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G. Mohanraj and E. Prabu

ABSTRACT. In this paper, we establish that the fuzzy sum of two (A, u)-fuzzy
right [left] ideals of hemirings R is again a (X, p)-fuzzy right [left] ideal of R.
It fails for two (A, p)-fuzzy right [left] h-ideals of R. Moreover, we investigate
that the fuzzy h-sum of two (A, u)-fuzzy right [left] ideals is a (X, u)-fuzzy
right [left] h-ideal of R. We explore that the fuzzy h-intrinsic product of two
(A, p)-fuzzy right [left] ideals of R is a (A, u)-fuzzy right [left] h-ideal of R.
Further we investigate that the fuzzy h-intrinsic product of (A, p)-fuzzy left
and (A, p)-fuzzy right ideals of R is a (A, u)-fuzzy h-ideal of R.

1. Introduction

Since the introduction of Zadeh’s theory of fuzzy sets [11], these has been

a rapid growth of interest of its application. Since then, many papers on fuzzy sets
appeared showing the importance of the concept and its applications to logic, set
theory, group theory, groupoids, topology and so on. Rosenfeld first introduced
the concept of fuzzy groups in his pioneering paper [8]. The concept of h-ideals of
hemirings was made by Torre in [3]. Y.B Jun [2] has contributed the concepts of
fuzzy ideals and fuzzy h-ideals in hemirings. Investigations of characterizations of
hemirings by their h-ideals were studied by Wieslaw A. Dudek, Muhammad Shabir
and Rukhshanda Anjum in [7]. The notions of (A, u)-fuzzy groups [9] and (A, u)-
fuzzy subrings [10] were initiated by Yao. Moharaj et al. introduced the concept
of (A, p)-fuzzy ideals in semirings [1]. G.Mohanraj and E.Prabu investigated gen-
eralized fuzzy right h-ideals of hemirings by using fuzzy sums and products in [5].
In this paper, the fuzzy sum of two (A, p)-fuzzy right [left] ideals of hemir-
ings R is again a (A, u)-fuzzy right [left] ideal is established but it not so for two
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(A, p)-fuzzy right [left] h-ideals of R. Moreover, it is explored that the fuzzy h-sum
of two (A, u)-fuzzy right [left] ideals is a (A, p)-fuzzy right [left] h-ideal of R. And
also it is investigated that the fuzzy h-intrinsic product of two (A, u)-fuzzy right
[left] ideals is a (A, p)-fuzzy right [left] h-ideal of R. Further we explore that the
fuzzy h-intrinsic product of (X, u)-fuzzy left ideal and (A, p)-fuzzy right ideal is a
(A, p)-fuzzy h-ideal of R.

2. Preliminaries

A set R # () together with two associative binary operations “+7” and “-”
that satisfy both distributive laws is called a hemiring if “ 47 is commutative and
there is an absorbing element 0 € R such that 0+z =2z =z+0and 0-2 =0=2z-0
for all x € R.

A subset A # () of a hemiring R is called a right [left] ideal of Rif (i) {+m € A
for all ,m € A and (i) lz € A [zl € Al for all l € A, z € R. A right [left] ideal
A of R is called a right [left] h-ideal of R if [,m € A and x + 1+ z = m + z imply
x € A for z,z € R. For a non-empty subset A of a hemiring R, the h-closure A of
subset A of R is defined as: A={z € Rlx+l+z=m+2z, I,m € Aand z € R}.

Recall that a mapping f : R — [0,1] is called a fuzzy set of a hemiring R.
For a fuzzy set f of a hemiring R, the level set f; of fuzzy set f of R is defined
by fi = {a € R|f(a) > t} for all ¢ € [0,1]. The fuzzy set “1” is defined as

1 =1(a) = xr(a) for every a € R.

DEFINITION 2.1. For a fuzzy sets f and g of R,
i) the fuzzy sum f + g of f and g is defined as
(f+9@) =\ [f()Ag(2)]
r=y+z

forz,y,z € R and
ii) the fuzzy h-sum f 45 g of f and g is defined as
(f +n9)(x) = \ [f(a1) A flaz) A g(br) A g(b2)]
r+a1+bi+z=az+ba+z

for x,a1,b1,a2,bs,2 € R.

DEFINITION 2.2. For a fuzzy set f of a hemiring R, the fuzzy h-closure f of f
is defined by

N@ =\ [fl@nrfo)
r+a+z=b+z
for x,a,b,z € R.

DEFINITION 2.3. [4] Let f and g be two fuzzy sets of R. We write f gﬁ g, if
g@)VAZ f(e)Ap forallz € Rand 0 < A< pu< 1.
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3. Fuzzy sum of (\, u)-fuzzy h-ideals

Now R will always represent a hemiring and 0 < A < g < 1 unless otherwise
specified.

DEFINITION 3.1. The fuzzy set f is called a (A, u)—fuzzy right [left] ideal of R
if for all x,y € R

Fla. f(x+y) VA= f(z) A fly) Ap
Flb. f(zy) VA > f(z) Ap [flzy) VA= fy) Ap]

DEFINITION 3.2. The (A, p)—fuzzy right [left] ideal f is called a (A, pu)— fuzzy
right [left] h-ideal of R if
Fle. z4+a+z="0b+ z implies f(z) VA= f(a) A f(b) Au for x,a,b,z € R,

THEOREM 3.3. [5] The fuzzy set f of R is a (A, u)—fuzzy right [left] ideal of R
if and only if
F2a) f+fC) f
F2b) f-1C f1-fC) f]

THEOREM 3.4. [5] A fuzzy set f is a (N, u)—fuzzy right [left] h-ideal of R if
and only if

F2a) f+ fC) f
F2b) f-1C) f[1-fC) f]
F2c) f < f
THEOREM 3.5. If f and g are (A, p)-fuzzy right [left] ideals of R, then so is
f+g
PROOF. Let f and g be (A, u)-fuzzy right ideal of R.
Now, (f+9)+(f+9) = Ff+(@+f)+yg
= f+(f+9)+yg
) [+(g+9)
A
S, f+yg
Therefore (f +g) + (f + 9) gﬁ (f+g). Now, z = 1 + xo implies xy = z1y + z2y.

Then, (f + )ay) VA >/ [f(xlny(xzy)]vA

TYy=T1y+T2Y

WV

\/ [f(ﬂh)/\u/\f(fcz)/\/t]

T=x1+T2

=V [f(:vl) A f(x2) A] A

T=r1+T2

= (f+9)Ap
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Thus, (f+g)(z) VA = \/

r=ab

[ V (F +9)(@) A (1))

r=ab
(f+9)- D) Ap

Therefore by Theorem 3.3, f + g is a (A, p)-fuzzy right ideal of R.
Similarly, we prove that f + g is a (A, p)-fuzzy left ideal of R if f and g are
(A, p)-fuzzy left ideal of R. O

(f +9)(a) A u]

Ap

REMARK 3.6. The fuzzy sum of two (A, p)-fuzzy right h-ideals of R need not be
a (A, p)-fuzzy right h-ideal of R by the following Example.

EXAMPLE 3.7. Let Z* be a hemiring of non negative integers. Now, we define
a fuzzy sets f and g as follows:
0.9 ifzx=38
f(z) =108 ifxis even but x # 8
0.3 otherwise

0.9 ifz=25
(z) = 0.8 ifze<b> {25}
T =03 ifrez{{4u<5>})
02 ifr=4
Clearly, f and g are (0.3,0.8)-fuzzy right h-ideals of R. Then,
0.9 ifz=33
(f+9)(x) =408 ifzeZ"~ {1,333}
0.3 ifr=1,3

Now, 1+4+8 = 548 implies (f+9)(1)V0.3 = 0.3 # 0.8 = (f+9)(4)A(f+9)(5)A0.8.
Thus [ + g is not a (0.3,0.8)-fuzzy right h-ideal of R.

4. Fuzzy h-sum of (), p)-fuzzy h-ideals

LEMMA 4.1. If Fla holds for the fuzzy sets f and g, then (f+rg)(x+y) VA =
(f +r9) (@) A(f +r9)(y) Ap.
ProOF. Now,
x+a1+b1+21:a2+b2—|—21
and
Y+ +di+ 20 = ¢y +doy + 29
imply
r+y+ar+bi+c1+di+21+20=as+by+co+ds+ 21 + 22.
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Thus,
.’L‘+y+(a1+01)+(b1+d1)+22 (a2+02)+(b2+d2)+z.
Then, by F'la, we have

(fHng)@+m) VA > \/
z4y+(a1+c1)+(bi+dr)+z=(az+c2)+(ba+d2)+2

flar+c1) A

flaz+c2) Ag(by +di) Aglba +d2)| VA

WV

V V [ﬂan A Fe)

r+ai1+bi+zi=ax+ba+2z1 y+ci+di+zo=cot+da+z2

A A faz) A fle2) A A g(bi) Agldi) ApAglbe) A g(da) A u}

V \/ { [ﬂal) A Flaz) A

z4a1+bi+z1=a2+ba+z1 y+ci1+di+ze=co+da+z2

9(be) A g<b2>] A [ﬂcl) A F(e2) A gldy) A g(dzﬂ } A

{ V lf(al) A flaz) A g(br) /\g(bg)l A

z+a1+b1+z1=az2+ba+z21

\/ [f(cl)/\f(cz)/\g(d1)/\g(d2)]} A

y+ci1+di+za=co+da+22
(f+r g)@) A +n9) () Ap

Therefore (f +1 g)(z+y) VA Z (f+n9)(@) A (f +rg)(y) Apfor all z,y € R. O

LEMMA 4.2. If Fla holds for the fuzzy sets f and g, then x +a+ 2z =b+ 2
implies (f +rn 9)(@) VA Z (f +r g)(a) A (f +r 9)(b) A p.

PROOF. Let a+(a1+b1)+21 = (a2+b2)+21 and b+(01+d1)+2’2 = (Cg+d2)+22.
Now, x + a + 23 = b+ z3 implies

r+a+z3+a+bi+z1+c1+di+22 = b+zztar+bi+z1+e1+di+ 2
Then,

x+(a+a1+b1+21)+cl+d1+22+23 = (b+C1+d1+22)+
a1 +by + 21 + 23

implies

T+ag+by+z1+e+di+29+23 = co+do+ 20+ ar +by + 21 + 23.
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Thus,
x4+ (az+c1)+(ba+di)+21+220+23 = (a1 +c2)+ (b1 +da)+ 21+ 22 + 23.
Then by Fla,

(f+rg)@) VX = \V [

x4 (az+c1)+(ba+d1)+z1+22+23=(a1+c2)+(b1+d2)+z14+22+23

f(a,z + Cl) A f(a1 + 02) A\ g(bg + d1) N g(bl + dg) VA

WV

V \/ lf(az) A fler)

a+(a1+b1)+z1=(az+b2)+z1 b+(c1+d1)+za=(ca+d2)+22

A A flar) A fle2) A A g(be) Ag(di) A A g(br) A g(da) A u]

V {[f(al) A flaz) A

z+(a1+b1)+z1=(a2+b2)+2z1 y+(c1+di)+z2=(ca+d2)+22

g(b1) Ag(bz)] A [f(cl) A fle2) A g(dr) Ag(ﬂb)} } N

{ V lf(al)/\f(az) A g(br) /\g(bg)] A
+(

a1+4b1)+z1=(a2+b2)+z1

V [f(cl)Af(Cz)/\g(d1)Ag(d2)}}/\M

b+(c1+d1)+z2=(ca+d2)+22
= (f+rg)a) A (f+rg)(b) Ap

Therefore 4+ a 4+ z3 = b + z3 implies

(f +r (@) VA= (f +1 9)(@) A (f +r 9)(0) A p.

O

THEOREM 4.3. The fuzzy h-sum of two (X, u)-fuzzy right ideals of R is a (\, p)-
fuzzy right h-ideal of R.

PROOF. Let f and g be the (A, u)-fuzzy right ideal of R. Then Fla and F1b
hold. By Lemma 4.1,

(fHrg)@+y)VAZ (f+rg)(@) A +r9)(y) Ap
for all x,y € R. Now, z 4+ a1 + b1 + z = as + b + z implies
Yy + a1y + by + 2 = azy + bay + 2.
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Then by F1b,
(f+rg)@y) VA = \V [f(aly) A flazy) A g(bry) A

zy+a1y+bi1y+z=azy+bay+z
g(bzy)] VA

> Vo fan) A fan) A A glon) A
r+a1+bi+z=ax+ba+z2
Ag(b2) A p

= \V flax) A flaz) A g(b) Ag(bz) A

etay+bitz=az+batz
= (f+ng)@)Ap
Therefore (f +5 g)(xy) VA = (f +n g)(x) A p for all z € R. By Lemma 4.2,
x4+ a+ 23 = b+ z3 implies

(f +n9) (@) VA Z (f +r g)(a@) A (f +1 9)(b) A pu.
Hence (f +5, g) is a (A, p)—fuzzy right h-ideal of R. O

THEOREM 4.4. If f and g are (A, u)-fuzzy left ideals of R, then [ 45 g is a
(A, p)-fuzzy left h-ideal of R.

PrOOF. Let f and g be the (\, p)-fuzzy left ideal of R, By Lemma 4.1,

(f+r )@ +y) VAZ (f+r9)@) A (f +r9) () Ap
and by Lemma 4.2, x 4+ a + z3 = b + z3 implies

(f+rg)@) VA= (f +r9)a) A(f +n 9)(b) A p

for all z,y € R. Now, y + a; + b1 + z = as + by + z implies zy + xza; + xby + z =
xag + xby + z. Then by F1b,

(f+ng)@y) VA = \V [f(xan A f(zag) A g(ab)

zy+xai;+zbi+z=xas+zba+z

/\g(CCbg)] VA

> V Flar) A A flaz) ApAglb) Ap
y+ai+bi+z=az+ba+z
/\g(bg) A [

= \/ flar) A flaz) Ag(bi) Ag(ba) A

y+a1+bi+z=az+ba+z

= (f+n9))Au

Therefore (f +n g)(zy) VA = (f +r g)(y) A p for all y € R. Hence (f +4 g) is a
(A, u)—fuzzy left h-ideal of R. O
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COROLLARY 4.5. The fuzzy h-sum of two (A, p)—fuzzy right [left] h-ideals of R
is again (A, p)—fuzzy right [left] h-ideal of R.

ProOOF. Straightforward. O

COROLLARY 4.6. The fuzzy h-sum of two (A, p)—fuzzy h-ideals of R is again
(X, ) —fuzzy h-ideal of R.

PrOOF. Straightforward. O

COROLLARY 4.7. [7] The fuzzy h-sum of two fuzzy h-ideals of R is again fuzzy
h-ideal of R.

PrOOF. By taking A =0 and p = 1 in Corollary 4.6, we get the proof. O

5. Fuzzy h-intrinsic product of (\, p)-fuzzy h-ideal

DEFINITION 5.1. The h-intrinsic product f ® g of fuzzy sets f and g of R is
defined by

v R n a0 1 1706 A 905)
(f®g)(x): x+§aibi+2’:jéla;b;+z i=1 JA

i=1

m n ;o
0 if x cannot be expressible as x + ) ab;+z= ) a;b; + z.
i=1

=1

LEMMA 5.2. For the fuzzy sets f and g of R, then (f©g)(x+y) = (fOg)(x) A
(f ®9)(y) for all z,y € R.

ProoF. Now,

m n p q
x—&—Zaibi—&-z:Za;b;-+zandy+chdk—|—z:Zc;d;—l—z
i=1 j=1

k=1 =1

imply

i p n ’ ’ q ’ ’

x—l—y—&-Zaibi +chdk + 2z = Zajbj +chdl + z.

i=1 k=1 j=1 =1
Thus,
(fogl+y) = V [/\[f(ai)Ag(bi)] A

i=1

m P n q
a:+y+_z a;b;+ Z cpdp+z=) a;b;.JrZ ch;Jrz

i=1 k=1 j=1

p q

/\ (ck) A g(dg)] /\/\ /\ cl/\gdl]

k=1 j=1 =1
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= V /\[f(ai) A g(bi)] A

m P n a
z+y+ > aibi+ Z crdip+z= E a;b;-{-z c;dz-&-z
i=1 = i=1 =

/\[f(a;') /\ (cr) A g(di)] /\ (c) A gldy) ]

=1 k=1 =1

- v Vo Aensea

m n P a
z+ Y abitz=>" a;b;-&-z y+ Z ckdk+zzz c;d;+z

1=1 Jj=1

/\[f(a;) /\/\ (ck) A g(dy)] /\ (¢) Ag(d ]
k=1

j=1

m n
= < \/ /\ (a;) A g(b /\ >/\
x+2 a;b; +z_§: b4z i=1 j=

i=1 j=1

LY

y+ > crdit+z= c;d;+z
k=1

=
>~a

[f(ck) A g(dy)] Fe)) A gldy) >
1 z:1

= (fog@)A(fog)y)
Therefore (f © g)(x+y) = (f © g)(x) A (f © g)(y) for all z,y € R. O

LEMMA 5.3. If f and g are fuzzy sets of R and © + a + z3 = b + 23, then
(fog)x) = (fog)la)AN(f©g)b) foral z,y € R.

PrROOF. Now

m n p q
(5.1) a+ Zaibi + 2= Zajbj + 21, b+ chdk + 29 = chdl + 29
=1

i=1 j=1 k=1
and
T+ a+ 23 =b—+ z3 imply
m m
T+ a-+ (Zalbl+zl> +Zg :b+ <Za1bl+zl> +23.
i=1 i=1
Thus

x+2a b —|—z1+23—b—|—Zaibi—|—z1+23.

i=1
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Then,
no, P P
x—l—Zajbj + (chdk —1—22) +z1+23=b+ (chdk +22> +
j=1 k=1 k=1
m
Z (Libi + 21+ zZ3
i=1
implies
n p q m
x—I—Za;b;- +chdk + 29+ 21 + 23 = (Zcédz +22> +Zaibi + 21 + 23.
j=1 k=1 1=1 i=1
Therefore,

n P m q
(5.2) x—|—Zajbj +chdk + 21+ 29+ 23 = Zaibi —I—chdl + 21+ 29 + 23
j k=1 i=1 =1

Now, by Equations 5.1 and 5.2, we have

(fog@ > V [/\

:E+Z a]b]Jr Z dek+21+z2+z37§ aﬂh‘*%i C;d2+21+22+23 =1
P
[f(a; /\ (k) A g(dy)] /\/\
k=1 =1
q ’ ’
A N\ (e) Ag(dy)]
=1
and
l m
T+ Z an1+ Z dek+21+Z2+23—§f aib; +Xq: c;d/+21+Zz+Z3 =t
=1 =1

n p
[f(ai) A g(bi)] A N\ L bIA N\ [f(er) A g(di)] A

j=1 k=1
q
/\ () A g(dy)]
=1

and
m
- V V [ Alf(a) 7 00)
i=1

n D q
a+z aib; +zlfz aibi+z1 bt 2 cuditza=3 c;d;+22
: = =1

i=1 j=1

n p q
/\/\ /\/\ (ck) A g(dy)] /\ cl /\gdl]
k=1

j=1 =1
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and

m

- V /\[f(ai) A gl A N I[f(a)) A g(b;)])

m n i=1 j=1
at+ Y aibitzi1=) a;b;Jrzl
i=1 i=1

/\( \V ;\ Fler) A g(dy)]

P a , , k=1
b+ >0 ckdrtz2=3 ¢;d;+22
k= =1

Thus z + a + z3 = b+ z3 implies

(fog)(@) = (fog)(a)A(f©g)0b)
O

LEMMA 5.4. If f is a fuzzy set and g is a (X, p)-fuzzy right ideal of R, then

(foglxy) VA= (fog)(z)Ap.

PRrROOF. Let
x—l—Zalb —I—Z—Za b + z.
Then
xy + Z(aibi)y +z= Z(a;b;)y +z.
i=1 j=1
and
(fog(zy) VA > [ \V A\ [f (@) Agbiy)] A
oyt 85 aulbi)= 35 0 0+
/\ ) A g( b Y| VA
Jj=1
= V A\ [(F(@i) vV 2) A (g(biy) v M)A
i=1

zy+ _21 a;(biy)+2= -21 al (b y)+2
& 7=
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A (F(a) v A) A (g(bjy) v X))

\Y AL (ai) A gbi) Al n AT A p]

T+ aibitz=) ajb+z g
i=1 j oo

i=1

WV

= \/ /\[ a;) A g(b)] A /\ A
eri aibiJrz:i a;b;Jrz =1 J=t
i=1 j=1 7~
= (fog)rp
Therefore (f @ g)(zy) VA= (f © g)(z) A p. O

LEMMA 5.5. If g is a fuzzy set and f is a (A, pu)-fuzzy left ideal of R, then
(fogley) VA= (fog)y) Ap.

n

PROOF. Let y+ > cidi+2= 3, c;»d;. + z. Then

=t j=1
.’17y+z sz +Z—Z$(C;b;)+z
j=1
(fogley)va > v K Ao
xy-&-g‘l(xci)di.u: i:l(m;-)d;—&—z i=1 S
Ag(d})]} VA
) % NLF () v A) A (g(di) v 2] A
zy+’_§l(zci)di+zz él(xc;)d;+z i=1
j=1
2 v AU A ungd)] A AU A h ald)
U+Z: cid _2: C]d]-l-z =1 j=1
B [ \/ /\[ Cz /\g /\ /\ A
- = j=1

y+ > cidit
i=1

= (fogly )/\u



FUZZY SUMS AND PRODUCTS 111

Therefore (f © g)(zy) VA= (f © 9)(y) A p. O

THEOREM 5.6. If f and g are (\, u)—fuzzy right [left] ideals of R, then (f © g)
is a (N, u)—fuzzy right [left] h-ideal of R.

PROOF. Let f and g be (A, p)-fuzzy right [left] ideals of R. By Lemma 5.2, we
have (f©g)(z+y)VA = (fOg)(x)A(f©g)(y)Ap and by Lemma 5.4, (f©g)(zy)VA >
(f ®g)(x) A u. Now by Lemma 5.5, we have (f © g)(zy) VA = (f ©g)(y) A p. Then
by Lemma 5.3, z + a + 23 = b+ 23 implies (f ® g)(z) = (f © g)(a) A (f © g)(b) for
all z,y € R. Therefore (f ®@ g) is a (A, p)-fuzzy right [left] h-ideal of R. O

COROLLARY 5.7. If f and g are (A, pu)—fuzzy right [left] h-ideals of R, then so
is (f©g).

PRrROOF. Straightforward. O

THEOREM 5.8. If f and g are (A, u)—fuzzy left and right ideals respectively,
then f ® g is a (A, p)—fuzzy h-ideal of R.

PrOOF. Let f be a (A, u)-fuzzy left ideal of R. Then by Lemma 5.5, (f ®
9y VAZ (fOg)(y)Ap.
By Lemma 5.2, we have (f © g)(z+y) VA= (f O g)(z) A(f O g)(y) A .
Let g be a (A, p)-fuzzy right ideal of R and by Lemma 5.4, (f ® g)(zy) V A >
(fOg)(z)Ap.
By Lemma 5.3, z4+a+ 23 = b+ 23 implies (f©g)(z) VA = (f©g)(a) A(f @ g)(b) A p.
Hence f ® g is a (A, pu)-fuzzy h-ideal of R. O

COROLLARY 5.9. If f and g are (A, u)—fuzzy left and right h-ideals respectively,
then f ® g is a (A, u)—fuzzy h-ideal of R.

PrROOF. Straightforward. O

COROLLARY 5.10. If f and g are (A, u)—fuzzy h-ideals of R, then f®g is again
a (N, p)—fuzzy h-ideal of R.

PrROOF. Straightforward. O

COROLLARY 5.11. [7] If f and g are fuzzy h-ideals of R, then f ® g is again a
fuzzy h-ideal of R.

PrOOF. By taking A =0 and p =1 in Corollary 5.10, we get the result. (]
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