q : xn+i,m+j = 1}|

6
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|{i < p, j < q : i, j > rk0 , (n+ i,m+ j) ∈ A}|
|{i < p, j < q : xn+i,m+j = 1}|

+

|{i < p, j < q : i, j > rk0+1, (n+ i,m+ j) ∈ A}|
|{i < p, j < q : xn+i,m+j = 1}|

+ . . .+

|{i < p, j < q : i < rk0 ∨ j < rk0 , (n+ i,m+ j) ∈ A}|
|{i < p, j < q : xn+i,m+j = 1}|

6

∑∞
k=k0

1

k2
+

1

(k0 − 1)
2 6 ε

2
+

ε

2
= ε,

Let

yij =

{
1, (i, j) /∈ A, xij = 1
0, (i, j) ∈ A, xij = 0

.

Then, for all ε > 0 there exists k0 ∈ N such that for yn+i,m+j = 1, n+i,m+j > rk0

we have

|Sn+i,m+j (y)− L| = |Sn+i,m+j − L| 6 1

k0
6 ε

which implies that for all n,m > rk0 we have

|Snm (y)− L| 6 ε.

Respectively, lim
i,j→∞

Sij (y) = L in the Pringsheim’s sense.

b) For all ε > 0 there exists n0,m0 ∈ N such that for n > n0 ∨m > m0 we
have

|Snm (y)− L| 6 ε.

Then

|{i < p, j < q : |Sn+i,m+j − L| > ε, xn+i,m+j = 1}|
|{i < p, j < q : xn+i,m+j = 1}|

=

|{i < p, j < q : n+ i < n0,m+ j < m0, |Sn+i,m+j − L| > ε, xn+i,m+j = 1}|
|{i < p, j < q : xn+i,m+j = 1}|

+

|{i < p, j < q : n+ i > n0 ∨m+ j > m0, |Sn+i,m+j − L| > ε, xn+i,m+j = 1}|
|{i < p, j < q : xn+i,m+j = 1}|

6.

n0m0

|{i < p, j < q : xn+i,m+j = 1}|
+

|{i < p, j < q : (n+ i,m+ j) ∈ A}|
|{i < p, j < q : xn+i,m+j = 1}|

.
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The first summand is smaller than
ε

2
for all p, q > N and for all n,m ∈ N such

that xn+i,m+j = 1.

The second summand is smaller than
ε

2
for all p, q > M and for all n,m ∈ N

such that xnm = 1. Therefore, for all p, q > max {N,M} and for all n,m ∈ N
provided that xnm = 1 we have that

|{i < p, j < q : |Sn+i,m+j − L| > ε, xn+i,m+j = 1}|
|{i < p, j < q : xn+i,m+j = 1}|

6 ε

2
+

ε

2
= ε,

it is Ust− limSij(x) = L. �

We denote

X ′ = {x ∈ X : {(i, j) : i 6 N ∨ j 6 N, xij = 1} is finite set for ∀N ∈ N}.

Corollary 2.1. Let sequence S = Sij and x ∈ X ′. Then, Ust−limSij (x) = L
if and only if there is a set A ∈ Iu(x), such that subsequence S (y) of the sequence
S converges to L in the Pringsheim’s sense, for

yij =

{
1, (i, j) /∈ A, xij = 1
0, (i, j) ∈ A, xij = 0

.
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