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THE k-DISTANCE NEIGHBORHOOD POLYNOMIAL OF
SPLITTING GRAPH OF A GRAPH

Swamy, Soner Nandappa D, and Ahmed M. Naji*

ABSTRACT. The k-distance neighborhood polynomial (Ng-polynomial) of a
graph G is the ordinary generating function for the number of k-distance
neighborhood of the vertices of G and defined as

diam(G) n
Np(Gox) = Y (Z dk(“i)) a*,
k=0 i=1
where diam(G) is the diameter of G and di(v) = {u € V(G) : d(v,u) = k}|.
In this paper, we establish the exact formulas of the Ng-polynomial for a
splitting graph S(G) of a graph G. The Ng-polynomials of some well-known
graphs as complete Ky, path Py, cycle Cy,, complete bipartite K, s and star
K1, are presented.

1. Introduction

All the graphs G = (V, E) considered here are finite undirected with no loops
and multiple edges. As usual, we denote by n = |V| and m = |E| to the number
of vertices and edges in a graph G, respectively, unless we refer otherwise. The
distance d(u,v) between any two vertices v and v of G is the length of a minimum
path connecting them. For a vertex v € V(G) and a positive integer k, the open k-
distance neighborhood of v in a graph G, denote Ni(v/G), (N (v), if no confuse),
is Np(v/G) = {u € V(G) : d(u,v) = k} and the k-distance degree of a vertex
v, denote di(v/Q), (di(v), if no confuse), is dx(v) = |Nk(v)|. It is clearly that
di(v) = d(v). A graph G is called non-trivial if it has at least one edge. The
complement of a graph G, denoted G, is a graph with vertex set V and edge set
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E, such that e € E, if and only if e ¢ E. A graph G is self-complementary if
G is isomorphic to its complement. K, is the empty or total disconnected graph
with n vertices, i.e., the graph with n vertices no two of which are adjacent. A
graph G is called d-regular graph if the degree d;(v) of each vertex v in G is equal
to d. For a vertex v of G, the eccentricity e(v) = max{d(v,u) : u € V(G)}.
The radius of G is rad(G) = min{e(v) : v € V(G)} and the diameter of G is
diam(G) = max{e(v) : v € V(G)}. For any terminology or notation not mention
here, we refer the reader to the books [3, 4].

A graph can be characterized by a number (index), a matrix or a polynomial.
The characterization of graphs by a single topological index is usually impossible.
For example, it is possible to find infinite pairs of graphs with the same Wiener
index [13]. On the other hand, it is possible to characterize graphs by matrices. A
well-known example of such matrices is an adjacency matrix [4]. But the charac-
terization of graphs by polynomials is a new branch of research in modern graph
theory. For more details in the topological indices and polynomials of a graph, we
refer the reader to [1, 2, 5, 6, 9, 11, 13, 14, 15, 16, 17|, and the references
therein.

1.1. Splitting Graph of a graph. A Splitting graph of a graph G, denoted
by S(G), were first introduced by Sampathkumar and Walikar [10], and were fur-
ther developed by Patil and Thangamani [8].

DEFINITION 1.1. For a graph G of order n with vertex set vy,vs,...,v, the
splitting graph of G, denoted by S(G), is obtained by adding a new vertex u;
corresponding to each vertex v; of G, i = 1,2, ...,n and then join u; to all vertex of
G adjacent to v;.

The following results are some properties of splitting graph S(G) of a graph G
find in [10], which require to prove our main results.

ProrosiTION 1.1. Let G be a graph of order n with vertex set vi,va, ..., Uy,
size m and diameter diam(G) > 1. Then
(1) [V(S(@))| =2n and |E(S(G))| = 3m.
(2) do(vi/S(G)) = do(ui/S(G)) = do(vi/G) = 1, di(vi/S(G)) = 2d1(vi/G)
and dy(u;/S(Q)) = d1(v;/G), where u;, for every i = 1,2,....,n is a new
vertex added a corresponding to each vertex v; of G to instruction S(G).
diam(G) + 1, if diam(G) € {1,2} and G # Ks;
(3) diam(S(G)) = diam(G)+2, if G = Ky;
diam/(QG), if diam(G) = 3.

1.2. The Ni-polynomial of a graph. Soner and Naji [7, 12], in (2016), have
been introduced a new type of graph topological polynomial, based on distance and
degree, called k-distance neighborhood polynomial of a graph. Which, for simplicity
of notion, referred as Ny-polynomial and defined by

e(v;) n
Ni(G,z) =) (Z |Nk(vi)|> a*

k=0 \i=1
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where Ni(v) = {u € V(G) : d(v,u) = k} and e(v) = max{d(v,u) : u € V(G)}.
They have been obtained some basic properties of Ng-polynomial of graphs and
they presented the exact formulas for the Ng-polynomial of some well-known graphs
(namely, a path P,, a cycle C,,, a complete graph K, a star graph K,,, a wheel
W, a complete bipartite K, s and a complete multipartite K, . »,). They also
established the Ng-polynomial for some graph operations namely cartesian product,
join, union, corona product of graphs and complement graph of some graph.

The following are some fundamental results which will be required for many of
our arguments in this paper and which are finding in [7, 12].

PROPOSITION 1.2. Let G be a graph of order n, size m and diameter diam(G) >
1 and let N.(G,x) = ag + a1z + asx? + ... + aqx? be an Ny-polynomial of G. then
(1) ag ="n.
(2) a1 =2m.
(3) ai, for everyi=1,2,...,d, is an even integer number.
(4) The degree d of Ni(G,x) is equal to diam(Q).
ProrosIiTION 1.3. Forn >1
(1) Np(Kp,z) =n+n(n—1)x.
n
(2) Nk(anx) =n+2 Z(n - Z)xl
i=1
n+2n Z z*, if n is odd;
(3) Np(Chp,x) = i=1

n

B
n+ (2anl) —nx?, ifn is even.
i=1
(4) Np(Kys,2) = (r+s)+2rsz+ [r(r—1) 4 s(s — 1)]a?.
PROPOSITION 1.4. For any graph G with n vertices, m edges and diam(G) = 2,
the Ni-polynomial of G is of the form
Ni(G,2) = n+2m + (n® —n — 2m)z>.

In this paper, We established the exact formulas of the Ny-polynomial for a
splitting graph S(G) of a graph G. The Ng-polynomials of splitting graph of some
well-known graphs as complete K,,, path P,, cycle C,,, complete bipartite K, ; and
star K, are presented.

2. Main Results

THEOREM 2.1. For the complete graph K, with n > 2, the Ng-polynomial of
the splitting graph S(K,,) of K, is of the form

4 + 62 + 42? + 223, ifn=2;

Ni(S(Ky),z) = { o+ 3n(n — Dz + (n? +n)a?, ifn > 3.
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PROOF. Let K, be a complete graph with n > 2 vertices. Then by Proposition
1.1,
we have

_ _ qn(n—1) . 3, ifn=2
VS = 20 [B(S(8,)] = 3205 and diam(s(,)) = { 5 {02 5
Thus, we consider the following cases:
Case:1: If n = 2, then S(K3) = P,
U U2
e ® ><i
v
K, LSk,

Figure 1: A graph K5 and its splitting graph S(K3).

Hence by Proposition 1.3, we obtain
Nip(S(K3),z) = 4 + 6z + 4a* + 223,

Case:2: If n > 3, then by applying Proposition 1.2 and Proposition 1.4, we
get
Ni(S(Kn), ) = [V(S(En))| +2|E(S(Kn))|z + [|V(S(Kn))]* = [V(S(K))|
—2|E(S(Kq))||2®
nin—1)
2
=2n+3n(n — 1)z + (n? +n)a?.

n(n—1)

— )

=2n+2[3 Jz+[(2n)* — 2n — 2(3

O

The following Corollary is showing the relationship between the Ng-polynomial
of the complete graph and its splitting graph.

COROLLARY 2.1. Forn >3
Ni(S(K,),z) = 4N (K, x) + (n® + n)z? — n(n — 1)z — 2n.
THEOREM 2.2. For the path graph P, with n > 3, the Ng-polynomial of the
splitting graph S(P,) of P, is of the form
N(S(Py), ) = AN (P, ) + 2(332 - 1) ((n 1)z + n)

PRrROOF. Let P, be a path graph with n > 3 vertices and let vy, vo,...,v, be
the set vertex of P, and wuy,us,...,u, be the set of new vertices introduced in
construction of S(P,). Figure 2, showing the splitting graph of P,.
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Uy u2 us Up—1 U
V1 V2 V3 Un—1 Un
Figure 2: Splitting graph of the path P,.

For n > 3, we have by Proposition 1.1,
. 3, if n =3;
diam(S(Ps)) = { diam(P,), otherwise.
Hence we consider the following cases:
Case:1: If n = 3, then by Propositions 1.1 and 1.2, we obtain

Ni(S(Ps),z i (de w;/S( Pg)))xk,where w; =v; or u;, fori=12,..n
k=0 =1
= (ido(wi/s(f’s))) 0+ (id1(wi/S(P3)))$U
+ (idQ (wi/S(Ps) ) + (idg(wi/S(Pg)))IS

(23: (v:/S(Ps) +Zd2 wi/S(Py)))a*

=1

(idg (v:/S(P3)) +Zd3 (ui/S(Py)) )

:6+12x+(3+1+3+3+1+3) 2+ (0+0+0+1+2+1)2°
=6+ 12z + 142? + 42°.
Since, Ni,(Ps,x) = 3 + 42 + 222, it follows that
Ni(S(Ps),x) = 4Ny (P, ) + 2(2* — 1)(2z + 3).
Case:2: If n > 4, we obtain for every i € {1,2,...,n} that

do(vi/S(Pn)) = do(vi/Pn) and do(ui/S(Pn)) = do(vi/Pn)

dy(v;/S(Py)) = 2d1(v;/Py) and dy(u;/S(Py,)) = di(vi/Py)
da(v;/S(Py)) = 2da(v;/Pp) + 1 and da(u; /S(Py)) = 2da(v; /Pp) + 1
ds(v;/S(Py,)) = 2d3(v;/Py,) and d3(u;/S(Py)) = 2ds(v;/Py) + d1(v;/ Py,)
dy(vi/S(Py)) = 2d4(vi/Pp) and dy(u;/S(Py)) = 2d4(vi/Pp)
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for every 5 < k < n — 1. Hence,

NS ey =3 (X duw/S(P) )t
k=0 " weV(S(Pn))
= (; )m +z;) (;dk ) k

+ (ido(u /S(Pn)))xOJr (idl(u /S(Pn)))x+

,Zdo vi/Pn) (zzdl vi/Pa))a + (3 (2da(vi/ P) +

i=1

(szg )x +(sz4 ./ Py ))
+(Z2dn_1 v;/ n)x -t

-l-ido (vi/Pn) (Zdl ) (i(zdﬂvi/Pn)-i-l))xQ

+(Z(2d3 vi/Pa) + da (v /P))ac +(sz4( /Pn))le—i—‘..

i=1 i=1

(32 st/ )

_4@%(%/1: # (ot m)o+ (Yt ra)) e +
(St 20) " | =23t/ ) (St
+(zi1)x2+ Zch w /P’

= 4Ny, (P,, ) — 2n — 2mz + 2nz” + 2ma®
= 4Ny (P,, ) — 2n — 2(n — 1)z + 2na” + 2(n — 1)z
:4Nk(Pn.x)+2(m2 — 1) ((nf 1)z +n),

1))362
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THEOREM 2.3. For a cycle graph C,, with n > 4 vertices, the Ny-polynomial of
S(Cy) is of the form
N (S(Cp), ) = 4Ng(Cp, 2) + 2n(2° + 2% — 2 — 1).

PRrROOF. Let C,, be a cycle with n > 4 vertices and let vy, vs, ..., v, be the set
vertex of C,, and w1, us, ..., u, be the set of new vertices introduced in construction
of S(C,). For n > 3, we have by Proposition 1.1,

diam(S(Cy)) :{ 3, if n € {4,5};

diam(C,,), otherwise.
Hence we consider the following cases:

Casel:: If n =4, then S(Cy)) is shown in figure 3,

Figure 3: Splitting graph of Cjy.

Ni(S(

5
&

Il
M-
/N
v

dk(wi/S(C4)))wk,where w; =v; or ug, fori=1,2,...,n

E
I
=3
-
I
—

I
KMO‘?

—

do(w; /5(04)))950 + (idl (w; /S(C4))>x

+
o

— —~
-

da(wi/S(C1))a? + (idg(wi/5(04)))m3

i=1

©
Il
=

—~

S(Cy))| + 2|E(S(CY) |z

4
do(v1/S(Cy)) + Z do (u; /5(04))):,;2
4

+ (Z d3(v:/S(Co)) + dg(ui/S(C’4)))x3
1=1 i=1

=8+4+24r+ (3+3+3+3+3+3+34+3)z?
+(0+0+0+0+2+2+2+2)z”
= 6 4 24z + 2422 + 82°.

+
~
AN E
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Since, Ny (Cy, ) = 4 + 8z + 422, (see Proposition 1.3), it follows that

Ni(S(Cy),x) = 4(4 + 8z + 42?) + 8(z® + 2% —2 — 1)
= AN (Cyyz) +2(4) (2 + 2% — 2z —1).
Case2:: If n =5, then similarly as in Case 1, we get
Ni(S(C5),z) = 10 + 30z + 5022 + 1023.

Since, Ny(Cs,x) = 5+ 102 + 1022, then
Ni(S(Cs),z) = 4Np(Cs,z) + 2(5) (2% + 22 —x — 1).

Case3:: If n > 6, we obtain for every i € {1,2,...,n} that

dl(l}z/S(On)) = 2d1(vz/Cn) and dl(uz/S(C’n)) = dl(vi/C’n)
dQ(UZ/S(Cn)) = 2d2(v1/Cn) + 1 and dg(ul/S(Cn)) = 2d2(v,»/0n) +1
dg(’Uz/S(Cn)) = 2d3(1}i/Cn) and d3(uZ/S(Cn)) = 2d3(vi/Cn) +2
d4(’l}z/S(Cn)) = 2d4(vi/0n) and d4(ul/S(Cn)) = 2d4(’UZ‘/Cn)
di(v:/5(Cp)) = 2d4(0;/C,) and di(us/S(Cn)) = 2i(v3/C).
for every 6 < k < |5 ]. Hence,

L5]

Ne(S(Cn),0) = > ( di(w/S(Cn)) )7
k=0 weV(S(Pn))
5] =n 5] =n
=3 (D dewi/s(cay))at + 3 (de(uz/S(Cn)))a:k

+ (Z do(ui/S(Cn))):cO T (i dl(ui/S(Cn)))x T

i=1

+ (g /(B ot
= ido(w/Cn) + (i%h(w/cn))x + (i@dg(fui/cn + 1))x2

=1

+ (ist(Ui/Cn))xS + (i2d4(vi/0n))x4 + ...

* (g:lzdtgj(vi/cn))ztgj
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n

+ ido(vi/(]n) n (id1 (vi/Cn))ac n (Z(ng(vi/cn n 1))x2

i=1

T (En:(2d3(vi/0n) n 2)):133 n (i 2d4(vi/Cn))x4 T

=1

* (izn;?dm(w/cn))m

- 4{ido(vi/cn) + (idl(vi/cn))z - (idm(w/cn))xw}

=1

Da? + (32)a"

1 =1

— 23 do(vi/C) — (Zdl(vi/Cn))m + (2
i=1 i=1 =
= 4Ny(Ch,z) — 2n — 2mz + o2nz? + 2ma’
4Ny (Ch,z) — 20 — 20z + 2na® + 2nz®.

k3

Therefore, Ni(S(Cp),x) = 4ANg(Cyp.x) + 2n <x3 +a?—x— 1). O

THEOREM 2.4. For a complete bipartite graph K, s with partition vertez sets
V and U with r > 1 and s > 1 vertices, respectively, the Ni-polynomial of splitting
graph S(K, ) of K, s is of form

Ni(S(Krs,x) = 2(r +s) + 6rsx + [27”(7” — 1) +2s(s — 1)|2? + rsa®.

PRrROOF. Let K, ¢ be a complete bipartite graph with partition vertex sets V =
{v1,v2, ..., 0.} and U = {uq,uz,...,us} and let the sets X = {z1,x9,...,2,} and
Y = {y1,92,...,ys} be the new vertex sets introduced in construction a splitting
graph S(K, ;) of K, s corresponding to partition sets V' and U, respectively.

Figure 4: Splitting graph of K34

Thus, by Proposition 1.1, |[V(S(K,5))| = 2(r + s), E(S(K,s))| = 3rs and
diam(S(K, s)) = 3. Hence, by Proposition 1.2, we get
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Y do(w/S(Kry)) = [V(S(Krs))| = 2(r + s) and

weV (S(Kr,s))

Y di(w/S(Kry)) = 2[E(S(Kys))| = 2(3rs) = 6rs.

weV (S(Kr,s))

Since
do(vi/S(Kys)) = 2r — 1 and d3(v;/S(K,s)) =0
da(u;/S(Kys)) =2s —1 and ds(u;/S(K,5)) =0
do(x;/S(Krs)) =2r — 1 and ds(z;/S(K,5)) = s
da(yi/S(Kys)) =2s — 1 and ds(y;/S(Kyrs)) =7

Ni( = i: ( di(w/S(Ky,)) )a*
k

wEV(S(Kr,s))

=0

(> dolw/S(K))a®
weV (S(Kr,s))
(

>
+((;

K

(K
weV(S(K,.5))

(K

i (w/S(K,..) )

weV (S(Krs))

d2(w/5(Kr,s)))x2

(Y dslw/S(K)) et

weV (S(Krs))
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Ni(S(Kps), @) = [V(S(Kors))| + 2| E(S(K;5))|x

r

+ {Z <d2(vi/S(Kr,s)) + d2($i/S(Kr,s)))+
i=1

S (Al /S(r)) + dalyi/ S )) ) |2 4+ [ 3 (daws/ S ()

i=1 i=1

by /00.0)) 4 3 (oS )) + oS )|

T

=2(r+s)+6rsz+ {Z ((27“— 1)+ (2r — 1))

+§: ((2s — 1)+ (25— 1))}952
+ [Zzi: (0+s) +g <0+T)>}m3

=2(r 4+ s) + 6rsx + [27"(7‘ —1)+2s(s— 1)} x? + 2rsa®.
]

COROLLARY 2.2. For a star graph K, with 14 n vertices, the Ny-polynomial
of a splitting S(K1,,) of a star K1, is of form

Ni(S(Ky1n),z) =2(n+ 1) + 6nz + (4n? — 2n + 2)2? + na®.
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