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SUBDIRECTLY IRREDUCIBLE GENERALIZED
ALMOST DISTRIBUTIVE FUZZY LATTICES

Berhanu Assaye Alaba and Yohannes Gedamu Wondifraw

ABSTRACT. In this paper we introduce the concept of ideals, filters and con-
gruences in a GADFL and we give an equivalent condition for a GADFL to
become an ADFL interms of ideals, filters and congruence relations. We also
characterize Subdirectly Irreducible GADFLs.

1. Introduction

The concept of Generalized Almost Distributive Lattices(GADLs) was intro-
duced by G. C. Rao, Ravi Kumar Bandaru and N. Rafi [5] as a generalization of
an Almost Distributive Lattices(ADLSs) [6] which was a common abstraction of al-
most all the existing ring theoretic generalization of a Boolean algebra on one hand
and distributive lattices on the other. On the other hand, L. A. Zadeh [7] in 1965
introduced the notion of fuzzy set. Again in 1971, L. A. Zadeh [8] defined a fuzzy
ordering as a generalization of the concept of ordering, that is, a fuzzy ordering is
a fuzzy relation that is transitive. In particular, a fuzzy partial ordering is a fuzzy
ordering that is reflexive and antisymmetric. In 1994, N. Ajmal and K. V. Thomas
[1] defined a fuzzy lattice as a fuzzy algebra and characterized fuzzy sublattices.
In 2009, I. Chon [4], considering the notion of fuzzy order of Zadeh , introduced
a new notion of fuzzy lattices and studied the level sets of fuzzy lattices. He also
introduced the notions of distributive and modular fuzzy lattices and considered
some basic properties of fuzzy lattices. In 2017, Berhanu et al. [2] introduce the
concept of an Almost Distributive Fuzzy Lattices (ADFLs) as a generalization of
Distributive Fuzzy Lattices and characterized some properties of an ADL using
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the fuzzy partial order relations and fuzzy lattices defined by I. Chon. Later on
Berhanu and Yohannes [3] introduce the concept of Generalized Almost Distribu-
tive Fuzzy Lattices (GADFLs) as a generalization of ADFLs. As a continuation in
this paper we introduce the concept of Subdirectly Irreducible GADFLs.

2. Preliminaries

First we recall certain definitions and properties of Fuzzy Partial Order Re-
lations, Almost Distributive Fuzzy Lattices and Generalized Almost Distributive
Fuzzy Lattices that are required in this paper.

DEFINITION 2.1. ([4]) Let X be a set. A function A : X x X — [0, 1] is
called a fuzzy relation in X. The fuzzy relation A in X is reflexive iff A(z,z) =1
for all z € X, A is transitive iff A(x,2) > sup e x min(A(z,y), Ay, 2)), and A is
antisymmetric iff A(z,y) > 0 and A(y,z) > 0 implies = y. A fuzzy relation A is
fuzzy partial order relation if A is reflexive, antisymmetric and transitive. A fuzzy
partial order relation A is a fuzzy total order relation iff A(z,y) > 0 or A(y,z) >
0 for all z,y € R. If A is a fuzzy partial order relation in a set X, then (X, A)
is called a fuzzy partially ordered set or a fuzzy poset. If B is a fuzzy total order
relation in a set X, then (X, B) is called a fuzzy totally ordered set or a fuzzy chain.

DEFINITION 2.2. ([2]) Let (R, V, A, 0) be an algebra of type (2, 2, 0) and (R, A)
be a fuzzy poset. Then we call (R, A) is an Almost Distributive Fuzzy Lattice

(ADFL) if the following axioms are satisfied:

(F1) A(a,aVv0)=A(aV0,a) =

(F2) A(0,0Aa)=A(0AGa,0)=1

(F3) A((avb)Ae,(anc)V(bAc)) =A((anc)V (bAc),(aVb)Ae)=1
(F4) Alan (bVe),(anb)V(anc)=A((aAb)V(anc),aN(bVe)) =1
(F5) A(aV (bAc),(aVb)A(aVve))=A((aVbd)A(aVe),aV (bAc)) =1
(F6) A((aVb)AD,b) =A(b,(aVD)AD) =1

for all a,b,c € R.
From the definitions of ADL and ADFL, The following theorem is direct.

THEOREM 2.1. ([2]) Let (R, A) be a fuzzy poset. Then R is an ADL iff (R, A)
is an ADFL.

THEOREM 2.2. ([2]) Let (R, A) be an ADFL . Then
a=b< A(a,b) = A(b,a) =

DEFINITION 2.3. ([2]) Let (R, A) be an ADFL. Then for any a,b € R
a < b if and only if A(a,b) > 0.

THEOREM 2.3. ([2]) If (R, A) is an ADFL then
aANb=a if and only if A(a,b) >0
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LEMMA 2.1. ([2]) Let (R, A) be an ADFL. Then for each a and b in R

(1) A(anb,b) >0 and A(bAa,a) >0

(2) A(a,a Vv b) >0 and A(b,bV a) > 0.

DEFINITION 2.4. ([3]) Let (R,V,A) be an algebra of type (2, 2) and (R, A)

be a fuzzy poset. Then we call (R, A) is a Generalized Almost Distributive Fuzzy
Lattice if it satisfies the following axioms:

(FG1) A((aAb)Ac,an(bAe)=AlaN(bAc),(anb)Ae)=1

(FG2) A(an(bVe),(anb)V(anc))=A((aNb)V(aAc),aN(bVc) =1
(FG3) A(aV (bAc),(aVvb)A(aVe)=A((aVb) A(aVe),aV (bAc))=1
(FA1) A(aA(aVb),a) =A(a,aN(aVb) =1
(FA2) A((aVvb) Aa,a) = A(a,(aVbd)ANa) =1
(FA3) A((aAb)Vb,b) = A(b,(aANb)VD) =1

for all a,b,c € R.

ExaMPLE 2.1. ([3]) Let R = {a,b,c}. Define two binary operations V and A
on R as follows:
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Define a fuzzy relation A : R x R — [0, 1] as follows:
A(a,a) = A(b,b) = A(c,c) =1, A(b,a) = A(b,c) = A(c,a) = A(c,b) =0,
A(a,b) = 0.2 and A(a,c) = 0.4.
Clearly (R, A) is a fuzzy poset. Here (R, A) is a GADFL since it satisfies the above
six axioms of a GADFL but it is not an ADFL. Since

A((c V) Ab, (cAb)V (bAD)) = A(cAb,aVb) = Ala,b) =02 #1
and

A((e AND)V (bAD),(cVb)Ab) =A(aVb,eAb) = A(bya) =0 # 1.
Hence

AV Ab, (cAB)V (BAD)) £ A((c Ab)V (bAD), (cV b) Ab).

DEFINITION 2.5. ([3]) Let (R, A) be a GADFL. Then (R, A) is said to be
associative if the operation V in R is associative.

THEOREM 2.4. ([3]) Let (R, A) be a GADFL. Then the following are equivalent.
(1) (R, A) is an Almost Distributive Fuzzy Lattice;
(2) A((aVvb)Ae, (anc)V(bAc)) > 0and A((aNc)V (bAc), (aVb)Ac)>0 ;
(3) A((a Vb) ANb,b) > 0and A(b, (a VD) Ab)>0;
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(4) A((aVvb)Ae, (bVa)Ae)> 0and A(DVa)Ace, (aVb)Ac)>0;
for all a,b,c € R.

3. Ideals and Congruences in a GADFL

In this section, we introduce the concept of an ideal and filter in a GADFL. Also
we give the definition of a congruence in a GADFL. We give an equivalent condition
for a GADFL to become an ADFL in terms of ideals, filters and congruence relations
of (R, A).

DEFINITION 3.1. Let (R, A) be a GADFL. A non empty subset I4 of R is said
to be an ideal of (R, A), if it satisfies the following conditions:

(i)Ifx € R,y € Iy and A(x,y) > 0, then z € I4
(ii) If 2,y € I, thenzVy € I4.

DEFINITION 3.2. Let (R, A) be a GADFL. A non empty subset F'4 of R is said
to be a filter of (R, A), if it satisfies the following conditions:
(i)Ifz€ R,y€ Faand A(y,z) > 0, then z € Fy
(ii) If &,y € Fa, then z Ay € Fq.

THEOREM 3.1. Let (R, A) be a GADFL. Then the following are equivalent:
(1) Forxz € R, if a € I4 with A(x,a) >0 then x € I4
(2) Ifac Iy andx € RthenaAx e ly.

PROOF. (1) = (2). Suppose (1). For a € I4 and x € R we need to show
aANx € Iy. Since (xAa)Va=athen x Aa < aand hence A(z Aa,a) > 0 then by
(1) zAa € I4. Now

A(anz,zNa) = A(anz Az, zNha) = A(zAz,zNa) = Az, zA\a) = A(zAa,xAa) = 1.
Similarly, A(z Aa,aAz)=1. HenceaAx =z Aa € I4.

(2) = (1). Suppose (2). For z € R, a € I4 with A(x,a) > 0 implies that x Aa = x.
Hence z =z ANa=xANaANa=aAxAa€ lyby (2). Therefore v € I4. O

THEOREM 3.2. Let (R, A) be a GADFL and a € R. Define
(aJa ={x € R| A(z,a A z) > 0}.

Then (a]a is the smallest ideal of (R, A) containing a and is called the principal
ideal generated by a.

PROOF. Since A(a,a A a) = A(a,a) = 1. then a € (a]Ja. Therefore (a]a
# (. Now, let r € (a]a and y € R such that A(y,r) > 0. Since r € (a]a we
have A(r,a Ar) > 0 for x € R and A(y,r) > 0 implies that y A7 = y. Now,
Ay, any) = Aly,aNyAr) = Aly,yNaAr) = Aly,y Ar) = A(y,y) > 0. Therefore
y € (a]a. Again, let r,s € (a]Ja. Then A(r,a Ar) > 0 and A(s,a As) > 0. for
r,s € R. Now, A(rVs,an(rVs)) =ArVs,(aAr)V(aAs)) =A(rVs,rVs)>0.
Then r Vs € (a]a. Therefore (a]4 is an ideal of (R, A) containing a. To show
(a]4 is the smallest. Let I4 be any ideal of (R, A) containing a. Let r € (a]4 then
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A(ryanr)>0forr € R. Nowasa €14 andr € RthenaAr=r € 14 as I4 is an
ideal. Hence (a]ga C I4. Therefore (a]a is the smallest ideal of (R, A) containing
a. O
Similarly we can prove that
[a)a ={x€R|A(aVz,z)>0and A(z,aVx) >0}
is the smallest filter of (R, A) containing a and is called the principal filter generated
by a.

Now we discuss some important properties of the principle ideals (filters) of

(R,A).

LEMMA 3.1. Let (R, A) be a GADFL and a,b € R. Then

(i) a € (b]a if and only if A(a,bAa) > 0;

(i) a € [b)a if and only if A(bV a, a) > 0 and A(a, bV a) > 0;

(iii) A(a, b) > 0= (a]a C (bla;

(iv) a € (b]a = (a]a C (bla.

PROOF. The proofs of (i) and (ii) are trivial.

(iii) Suppose A(a,b) > 0 and z € (a]4 then A(z,a A z) > 0. Now
A(z,bAz) = Az, bAhahz)=Alz,aNbAzx)=Alz,aNz) >0

. Hence x € (b] 4. Therefore (a]a C (b]a.

(iv) Let a € (b]a and x € (a]a. Then A(a,bAa) > 0 and A(z,aAz) > 0. Now
Alx,bAx)=A(z,bANahz)=Alz,a Azx) > 0.

Hence x € (b]a. Therefore (a]a C (b] 4. O
THEOREM 3.3. Let (R, A) be a GADFL and a,b € R. Then (aAbla = (bAaa.
PRrROOF. Suppose (R, A) is a GADFL and a,b € R.

(=) Let x € (a AbJa. Then A(x,a AbAx)>0. Now
A(z,bANaAzx)=A(z,aANbAzx)>0.

Therefore x € (bAala

(<) Assume that z € (bAa]a. Then A(z,b AaAz) > 0. Now
A(z,aNbAx) = Az, bAaAx)>0.

Therefore x € (a Abla. Hence (a Abla = (bAala. O

If (R,A) is an ADFL and a,b € R, then (a Vblga = (bV ala. But if this

condition holds in a GADFL then the GADFL becomes an ADFL. We prove this
in the following theorem.

THEOREM 3.4. Let (R, A) be o« GADFL, R with 0. Then the following are
equivalent:

(1) (R, A) is an Almost Distributive Fuzzy Lattice
(2) For any a,b € R, (aV bla is the supremum of (a]a and (bla in (I4(R), C),
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where I4(R) is the set of all ideals in (R, A)
(3) (aVvbla=(bVala for all a,b € R.

PROOF. (1) = (2). Assume (1). Let a,b € R. Since
Afa, aVb) > 0= (ala C (aVbla (lemma 3.1(iii))
and
A(b,bVa) > 0= (bjla C (bVala = (aVb]a

as (R, A) is an ADFL. Therefore (a V b]4 is an upper bound of (a]4 and (b]4. Let
Ja be any ideal of (R, A) such that (a]4 C J and (b]4 C J4. Clearlya € J4 and b €
Ja. Therefore aVb € Jy and hence (aV bjg C J4. Thus (aV b4 is the supremum
of (a]A and (b]A in (IA(R), g)

(2) = (3). Assume (2). Then (aV b]4 and (bV a]4 both are supremums of (a4
and (b]4 in the poset (I4(R), C). Therefore (a Vbja = (bV ala by uniqueness of
supremurn.

(3) = (1). Assume (3). Let a,b € R. Since from GADFL A(b, (bV a) Ab) > 0 then
be (bVala=(aVbla. Hence A(b,(aV b)Ab) > 0 and since A((aV b) Ab,b) > 0.
Therefore (R, A) is an Almost Distributive Fuzzy Lattice. O

DEFINITION 3.3. Let (R, A) be a GADFL. An equivalence relation © on (R, A)
is called a congruence on (R, A) if, for a,b,¢,d € R, holds

(a,b), (¢,d) € ©® = (aVe,bVd), (aNc,bAd) € O.
THEOREM 3.5. Let F5 be a filter of @ GADFL (R, A). Then the relation
ofa ={(x,y) e RxR| A(aNx,aly) = Ala Ny, ahz) = 1, for some a € Fa }
is a congruence relation on (R, A).
PROOF. Clearly ¢! is an equivalence relation on (R, A).
Now, let (z,v), (u,v) € ¢ then
AlaNz,aNy)=AlaANy,aNz)=1
and
AbANu,bAv)=AbAv,bDAU) =1
for some a,b € F4. Hence a,b € Fy = aANbe F4 and

AlaANbAz ANu,a NbDAYyAv)=AlaANzAbDAu,a AbAYyAv) =
AlaNyAbAu,a AbAYyAv)=AlaANyAbAv,a AbDAYy Av) =
AlaANbAyAv,aNbAYy Av) = 1.

Similarly A(a AbAy Av, a AbAxz Au) = 1. Therefore (x Au, y Av) € pfa.

Also,
A((aAD) A (xzVu),(aANb)A(y Vo)) =Ala A
A

= A((anbAz)V(anbAw)), (aAb)A(yVv)
yVo)

bA(zVu),(and)A(yVo))
) = A((bAaAx)V (aAbAW)), (aAD)
) = A((bAaAz)V(aAbAD)), (aAD)

> >
<
<
=

= A((bAany)V(anbAw)), (aAb)A(yVv
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=A((aNbAY)V(aANbAD)), (aAD)A(yVo)) =A((aAb)A(y Vo), (aAb)A(y Vo))
=1.
Similarly
A((aND) A (y Vo), (aNb) ANz Vu)=1.
Therefore
(xVu,yVu) € pf
and hence o™ is a congruence relation on (R, A). O

LEMMA 3.2. Let (R, A) be a GADFL. Then for any a € R, @l®4 = pa.

ProOOF. Clearly ¢ C @4, Let (x,y) € ¢l®4. Then
At ANz, tAy)=At Ay, tAz)=1
for some t € [a) 4. Now, ¢t € [a)4 = aVt =t by lemma 3.1(ii) and hence a A t = a.
Since
AlaNzyahy) =AlantAz,any) =AlaNtAy,aNy) =AlaAy,aNy) =1
= AlaANz,aNy) =1.

Similarly A(a Ay, a Az) = 1. Hence (z,y) € p®4. Therefore pl?4 C 4 and
hence pl@4 = o4, O

In general, for any a € R,

Yo, ={ (z,y) E RxR| AlxANa,yNa) = AlyNa, zANa) =1}

is an equivalence relation but not a congruence relation on (R, A). For in example

2.1, Yp, = {(a,a), (b,b), (¢,c),(a,c), (¢,a)} is not congruence relation on (R, A)
because for (a,c), (b,b) € p,, we have

A((aV ) Ab, (cVb)Ab)=AbAbcAD) = A(bya) =0

and
A((e V) Ab (aVb)Ab)=A(bAbcAb) = A(a,b) =0.2.
Hence A((aV b) Ab,(cVb)Ab) # A((cVb) Ab,(aVb)Ab). Then (aV b, cVb)is
not in v ,. Therefore 13, is not a congruence relation.
Also for any filter Fy of (R, A),

Y, ={(z,y) e RXxR| A(zxNa,yNa) =AlyAa,zANa) =1, for some a € Fu}
is an equivalence relation but not a congruence relation on (R, A).

LEmMMA 3.3. Let (R, A) be a GADFL. Then for any a € R,
Yo, ={(,y) E RxR|A(x Na,yNa) = AlyNa,x Na) =1} =Yg,
Proor. Clearly v,, C [q),. Let (z,y) € ¢q),. Then
Alx ANt yAt) = Ay At, x At) = 1 for some t € [a)4.
Now, t € [a) 4 implies a V t =t by lemma 3.1(ii) and hence a At = a. Also,

Alx Na,yANa) =AlxANaAt,yha)=AlaNz At,yAa)
=AlaANyAt,yha)=AlyNaAt,yha)=AlyAa,yAa)=1.
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Similarly A(yAa, xAa) = 1. Hence (x,y) € ¥a,. Thus ¢p,), € va,. Therefore
Vas = Py, O
THEOREM 3.6. Let (R, A) be an associative GADFL, R with 0. Then for any
ideal 14 of (R, A), the relation
91, ={(z,y) e RXx R| AlaVz,aVy)=AlaVy,aVz)=1, for somea € 14}
is the smallest congruence on (R, A) containing I4 X 4.

PROOF. Clearly ¥, is a congruence relation on (R, A). Also, for any z,y € I4,
we have z Vy € I4 and (z,y) € T4 X [4. Now

A((xvVy)Va, (xVy)Va) = AlzVy, zVy) =1and A((zVy) Vy, (zVy) Vo) = 1.
Hence (z,y) € ¥;,. Therefore I4 x I4 C ¥;,. Now, let ¥4 be any congruence on
(R, A) containing T4 X I4. Then
(x,y) €V, = AlaVz,aVy)=AlaVy,aVz)=1,
for some a € I4. Since 0 € I4 and a € I4 then
(0,a) € Ia x I4 = (0,a) € ¥4
= (0Vz,aVz) € dy (since (x,x) € ¥4 and ¥4 is congruence)
= (z,aVx) €y
and similarly
(y,aVy) €da = (aVy,y) € 9a
= (z,y) € 94 (since ¥4 is transitive and a Va = a V y).
Therefore 97, C ¥4. Thus 97, is the smallest congruence on (R, A) containing
Iq x 1y4. O
Now we characterize an ADFL in terms of ¢p, and 1, ,.

THEOREM 3.7. Let (R, A) be a GADFL. Then the following are equivalent.
(i) (R, A) is an Almost Distributive Fuzzy Lattice
(ii) For any filter Fa of (R, A), ¥r, is a congruence relation on (R, A)

(iii) ta, is a congruence relation on (R, A) for all a € R.

PROOF. Suppose (R, A) is a GADFL.

(i) = (ii). Assume (i). Let F4 be a filter of (R, A). Clearly ¢)r, is an equivalence
relation. Let (a,b), (c,d) € ¥p. Then A(a Az, bAx) = A(bAx,aAx)=1and
AleNy, dANy) = A(dAy, cANy) = 1 for some z,y € Fa. Since F4 is a filter of
(R,A), z Ny € Fs. Now

AlaneANx ANy, bAdANTzANy) =AlaANxcAcAy,bAdANx ANY)
=AlaNzANdANy,bAdNTANNY) =ADAZAdANYy,bAdAT A NY)
=AbNdANzANYy,bAdNT A Ny) = 1.

Similarly
AbNdAxANy,aNe Az AAy) =1
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and hence (a A ¢, bAd) € ¢Yp,. Also,
A(lave)hz ANy,(bVd) ANz Ay) =A(lanz Ay)V(cAzAy), (bVd) AxAy)
=A((bAzAy)V(xAcAy), (bVd) Az y) = A(bA(xAY)]VIxAdAY], (V) Az Ay)
=A(bA(zAY]VIAA(zAyY),(OVI) ANz Ay)
=A((bVvd)Ax Ay, (bVd) ANz Ay)=1.

Similarly A((bVd) Az Ay, (aVe)AxzAy) = 1. Therefore (aVe, bVd) € Yp,.
Thus ¥p, is a congruence relation on (R, A).

(ii) = (iii) Follows from lemma 3.3.
(iii) = (i). Assume (iii). Let a,b € R. Since
A(anb,(aAb)AD) = A((aAb) AbyaAD) =1.
then (a, a Ab €) y,. Also, A(bAD, bAD) = 1. Hence (b,b) € ¢y, . Since 9y, is a
congruence relation on (R, A), (a Vb, (a Ab)VDb) € 1y,. Hence
A((a Vv b) Ab, [(a AD) VD] Ab) = A([(a Ab) V] A, (a VD) Ab) =1 =
A((aVbO)Ab, bAD) = A(DAD, (aVD)AD) =1=
A((aVb)Ab,b) > 0and A(b, (aVb)Ab) > 0.
Therefore (R, A) is an Almost Distributive Fuzzy Lattice. O

4. Subdirectly Irreducible GADFLs
In this section we characterize Subdirectly Irreducible associative GADFLs.
DEFINITION 4.1. Let (R, A) be a GADFL,
Aroay = {(z,y) € Rx R[A(z,y) = Ay, z) = 1}
is called zero congruence in (R, A).

DEFINITION 4.2. A GADFL (R, A) is said to be subdirectly irreducible if the
intersection of any family of nonzero congruences in (R, A) is again a nonzero
congruence.

LEMMA 4.1. Let (R, A) be a GADFL. For any a € R,
e ={(z,y) e Rx R|AlaNz,aNy)=Ala Ny,ahNz) =1}
is a congruence relation on (R, A). Further, 0** = Ag, a) if and only if a is a left
identity element of R and ¢*4 = R X R if and only if A(a,0) = A(0,a) = 1.

PRrROOF. Clearly ¢®4 is an equivalence relation on (R, A). Let (u,v), (¢,d) €
©%. Then A(aAu, aAv) = AlaAv,aANu) =1and A(aAc, aANd) = Ala A d,
aAc)=1. Now

AlaN(uAc)yah(vAd)=A((aANu)Ae;a N (vAd) =A((aAv) Ae,a N (vAd))
=AlaNvAcaN(vAd)=AlvAaNc,aN(vAd)=AlvAaAdaN(vAd))
=A(aN(wAd),aN(vAd)) =1

Similarly A(a A (vAd), aA(uAc)) =1. Hence (uAc, v Ad) € p*A. Also,
Ala N (uVc)yaA(vVvd)=A((aAu)V(aAe),al (vVd))
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=A((aANu)V(aAnd),an(vVd)=AlaA(vVd),aN(vVd))=1.

Similarly A(a A (vVd), aA(uVe)) =1. Hence (uVe, vVd) € p*. Therefore
©%4 is a congruence relation on (R, A).

Suppose 4 = A(g 4). Let € R. Then
AlaN(aNzx),ahz)=AlaNaAz,aNz)=AlaNz,aNz)=1.
Similarly A(a Az, aA(aAx)) = 1. Hence (a Az, x) € p*4 = Ag, 4y and then
a A x = z. Thus a is left identity element.

Conversely suppose a is left identity element and (x,y) € ¢®4. Then
AlaNz,aNy) =AlaNy,anz) =1
That is A(z,y) = A(y,r) = 1 and hence p** = A(g 4). Also suppose p?4 = Rx R,
since (a,0) € R x R then (a,0) € ¢*4. Hence
AlaNa,aN0)=A(aN0,aNa)=1= A(a,0) = A(0,a) = 1.

Conversely suppose A(a,0) = A(0,a) = 1 then a = 0. Clearly ¢*4 C R x R.
Now let (z,y) € R x R. Since A(a Az,a Ay) = A(OAz,0Ay) = A(0,0) = 1.
Similarly A(a Ay,a Ax) = 1. Then (z,y) € ¢*4. Therefore p*4 = R x R. d

The following result can be easily verified.
LEMMA 4.2. For any a € R,
Yo, ={(z,y) e RXR|A(aVa,aVy)=AaVy,aVz)=1}
is an equivalent relation on (R, A).

In general, ¥, is not a congruence relation on (R, A). In example 2.1,

'ﬂaA = A(R,A) U {(CL, C), (C, a)}

is not a congruence relation on (R, A) because for (a, ¢), (b,b) € ¥, ,, we have that
(aV b, cVb) = (be)is not in J,,. But if V is associative in R, then 9,, is a
congruence relation on (R, A). In fact we prove the following.

THEOREM 4.1. Let (R, A) be a GADFL. Then 9, is a congruence on (R, A)
if and only if V is associative. Further, ¥, = A(r,a) if and only if a is the zero
(least) element of R.

PROOF. Suppose (R, A) is a GADFL.
Claim: (i) ¥,, is a congruence on (R, A) if and only if V is associative.

(ii) Yo, = A(g,a) if and only if a is the zero(least) element of R.

(i) Suppose 9, , is a congruence on (R, A), for all a € R. Let a,b,c € R, Since
A(aVv0,aVa)=A(aVa,aV0)=1. Then (0,a) € ¥,,. Now, (0,a) € J,, and
(b,b) € Vo, = (0Vb, aVd) € ¥y, = (b,aVb) € J,,. Since (¢,c) € V,, then (bVe,
(aVb)Ac) € y,. Therefore A(aV (bVe),aV[(aVvbd)V) = A(aV[aVDd)Vd,
aV(bVve)) =1. ThenaV (bVe) =aV[(aVb)Ve] = (aVb) Ve (since aA[(aVb)Ve] =a
and aVb=b< aAb=a). Thus V is associative.
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Conversely suppose V is associative. By lemma 4.4, 9J,, is an equivalence
relation on (R, A). Let (u,v) and (¢,d) € ¥,,. Then
A(aVu,aVv)=AaVuvaVu)=1
and
A(aVe,avd)=A(aVd,aVe)=1
Now
A(aV (unc),aV (vAd)=A((aVu)A(aVe),aV (vAd))
=A((avv)A(aVe),aV(vAad))=A(aVo)A(aVd),aV (vAd))
=A(aV (vAd),aV (vAd)) =1
Similarly A(aV (vAd), aV (uAc)) =1. Hence (uAe, v Ad) € J,,. Also,
A(aV(uVe),aV(vVvd))=A((aVu)Ve,aV(vVd)) =A((aVo)VeaV (vVd))
=A([(avv)ValVeaVv(vvd))=A(aVv)V(aVc),aV (vVd))
=A((avVv)V(aVd),aV(vVvd)=A([(aVv)ValVd),aV (vVd)
=A((avv)Vd,aV (vVvd)=A(aV (vVd),aV (vVvd))=1.

Similarly A(aV (vVd), aV (uVe)) = 1. Hence (uVe, vVd) € dy,. Therefore
¥4, 1s a congruence relation on (R, A).

(ii) Suppose ¥4, = A(gr,a). Then for any x € R, we have
A(aVa,aV(ahz))=AlaV (aNz),aVa)= Aa,a) = 1.
So that (a,a Ax) € Ya, = (a,a ANx) € A a) and hence a = a Azx. Thus a <
for all x € R. Hence a is the zero element of R.
Conversely suppose a is the zero element of R. Let (z,y) € ¥,,. Then
A(aVz,aVy) =AaVy,aVa)=1= Az,y) = A(y,z) = 1.
Hence V., = A(g, ) O

In the following theorem we characterize a subdirectly irreducible associative
GADFL.

THEOREM 4.2. Let (R, A) be an associative GADFL. Then (R, A) is subdirectly
irreducible if and only if every nonzero element of R is left identity and R contains
at most two nonzero elements.

PRrROOF. Let (R, A) be an associative GADFL. Suppose (R, A) is subdirectly
irreducible.
Claim: (i) Every nonzero element of R is left identity
(ii) R contains at most two nonzero elements.

(i) Let 94 be the smallest nonzero congruence relation on (R, A). Choose z,y €
R with z # y such that (z,y €) 94. Assume that 2 and y both are not left identity
elements of R. Then ¢®4 # A(g 4y # ¢4, so that (z,y) € ™ NY4 (since ¥4 is
the smallest nonzero congruence on a subdirect irreducible (R, A)). Hence

Alx ANx,x ANy) = Az Ay,z ANx) =1
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and
Ayhy,yhz)=AlyAhz,yANy)=1=>x=xAy

and y = y Axz. Thus A(z,y) > 0 and A(y,z) > 0 and hence x = y, which is a
contradiction. Thus at least one of x,y is a left identity element. Without loss of
generality, assume that = is a left identity element. Let a be a nonzero element of
R. Suppose a is not left identity element. Now x is left identity element implies
that A(zAa, a) = A(a, zANa) =1. AsaAxANa=xNaNa=1xNa=asothat aAx
is a nonzero element of R. Therefore ¥(qnz), 7# A(r,a) (by theorem 4.1). Hence
(7,y) € V(anz),- Also, since a is not left identity element, we get ¢4 is a nonzero
congruence(by lemma 4.1) and hence (z,y) € ¢*4. Now

Alz,y) = A((aNx)Va,y) = A((aANz)Va,y)
=A(lanz)Vy,y)=A(laNy) Vyy) =1

Similarly A(y,z) = 1. Hence A(z,y) = A(y,2) = 1 = z = y. Which is a
contradiction. Thus a is left identity element.

(ii) Suppose a,b,c € R be three distinct nonzero elements of R. Then a,b,c
are left identity elements. Hence we get ¢4 = A a) U {(a,b), (b,a)} and ¥4 =
A(r,ay U {(b,¢c), (c,b)} are two nonzero congruences on (R, A) such that v N
= A(g,a). This contradicts the fact that (R, A) is subdirectly irreducible. Hence
R has at most two nonzero elements. Converse is trivial. (]
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