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ON DOMINATION OF A VERTEX AS EXPONENTIALLY

Aysun Aytaç and Betül Atay

Abstract. The assessment of the stability and the vulnerability of complex
networks is the important concept while studying of them. In the literature,
a sort of measures have been given in order to assessment the stability of

systems. And also, some graph-theoretic parameters have been formed to
provide formulas which calculate the reliability of a network. In this paper,
we study the vulnerability of some cycles and related graphs to the dominating
strategy of a vertex, using a measure called exponential domination number

which is a new characteristic for graph vulnerability.

1. Introduction

The domination in graphs is one of the concepts in graph theory which has at-
tracted many researchers to work on it because of its many and varied applications
in such fields as linear algebra and optimization, design and analysis of commu-
nication networks, and social sciences and military surveillance. Many variants of
dominating models are available in the existing literature [10]. The present paper
is focused on exponential domination number in graphs. There have been several
domination parameters including domination number, edge domination number,
independent domination number, strong-weak domination number, distance dom-
ination number etc. Domination in graphs is a well-studied concept in graph the-
ory. Domination based parameters reveal an underlying efficient communication
network in which a vertex can affect all its neighborhood vertices in some sense.
In real life applications, we can encounter that a vertex can affect both its neigh-
borhood vertices and all vertices within a given distance. Distance domination is
a kind of this situation. There has been no framework yet in which the effect of
a vertex broadens beyond its neighborhood while decreasing by distance. It has
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been suggested [8] that exponential domination is a model for the reliability of
the spread of information or gossip. In this model, the dominating strategy of a
vertex decreases exponentially with a distance, by the factor 1/2. Therefore, it is
possible that a vertex v is dominated by one of its neighbors or by some vertices
that are closer to v. The assumption is that gossip heard directly from a source is
totally reliable, while gossip passed from person to person loses half its credibility
with each individual in the chain. Finding the exponential domination number in
this application amounts to determining the minimum number of sources needed
so that each person gets fully reliable information.

We begin with simple, finite, connected, and undirected graph

G = (V (G), E(G))

of order n. The set S ⊆ V (G) of vertices in a graph G is called a dominating set if
every vertices v ∈ V (G) are either an element of S or are adjacent to an element of
S. A dominating set S is a minimal dominating set (or MDS) if no proper subset
S′ ⊂ S is a dominating set.

The minimum cardinality of a dominating set of G is called the domination
number of G which is denoted by γ(G) , and the corresponding dominating set is
called a γ − set of G [13].

The degree of vertex v in graph G is the number of edges which are incident
to v. The distance d(u, v) between two vertices u and v in G is the length of a
shortest path between them. If u and v are not connected, then d(u, v) = ∞ , and
for u = v, d(u, v) = 0. The diameter of G , denoted by diam(G) is the largest
distance between two vertices in V (G) [4, 5].

In this article, we study the exponential domination number of a graph which
is a new characteristic for graph vulnerability introduced in [8]. This parameter is
a variation of distance domination in which, as described in the motivation already
given, the dominating power radiating from a vertex declines exponentially with
distance [14]. Let G be a graph and S ⊆ V (G). We denote by ⟨S⟩ the subgraph
of G induced by S. For each vertex u ∈ S and for each v ∈ V (G) − S, we define
d(u, v) = d(v, u) to be the length of a shortest path in ⟨V (G)− (S − {u})⟩ if such
a path exists, and ∞ otherwise. Let v ∈ V (G). The definition is

ws(v) =

{ ∑
u∈S 1/2d(u,v)−1, if v /∈ S

2, if v ∈ S

We refer to ws(v) as the weight of S at v. If, for each, v ∈ V (G), we have
ws(v) > 1 , then S is an exponential dominating set. The smallest cardinality of
an exponential dominating set is the exponential domination number, γe(G) , and
such a set is a minimum exponential dominating set, or γe-set for short. If u ∈ S
and v ∈ V (G)− S and

1

2d(u,v)−1
> 1,
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then we say that u exponentially dominates v. Note that if S is an exponential
dominating set, then every vertex of V (G)−S is exponentially dominated, but the
converse is not true [8, 7].

Throughout this article, the largest integer not larger than x is denoted by ⌊x⌋
and the smallest integer not smaller than x is denoted by ⌈x⌉.

The paper proceeds as follows. In Section 2, the some known results are given.
There are different classes of cycle related graphs that have been studied for variety
of purposes. Fans, k-pyramid graphs, n-gon books and shadow graphs, claw-free
graphs are among such graphs. The exponential domination number values for
cycles and various classes of cycle related graphs are developed in Section 3, 4, 5
and 6. Finally, concluding remarks of this paper are given in Section 7.

2. Some Elemantry Results

Theorem 2.1 ([8]). For every positive integer n, γe(Pn) = ⌈(n+ 1)/4⌉.
Theorem 2.2. ([8]) For every positive integer n,

γe(Cn) =

{
2, if n = 4

⌈n/4⌉, if n ̸= 4
.

Theorem 2.3 ([8]). If G is a connected graph of diameter d, then γe(G) >
⌈(d+ 2)/4⌉.

Theorem 2.4 ([8]). If G is a connected graph of order n, then γe(G) 6 2
5 (n+2).

Theorem 2.5 ([8]). Let G be a connected graph of order n and T a spanning
tree of G. Then γe(G) 6 γe(T ).

Theorem 2.6 ([8]). For every graph G, γe(G) 6 γ(G). Also, γe(G) = 1 if and
only if γ(G) = 1.

Theorem 2.7. ([1], [3]) Let G1 and G2 be any two graphs. Let (G1 ◦G2) and
(G1 +G2) be corona and join operations of G1 and G2, respectively.

a) For any two graphs G1 and G2, γe(G1 ◦G2) > ⌈diam(G1◦G2)
2 ⌉.

b) Let G1 and G2 be any two graphs. If diam(G1) < diam(G2), then γe(G1+G2) =
γe(G1).

Theorem 2.8. ([2], [3]) Let G be any connected graph of order n and diameter
2. If G has not a vertex with degree n− 1, then γe(G) = 2.

Theorem 2.9. ([2], [3]) Let G be any connected graph of order n. If G has a
vertex with degree n− 1, then γe(G) = 1.

The aim of this paper is to give in the some of the cycle related graphs types
results depending on exponential domination number as the vulnerability parame-
ter.

There are different classes of cycle related graphs. Fans, k-pyramid graphs
including bipyramids and wheels, n-gon books, shadow graphs and claw-free graphs
are among such graphs. The exponential domination values for various classes of
cycle related graphs are developed in the following section.
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3. Claw-Free Graphs

Our aim in this section is to consider exponential domination number of con-
nected claw-free graph. We will need the following family of graphs. For, b > 2 let
ecor(Kb) denote the graph obtained from Cor(Kb). Given a graph G, the corona
Cor(G) is formed by adding for each vertex v ∈ V (G), one extension vertex v′, and
joining it to v. Then for t > 1 let Gb,t be claw-free graph obtained from taking t
copies of ecor(Kb) and adding edges such that the extension vertices from a clique
[15].

Theorem 3.1. Let Gb,t be a connected claw-free graph with t(2b+ 1) vertices.
Then, for t > 8 is γe(Gb,t) = 8.

Proof. The degree set of Gb,t is {1, b+1, b+ t− 1}. Vertex set of Gb,t can be

partitioned into three vertex sets such as V (Gb,t) = V j
1 (Gb,t)∪V j

2 (Gb,t)∪V j
3 (Gb,t),

where j ∈ {1, 2, , ..., t} and V j
1 (Gb,t) is the vertex set ofKb in the copy jth, V j

2 (Gb,t)
is the vertex set of Cor(Kb) in the copy jth and the degree of every is one and

V j
3 (Gb,t) is the vertex set of ecor(Kb) in the copy jth and every vertex is extension

vertex. These vertices constitute a complete graph Kt with t vertices.
It is clear that γe(Kb) = 1. Let S be γe−set of Gb,t. S must include the vertices

of V j
1 (Gb,t). That is, S = {v|v ∈ V j

1 (Gb,t)}. We have three cases depending on the
shortest path between vertices of Gb,t and vertices of S.

Case 1: We consider the distance between any vertex in S and any vertex in
V j
1 (Gb,t). For u in V x

1 (Gb,t) and v in V y
1 (Gb,t), if x = y, then d(u, v) = 1, otherwise

d(u, v) = 3.

Case 2: We consider the distance between any vertex in S and any vertex in
V j
2 (Gb,t). For u in V x

1 (Gb,t) and v in V y
2 (Gb,t), if x = y, then d(u, v) 6 2 otherwise

d(u, v) = 4.

Case 3: We consider the distance between any vertex in S and any vertex in
V j
3 (Gb,t): For u in V x

1 (Gb,t) and v in V y
3 (Gb,t) , if x = y, then d(u, v) = 1 otherwise

d(u, v) = 2.

If S has only one vertex from V j
1 (Gb,t) , then it is easily to see that the condition

ws(v) > 1 for v in Gb,t is not satisfied according to Case 1, 2 and 3 above. The
minimum weight of v at S is at least 1/23. Thus, this requires at least eight vertices

from different copies of V j
1 (Gb,t) in S.

By the definition of the exponential domination number of a graph, it is trivial
that γe(Gb,t) = 8.

The values of γe(Gb,t) for 2 < t 6 7 are in the following table.

Table 1. The values of γe(Gb,t) for 2 < t 6 7

t 2 3 4 5 6 7

γe(Gb,t) 4 5 5 5 6 7

The proof is completed. �
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4. n-gon books

When k copies of Cn (n > 3) share a common edge, it will form an n − gon
book of k pages and is denoted by B(n, k). The degree set of B(n, k) is {2, k + 1}.
Therefore, the vertices of B(n, k) are of two kinds: vertices of degree 2 will be
referred to as minor vertices and vertices of degree k + 1 to as major vertices [6].

Theorem 4.1. Let Bn,k is an n−gon book of k pages with k(n−2)+2 vertices.
Then, for n > 5

γe(Bn,k) =

{
k(⌈n/4⌉ − 2) + 2, if n ≡4 1

k(⌈n/4⌉ − 1) + 1, otherwise
.

Proof. There are k copies Cn in Bn,k . We know that γe(Cn) = ⌈n/4⌉
from the Theorem 2.2. Therefore, we must consider the minimum exponential
dominating set of every cycle graph.

Let S be γe − set of Bn,k. Let u, v be vertices of S on Cn such that [u, v] ∩
S = {u, v}, where [u, v] is the set of all vertices of Bn,k that lie on at least one
u − v shortest path. This implies that d(u, v) 6 4. Hence, S must be constructed
according to this rule. Let v1, v2 be vertices in V (Bn,k). Since the degree of them
is k + 1, these vertices are called the major vertices. If S must include vertices of
only one cycle graph Cn, then we have three cases depending on whether or not
the major vertices are in S.

Case 1: Let the major vertices v1, v2 be in S. The condition ws(v) > 1 for
v in Bn,k is not satisfied. Therefore, we must add some vertices to S. Hence, the
cardinality of S is

|S| =

{
⌈n/4⌉, if n ≡4 1

⌈n/4⌉+ 1, otherwise
.

Case 2: Let S include only one major vertex. The condition ws(v) > 1 for
v in Bn,k is not satisfied. Therefore, we must add some vertices to S. Hence, the
cardinality of S is

|S| =

{
⌈n/4⌉, if n ≡4 1

⌈n/4⌉, otherwise
.

Case 3. Let S not include any major vertex. The condition ws(v) > 1 for v
in Bn,k is not satisfied. Therefore, we must add some vertices to S. Hence, the
cardinality of S is

|S| =

{
⌈n/4⌉, if n ≡4 1

⌈n/4⌉, otherwise
.

The calculations made in Case 1, 2 and 3 are valid only to one copy of Cn.
Since Bn,k includes k copies Cn, for n ≡4 1, we obtain γe(Bn,k) = k(⌈n/4⌉−2)+2,
k(⌈n/4⌉ − 1) + 1 and k(⌈n/4⌉), respectively.
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By the definition of exponential domination number, we must determine the
minimum value of S by Case 1, 2 and 3. Thus, we have

γe(Bn,k) = min{k(⌈n/4⌉ − 2) + 2, k(⌈n/4⌉ − 1) + 1, k(⌈n/4⌉)}
= k(⌈n/4⌉ − 2) + 2.

Similarly for n ̸≡4 1, we obtain γe(Bn,k) = k(⌈n/4⌉ − 1) + 2, k(⌈n/4⌉ − 1) + 1
and k(⌈n/4⌉), respectively. By the definition of exponential domination number,
we have

γe(Bn,k) = min{k(⌈n/4⌉ − 1) + 2, k(⌈n/4⌉ − 1) + 1, k⌈n/4⌉}

= k(⌈n/4⌉ − 1) + 1.

Consequently, we obtain

γe(Bn,k) =

{
k(⌈n/4⌉ − 2) + 2, if n ≡4 1

k(⌈n/4⌉ − 1) + 1, otherwise
.

The proof is completed. �

5. Fan Graph and k-pyramid Graph

Definition 5.1. A fan graph, denoted by Fm,n, is defined as the graph join,

Km + Pn where Km is the isolated graph on m vertices and Pn is the path graph
on n vertices [6, 9].

Definition 5.2. The join of graphs G and H, denoted by G ∨H, is obtained
from the disjoint union G + H by adding the edges {xy|x ∈ V (G), y ∈ V (H)}.
The join graph Cn ∨ Nk n > 3, k > 1, where Nk is the null graph of order k , is
called k-pyramid and is denoted by kP (n). The 2-pyramid graph Cn ∨N2 is called
bipyramid graph and is denoted by BP (n). The 1-pyramid graph Cn ∨ N1 is the
wheel graph Wn [6].

The following two theorems can be easily seen by Theorem 2.8 and Theorem
2.9.

Theorem 5.1. Let kP (n) be a k-pyramid graph with k + n vertices. Then for
k > 2, γe(kP (n)) = 2.

Theorem 5.2. Let Fm,n be a fan graph with m+ n vertices and n(m+ 1)− 1
edges. Then for n > 4, γe(Fm,n) = 2.

The values of γe(Fm,n) for n < 4 are in the following table.

Table 2. The values of γe(Fm,n) for n < 4

n 2 3

γe(Fm,n) 1 1
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6. Shadow Graphs

The shadow graph of a connected graph G is constructed by taking two copies
of G, say G′ and G′′. Join each vertex u′ in G′ to the neighbors of the corresponding
vertex u′′ in G′′. Then the graph obtained is denoted as D2(G) [11].

Theorem 6.1. Let D2(Pn) be a shadow graph of Pn with 2n vertices. Then,

γe(D2(Pn)) =

{
2⌊n/6⌋+ 1, if n ≡6 0, 1

2⌈n/6⌉, otherwise
.

Proof. Let v′i be vertices of P ′
n and v′′i be vertices of P ′′

n corresponding to all
vertices v′i, where i ∈ {1, 2, ..., n}. deg(v′1) = deg(v′′1 ) = deg(v′n) = deg(v′′n) = 2
and deg(v′i) = deg(v′′i ) = 4, i ∈ {2, 3, ..., n − 1}. Let S be γe-set. Because of
degrees of vertices, S must include some vertices in P ′

n and also corresponding
vertices in P ′′

n . Let u′, v′ in P ′
n and u′′, v′′ in P ′′

n be vertices of S on D2(Pn) such
that [u′, v′] ∩ S = {u′, v′}, [u′′, v′′] ∩ S = {u′′, v′′} and u′ = x′

0, x
′
1, ..., x

′
k = v′ the

u′ − v′ path in P ′
n and u′′ = x′′

0 , x
′′
1 , ..., x

′′
k = v′′ the u′′ − v′′ path in P ′′

n . Thus, the
vertices u′, v′, u′′, v′′ in S contribute 1/22 to ws(x

′
k) or ws(x

′′
k). This implies that

d(u′, v′) 6 6 and d(u′′, v′′) 6 6. Hence, if n ≡6 0, 1 , then the cardinality of S is
2⌊n/6⌋. The condition ws(v) > 1 is not satisfied for every vertex v in D2(Pn). The
number of undominated vertices on D2(Pn) is three or four. Hence, S must contain
one more vertex. Therefore, we have γe(D2(Pn)) = 2⌊n/6⌋ + 1. If n ̸≡6 0, 1, then
the cardinality of S is 2⌈n/6⌉. Thus, every vertex v in D2(Pn) is exponentially
dominated by S. Consequently, we have

γe(D2(Pn)) =

{
2⌊n/6⌋+ 1, if n ≡6 0, 1

2⌈n/6⌉, otherwise
.

The proof is completed. �

Theorem 6.2. Let D2(Cn) be a shadow graph of Cn with 2n vertices. Then,

γe(D2(Cn)) =

{
2⌊n/6⌋+ 1, if n ≡6 1, 2

2⌈n/6⌉, otherwise
.

Proof. The proof is similar to the proof of Theorem 6.1. �

Theorem 6.3. For any graph G, let diam(G) 6 2 and D2(G) be a shadow
graph of G. Then , γe(D2(G)) = 2.

Proof. If G is a wheel, star, complete and complete bipartite graph, then
diam(G) 6 2 and diam(D2(G)) = 2. The proof can be easily seen by Theorem 2.8
and Theorem 2.9. �

7. Conclusion

Here, we investigate some results about cycles and related graphs corresponding
to the dominating strategy of a vertex. We study a new concept of the exponential
domination number. Analogous work can be carried out for other graph families.
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