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SOLUTION OF
SECOND ORDER COMPLEX EQUATIONS
WITH ADOMIAN DECOMPOSITION METHOD

Murat Diiz

ABSTRACT. In this study, second order linear complex differential equations
are solved by the Adomian decomposition method. A theorem is given for
this method. Furthermore some examples are given, and the results obtained
indicate this approach is indeed practical.

1. Introduction

The difficulties of some problems in real space have been overcome by the solu-
tion methods of complex equations.For example, in real, general solutions of some
equations, especially type of elliptic, are not found. Real partial differential equa-
tion systems when number of independent variables are even can be transformed to
a complex partial differential equations. The solving a complex equation can more
easier with complex methods. For example,

Ugy + Uyy = 0.
Laplace equation hasn’t got general solution in R?, but it can be written
Uzz =

with the relation
82
A= —
020%
and the solution of this equation is

u=[f(z)+9().
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where f is analytic, ¢ is anti analytic arbitrary functions ([14, 15]).

The most basic works in the theory of complex differential equations are ” The-
ory of Pseudo Analytic Functions” which is written by L. Bers ([5]) and ” General-
ized Analytic Functions” which is written by I, N. Vekua [19]. First order complex
differential equations were solved by using laplace transform, elzaki transform and
adomian decomposion method in [14, 15, 16]. Moreover in [13] some examples as-
sociated with complex equations from second order were solved by using differential
transform method. We extended previous our paper [13] and we found a solution
of this type equations satisfying certain conditions. In this study, we solved the
second order linear complex differential equations.We give a theorem for this kind
equations

Firstly, second order linear complex partial differential equation is transformed
to real partial differential equation system by seperating to real and imaginer parts.
Then, we put forward a solution which satisfy certain conditions of the complex
equation with real equation system is solved by Adomian method.

1.1. Derivatives of Complex Functions. Let w = w(z,z) be a complex
function. Here z = z + iy, w(z,2) = u(z,y) + i.v(z,y). First and second order
derivatives according to z and Z of w(z,Zz) are defined as follows:

ow 1 0w Ow

(1.1) % —3las za—y)

8711) 1 0w Ow

- oz =20 1oy
o B
o e
a8 e = 1 3 * 5

If we write u + v in place of w in (1.3,1.4,1.5) we get that

0w 1 [0%u n 0%u n ,(621) n 821))
= — | —— [N 1 —— -

020z 4 |0z2  0Oy? 0x2 = Oy?

Pw 1 [0%u 0%v u . (0% 0%u 0*v
(1.7) R ey SR () 2y
022 4 | 022 oxdy  Oy? Ox? oxdy  Oy?

(1.6)

w1 {8210 9%v 0%y (821) 0%y 821))}

922 2ozoy o T \o2 T2ozay  op?
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(1.9)

9w 1 [8211 0%u (821) 8211)}
= Z +1 .

9207 02 T2 T\ o2 T a2

1.2. Adomian Decomposion Method. In this section we mention from the
Adomian Decomposition Method(ADM). The ADM is a iterative method which is
used in several areas of mathematics. Recently a great deal of interest has been
focused on the application of the ADM to solve a wide variety of linear and nonlinear
problems. This method has been introduced by Adomian [2] and it can been used in
the linear and nonlinear differential equations, in the differential equations systems,
in the integral equations, in the difference equations, in the differential-difference
equations, in the algebraic equations, in the fractional differential equations,couple
system of two equation [6, 7, 8, 9, 1, 17, 18, 12, 3, 4, 10, 11]. This method
generates a solution in the form of a series whose terms are determined by a recursive
relationship using the Adomian polynomials [16].

We consider F(y(x)) = g(z), where F represents a general differential operator
involving both the linear and nonlinear terms. The linear term is decomposed into
L+ R, where L is the highest order differential operator and R is the remainder of
the linear operator. Thus the equation can be written

Ly+ Ry + Ny = g(z),
where Nu represents the nonlinear terms. Solving for Ly, we use
Ly =g(x) — Ry — Ny.
Because L is invertible, an equivalent expression is as follows
L 'Ly=L"'g— L 'Ry— L 'Ny.
If L is first order, L™! is a integral operator. If L is second order, L™! is two fold

o0

integration operator. The nonlinear term Ny will be equated to Y A, , where A,
n=0

are the adomian polynomials. Thus it can be written

S = LR (zy> o (zAn) ,
n=0 n=0 n=0
where yq is solution of Ly = g(x). Consequently we can write
y1=—L""yo— L™ Ag
y2 = —L_lyl — L_lAl
Ys = —Lilyg — L71A2

Yn4+1 = _L_lyn - L_lA'ru

where A,, polynomials are determined as follows:

Ny = f(y)
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Ao = f(yo)
Air=wn dZ(Z)o)

df(yo) | vi d*f(yo)
dyo 2 d*yo
df (yo) d*f(yo) | yi d*f(yo)

As = ys——= .
3=U3 dvo + Y1-Y2 Py, 31 By

Ay =1y

2. Solution of Complex Equations with ADM
THEOREM 2.1. Let A, B,C, D, E,F,G be functions of z,Z and let w = u + v
be a complex function. We consider following problem
0%w 0%w 0%w

_ _ _ _, Ow

E (z,%) % + F(z,2)w =G (z,%)

(2.2) w@,0) = f)
(2.3) w0 = g

[e.e]
The solution of above mentioned problem is w = u + v, where u = ug +Y_, Up+1
n=0

and v =09+ Unt1, U, V0, Unt1, Unt1 are as follows:
n=0
[f Bl — Al — Cl 7é O,then
ug = L2 e + L' (Reg(x)) + Ref(z),
Y \-A1+B,-C, Y
_ 4G,
= L2
vo v <—A1 + B —C4

— Al + B1 + Cl _ 2A2 - 202
n = L2072 n L2 — L. L,u,
Un+1 v <A1—Bl—|—01 Iu>+ Y <A1—B1+C1 yu>

_o (A2 — By + (s _o [ —A2 — By — (Y
L 2 7L2 n L 2 ——= L2 n
T (A1—31+C1 ytn ) TRy A —B+C; "

) + L' (Img(x)) + Imf(x)

24, — 20, »
e S G G0 S I St it N Mt Y SV
A, - B, 10 y”>+ v \ A4, B r o

( 2D, + 2E,
2D, — 2F —9D, — 2E
+L;? (2 2 Lyun) + L2 (2 2 Lv )

2

A, — B +C4 Ay =B +C "

2D1 - 2E1 Ly’l)n) + L;2 (4F1’Ltn — 4F2’Un> )

A — B +C4 A — B +C
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_ A1+ B +Cy _ 245 — 20y
= [ =17 L2 7[4 L
et Y (A1 By +Cy Ty A -Bi+Cy y¥n

o [ —As+ By —Cy o (As+ By + Cy
4L =2 Py, |+ L SRR i 2y,
v (Al—Bl+Cl yu) Y <A1—31+Cl mu)

_ —2A; +2C, _ 2Dy 4+ 2F;
L% ——"—L,Lu, L2 -———"— L.,
i (Al—B1+C1 yu>+ Y (Al_Bl+Cl §

_ 2Dy — 2F, _ 2D + 2F,
L2 ———~—"p n L2 — L. u,
Ty (A1—31+Cl yv>+ Y <A1—31+C1 u)

_ 72D1 + 2E1 _ 4F1’Un + 4F2un
el et St U W S N (et Ul e L
thy <A1—31+C’1 y“’)* y (A1—31+01>

IfA2 — Bg + CQ 7& 07 then

wien) = 5 (g ) I (Reg @) + Ref (o),

4G
vo (z,y) = Ly_2 (m> +L;1 (Img (z)) + Imf (z).

_ —B1+ A1+ Cy _ A+ B+ Cy
i1 = L7 —/——— P, |+ L (- L%u,
it Y <A2—Bz+02 yu>—|— Y ( 4Bt O "

- —2A5 +2C5 o (Aa+ Ba+ (4
L2 — L. L,u, L7222 == g2 n
Ty <A2—32+02 yu)Jr Y (A2—B2+C2 zv)

20, — 24, _,{ —2D, - 2E,
—L.L,v, L —— L
o — Bo+Cy " va>+ Y \As— By + (s wtin

2
L ( .
_ —2Dy +2F _ 2Dy +2F
o (et ) + 5 (1 gy e
2 — D2 2 2 — D2 2
—2D¢ + 2F; 9 —4F\u,, + 4F5v,
+L (2Lyv ) L

Ay — By + Cy Ay — By + Cs

v = L2 (A G N e (A O
U+l v <A2—B2+C y”)+ y (AQ—BQJrc2 z?

2A2 -2 A2+BZ+CQ 2
L.L,v, L — L u,
(A2—32+C Jv>+ Y <A2—32+Cz !

—94, + 20, _2< 9D, — 28, )
22 ) o (P2
A — By + Cs y“) v \Ay— Byt Cy "

2D, + 2F —9D, +2E
Lo 2( Lt 2m LIvn)—f—L;Q (1+ 1Lyun)

+L,?

+

Ay — By + Cs Ay — By + O

2D 2F 4F v, + 4F5u,
2 + 2Lu) L;2< 1Un + 2u>

+L,”?
As — By + Cs

Ay — By + Oy
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Ay = ReA(z,%Z),A2 =ImA(z,Z),B; = ReB(z,%Z),Bs = ImB (z,%),
Cy = ReC(z,%Z),Cy =ImC(2,%),D; = ReD (2,Z), Dy = ImD (2,%) ,
E, = ReE(z2,Z),Ey=ImE(2,%Z),F) = ReF(2,%Z), F, = ImF(2,%),
G1 = ReG(2,%Z),Gs =ImG (2,%Z)

PROOF. Let’s write the equation (2.1).

_ 0*w . Q*w 2 _, Ow _, Ow _
A(z,z)@—FB(z,z) 9257 +C(z,2) e +D(Z,Z)E+E(2,2)£+F(Z,Z)w

=G (z,2)

We let’s rewrite above equation using the definition of complex derivatives
(1.1,1.2,1.3,1.4,1.5)

(A1 (.9) + s (2.) § [g;” —ngt -t
2 2
(B o)+ B2 (e0)) | 58 + 55
+(Cy (z,y) +iCy (z,y)) ~ [?912 +2i gjgy - ZZ’]
D1 () +iD2 (50)) 5 (5 — i)
(B (0,) + B2 (0,9)) 5 (G +i%50) + (Fy (9) + iF () w

(24) = Gi(x,y)+iG2(z,y).

If we separate real and imaginer parts of equation (2.4), we have obtained following
real equation system.

0%u 0%v 0%y 9%v
A (z, y)a 2+2A1(i€ y)aé)y Al(f,y)ﬁ—flz(%y)@
82 2v 2 82u
8211 82 82u 9%v
~Ba(e,y) 5y — B (a0) 5 + Cr o) 5o = 201 (o)
2 2, 2, 92v
- o o2
CVl (Jf,y) 3y2 02 (l’,y) ox 2 C (37 y) ox a +CQ (.’E y) ay
ou ov ov ou ou ov
+2D16—x + 2Dy — 3y - 2D23 + 2D28 + 2K — B 2E18—y
(25) —QEQg — QEQZ + 4F1u - 4F27) = 4G1
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8211 82 82 82u

82 82 32 320

2 2 2 2’LL
82 82u 82 0%u
*C1($,y)82+c2($ y)8 5 — 203 (, y)(‘) By CZ(x’y)an

v ou ou v

+2D; (z,y) e 2D1 (z,y) 5~ By + 2D (z,y) 9 T 2D; (z,y) oy

v Ju Ju ov

+2Ey (z,y) 9 T 2B (z,y) o~ By +2E3 (7,y) e 2B (2,y) 5 oy

(26) —|—4F1U + 4F2U = 4G2

If these equations (2.5) and (2.6) are taken on brackets of derivatives, also it is
obtained following equalities.

0%u 0%u 0%u
(Bl_Al_C1>87y2+(Bl+A1+Cl)W+(2A2 202) 8m8y
o%v 0%v 0%
+ (Ag — By + CQ) 67:142 + (7142 — By — CQ) @ + (2A1 - QCI) 8$8y

) P ) )
+ (2D + 2B (‘TZ + (2Dy — 2B,) ai; + (=2Dy — 2B,) (9712 + (2D — 2B;) 22

(27) —|—4F1u - 4F21} = 4G1

0%v 0%v 0%v
B — A —-C)) — B A Cl) — 249 — 2C
(B1 1 1)8y2+( 1+ A4+ 1)8x2+( 2 2)833831
2u 0%u 0%u
—-A By — C9) —= A B Cy) — —2A 20
+ (A2 + Bs 2)8y2+(2+ 2+ 2>8x2+< 1+ 1)8x8y
ov ov ou
2Dy — 2F5) — 2D 2F ) — —2D 2F1) —
+ (2D 2)3y+( 1+ 2E1) o+ (=2D1 + 1)8y
(28) +(2D2+2E2)? +4F1v+4F2u :4G2.
X

IfBl 7A1 701 %Othen
(Bl -+ Al -+ Cl) Liu -+ (2A2 — 202) LmLyu -+ (A2 — BQ -+ Cg) sz

L?lu = 0,
(—A2 - B2 - 02) Li’U + (2A1 - 201) LxLy’U + (2D1 + 2E1) Lxu
— — Cl
(2D2 — 2E2) Lyu + (—2D2 — 2E2) LIU + (2D1 — 2E1) Ly’l}
- Al - Cl

_4F1U, - 4F21} - 4G1
-A-C
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(B1 + Al + Cl) Li’l} + (2A2 - 202) LzLy’U + (_A2 + BQ — CQ) Liu
— Cl
_ (A2 + Bg + Cg) Liu + (72141 + 201) LxLy’UJ + (2D2 — 2E2) Ly’U
— Cl
_ <2D1 + 2E1> Lw?} + (—2D1 + 2E1) Lyu + (2D2 + ZEQ) qu
- A —C

4F1U + 4F2U, — 4G2
_ Cl

If we apply L, 2 inverse operator, then we get from ADM following inequalities

o (B1+A1+Cy _ 245 — 2Cy
w1 = L2 (A TELT g, g2 S22 gy
tnt Y <A1_B1+Cl Zu>+ Y (Al B+ Cy u)
o (A2 — By + (s _o [ —As — By — (Y
(22, ) o2 (T2 T 2 T e,
thy (A131+cl y“)* v (A131+01 f’””)
_ 241 —2C4 _ 2D, + 2F,
L2 7[/[/ n L2 L. u,
thy A - B+ C v)—l— Y (A1_31+Cl u)

2D, — 2B, o[ —2Dy —2E,
T Loug L —L,v,
Al_Bl+Cl yu)+ Y Al_Bl+Cl !

2D, — 2F, _o [ 4Fu, — 4550,
et St S PP Y b (et o e I
A —BitCh y”)* v (A1—31+01)

+

™~

<

[ V)
AN T NN

B1+A1+Cl _ 2A27 C
= L —F— L2 L2222 1L
e < "B o) T\ A B o
A2+BQ—CQ _ A2+B2+02
L2 Lu L7 —=—= 212,
T ( -B1+C Ty A —-Bi+C o
—2A1+201 _ 2Dy — 2F5
L,? LoLyuy, |+ 072 —=—""=_T.u,
+ ( — B +C u>+ Y <A1B1+Cl v
2D, + 2E, o [ —2Dq +2E;
L,? L L2 —/——— = Lu,
+ <A1 By + C; U)+ Y <A1—B1—|—01 yu)
+L 2< 2D2+2E2 L > L;Q <4F1vn+4F2un)
A]_ Bl+Cl Y Al_Bl+Cl

By conditions (2.2) and (2.3), values of ug (z,y) ,vo (z,y) are as follows:

4G
ug (v,y) = LJQ (W) + ngl (Reg(z)) + Ref (),

G
vo (z,y) = L;Q (Bl—41412—01> + L;l (Img(x)) + Imf(z).
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Similarly , if Ay — By + Cy # 0, then by (2.7) and (2.8) we get those:
(B — A1 — CY) Lgu + (242 — 2C%) LyLyu+ (A1 + B1 + C1) Liu
Ao — By + Cy
(—As — By — Co) L2v + (241 — 2C1) Ly Lyv + (2D1 + 2E1) Lyu+
- Ay — By + Cy
(2Dy — 2B5) Lyu + (—2Ds — 2E) Lyv + (2D1 — 2Ey) Lyv+
a Ay — By + Oy

2 — —
Lyv =

_4F1U — 4F21} — 4G1
Ay — By 4+ (s

(B1+ A1+ Cy) L2v + (245 — 2C3) Ly Lyv + (B — A1 — Cy) L2v
Ay — By 4+ Cy
N (Ag + By + Co) L2u + (—2A; + 2Cy) Ly Lyu + (2D3 — 2E5) Lyv+
Ay — By 4 (s
N (2D1 + 2Ey) Lyv + (—2D1 4+ 2E1) Lyu + (2D + 2E5) Lyu+
A2 — BQ + 02

4F1U + 4F2u — 4G2
Ay — By + Oy

If we apply L, 2 inverse operator, then we get from ADM following inequalities

_ —B1+A1+C’1 _ A1+Bl+01
= (At T, ) (AT L T e,
Untl y(@—&+@ i )\ T S B Gy

—2A 2 A B
-2 (A 2+ 2Cs LzLyun> +L;2 ( 2 + 2+C2L3;Un>
2

Y 7BQ+CQ AQ*BQ+CQ

_ 2C] — 24, _ —2D, - 2F;
L7 -————L.,L,, L7 ——————L,u,
Ty <A2—Bz+02 yv>+ Y <A2_32+02 u)

_ —2D5 + 2F, _ 2D5 + 2F5
L2 ——="7 n L2 ——L.v,
Ty <A2—32+Cz yu)+ v (A2—B2+C2 v)

_ 72D1 + 2E1 _ 74F1un + 4F2Un
L 2 7L L 2 .
+ v (AQ_BQ+CQ yvn> * Y < Ay — By + Cy >

n = 2= 52 n L2 = 72 n
et Y <A2_BQ+02 S As — By + Cs =Y

_ 249 — 20, _ As + By + Cs
L2 (-2 DLy, ) + L2 (222222,
Ty (A2—32+C Jv>+ Y <A2—32+Cz !

—94, + 20, _2<2D2—ﬂb )
22 ) o (P2
A — By + Cs y“) v \Ay— Byt Cy "

2D, + 2F —9D, +2E
L,? ( Lt 2m [@Un> + L2 (1_+1Lyun)

+L,?

+

Ay — By + Cs Ay — By + O

2D 2F 4F v, + 4F5u,
2 + 2Lu) L;2< 1Un + 2u>

+L,”?
As — By + Cs

Ay — By + Oy
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By conditions (2.2) and (2.3) values of ug (,y),vo (z,y) are as follows:

wiew) = L (gt ) + Iy (Reg(o) + Ref (o),
9 4Gy 1
weew) = L (e )+ Lt ma(e)) + I (o)
ExAMPLE 2.1. ([13]) Solve the following differential equation
Pw
0202
with the conditions
w(z,0) = 922 ow (z,0) = 10ix
) » By .

SOLUTION 2.1. By the Theorem 2.1 the coeffients of equation are as follows:
A=0,B=1,C=D=FE=F=0,G=4.

Therefore
A1 =Ay=By;=01=Cy=D1=Dy=F1=F,=F,=F, =G, =0,
By=1,G, =4
ug (x,y) = L;Q (16) + 92* = 8y + 922, vy (v, y) = L;l (10z) = 10zy
U1 :L;2(—18):—9y2,u2 =uz=uUs=..=0, 00 =v3=0v4 =...=0

u=1uy+uy +us + ... = 8y> + 9x? — 9y? = 92% — ¢/

v =129 +v+vy+..=10zy
w=u+iv="9z2—y? + 10izy = 427 + 5z°.
ExXAMPLE 2.2. Solve the following differential equation

9w 9w 9w

- 4+ — 4+ —— =0
022 T 0207 T 0
with the conditions
w(z,0) = 22 a—w(x 0) = 18ix
b b ay )

SOLUTION 2.2. From Theorem 2.1 the coeflients of equation are as follows:
A=1,B=1,C=1,D=FE=F=0=G=0.

Therefore
A1=B1=C1=1,A3=By=Co=D1 =Dy =E, =Fy=F = F,
=G =G2=0
uo (z,y) = 2, v (2,y) = L;l (18z) = 18zy
u =3y upg=us=ug=..=00; =vp =v3=v4=..=0

u:u0+u1+uQ+...:x2+3y2
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v =129+ v +vs+..=18zy
w=u+iv=ax>+3y* + 18izy =

N\ 2 N\ 2 _ _
zZ+7Z Z2—Z [ z+Z Z—Z 2 _ _o
1 =4 227 — .

( 5 )+(2i>+8z< 5 )(2@) 2“4+ 227 — bz
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