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NONSPLIT DOMINATION EDGE CRITICAL GRAPHS

Girish V R and P.Usha

ABSTRACT. A set of vertices S is said to dominate the graph G if for each
v & S, there is a vertex u € S with u adjacent to v. The minimum cardinality
of any dominating set is called the domination number of the graph G and
is denoted by v(G). A dominating set D of a graph G = (V, E) is a nonsplit
dominating set if the induced graph (V — D) is connected. The nonsplit
domination number vyns(G) of the graph G is the minimum cardinality of a
nonsplit domination set. The aim of this paper is to investigate of those graphs
which are critical in the sense that: A graph G is called edge domination
critical if v(G + €) < v(G) for every edge e in G. A graph G is called edge
nonsplit domination critical if Yns(G + €) < Yns(G) for every edge e in G.
Initially we verify whether some particular classes of graphs are vy critical or
not. Later 2-y,s-critical and 3-vy,s-critical graphs are characterized.

1. Introduction

In this paper all our graphs will be finite, connected, undirected and without
loops or multiple edges. Terminology not defined here will conform to that in
[3]. Let P, Cy, K1, Ky, Ky, n, denote the path, cycle, star, complete and bipartite
graph.

An end vertex of a graph G is a vertex of degree one and an support vertex of
a graph G is a vertex adjacent to end vertex. The eccentricity of the vertex v is
the maximum distance from v to any vertex of G. That is

e(v) = maz{d(v,w);w € V(G)}.
The diameter of G is the maximum eccentricity among the vertices of G. Thus
diameter(G) = max{e(v);v € V(G)}.
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A vertex v € V(G) is called a cut-vertex of a graph G, if G — v is the disconnected
graph. The neighborhood of a vertex in the graph G is the set of vertices adjacent
to v. The neighborhood is denoted by N(v) and k(G) is the vertex connectivity of
the graph G.

A set of vertices S is said to dominate the graph G if for each v ¢ S, there is
a vertex u € S with v adajcent to v. The minimum cardinality of any dominating
set is called the domination number of G and is denoted by v(G). The concept
of nonsplit domination has introduced by Kulli V.R. and B. Janakiram [5]. A
dominating set D of a graph G = (V, E) is a nonsplit dominating set if the induced
graph (V — D) is connected. The nonsplit domination number 4(G) of the graph G
is the minimum cardinality of a nonsplit domination set. The concept of domination
has been studied by T. W. Haynes [4] and domination critical graphs has been
studied by Sumner and Blitch [7] and Sumner [8] and also refer [6, 1, 2.

In this paper, we study the nonsplit domination edge critical graph. A graph
G is called edge nonsplit domination critical if v,s(G + €) < Yns(G) for every edge
ein G. Thus, G is k-, critical if 7,,s(G) = k for each edge e € G, v,s(G +¢) < k.

First we discuss whether some particular classes of graphs are ,,s-critical or not
and then 2-v,s-critical and 3-v,s-critical are characterized with respect to diameter
of the graph G.

2. We Require the Following Theorems to Prove the Later Results
In [5] the following theorems has been proved.
THEOREM 2.1. For any cycle Cy, vns(Cp) =n — 2.

THEOREM 2.2. For any path Py, Yns(Pn) =n—2,n > 3, otherwise vns(Ppn) =
n—1,n<3.

THEOREM 2.3. For any complete graph K,,, vns(K,) =1,n > 1.

3. The Main Results
THEOREM 3.1. Let G be a connected graph. Then for any edge e € E(Q)

Y0s(G) = [5] 41 € 7as(G +€) <70ulG)

PrOOF. Let D be the minimum non-split dominating set of graph G. Clearly
Yns(G + €) < Yns(G). For e = vjva,v3 € D and vg ¢ D.

Case 1: Suppose if d(vy) = 2 and if < G — vg > is disconnected into two compo-
nents G; and G such that n; +no + 1 =n. If n; = nsy and if the graph
G171 and G4 are complete graphs or G; and G2 have atleast one vertex say
v3 & N(va),d(vs) = ny or Gy is complete graph and G2 has a at least one
vertex say vy ¢ N(v2),d(vs) = ny, then v,5(G +¢€) = 1s(G) —n1 + 1 =
Yns(G) — [ 5] + 1. Otherwise 7,,s(G + €) > ns(G) — [ 5] + 1.
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Case 2: Suppose d(v2) = 2 and < G — v9 > is connected or d(vs) = 2. If V(G) —
(DUN (D —wy4)) # ¢,v4 € N(va)ND or vy is end vertex, then v,,(G+e) =
Yns(G). Otherwise v,5(G + €) < Yns(G).

Therefore from Case 1 and Case 2 , we have
Yns(G) — |

n

S+ 1 <0G +6) < 7a(O).

THEOREM 3.2. If T is not a star, then T is not y,s-edge critical.

PROOF. Assume that the tree T' # K ,, is yps-edge critical. Then v,s(T'+€) <
Yns(T) for every edge e € E(G). Let S = N UBUR is a vertex set of a tree T,
where N = {v;, v; is an end vertex of a tree T'}, B = {v;, v; is an support vertex of

a tree T' and
R = {vg, vy is an neither a support vertex nor a end vertex of a tree T'}.

Let D be the 7,5 set of a tree T. we consider the following cases:

Case 1: If every vertex of a tree T' is adjacent to an end vertex. Then 7,s(G) = N.
Now consider the graph G + e, e = vive,v; € N and vo € B. Then v
dominates N(vq). Let A = {D—N(vg)}Uva. Then < A > is disconnected.
Therefore v,5(G + €) = |D| = v,5(G), which is a contradiction.

Case 2: If atleast one vertex of a tree T is not adjacent to an end vertex say
v1. Now consider the graph G + e,e = v1v5,v9 € B and v; € N. Then
either we can remove vy or vy if vo € D or remove N (vp) if vo ¢ D from
D. Removal of v; from D, then there exists atleast one vertex say vy
which is not covered by any of the vertex of (D — v1) or the graph G + e
is disconnected, otherwise removal of vy from D makes the graph G + e
disconnected or otherwise removal of N(vg), Since N(vy) is a support
vertex, N(vz) € D. Therefore v,5(G + €) = |D| = v,s(G), which is a
contradiction.

From the above cases, we can say that the tree T is not y,s-edge critical, if T is
not a star. (]

THEOREM 3.3. The graph G = C,, n > 4 is yps-edge critical for nonsplit
domination.

PROOF. Let us consider the graph G = C,, and G + e where e € G is a graph
consists of two cycles G1 = (V1, E1) and Go = (Va, Es) with ny +ng — 2 = n such
that V1| < |Va|. Let A = V(G1) NV(G2) = {vi,v;}. We consider the following
cases:

Case 1: If G; and G5 are the cycles of length 3, then G = Cy and 7,5(G) = 2.
Then v,s(G+e) = |v;| = 1, where v; € A. Therefore v,5(G+e€) < Yns(G).
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Case 2: If G; and G; are the cycles of length 4, then G = Cg and 7,5(G) = 4.
Let Dy be the nonsplit dominating set of the graph G +e,e € G. Then
D = {v,,vs} where v, € N(v;) NV (G1),vs € N(v;) N V(G2). So that
Yns(G + €) = |D1| = 2. Therefore v,5(G + €) < 1ns(G).

Case 3: If G; and G, are the cycles of length 3 and length 4, then the graph
G = C,, will be C5 and v,5(G) = 3. Let Dy be the nonsplit dominating set
of the graph G+e,e € G. Then Dy = {v,.,vs}, where v, € V(G1)—A,v,s €
V(G2) — A. Then 74,5(G +e) = |Ds| = 2. Therefore 7,5(G +¢€) < Yns(G).

Case 4: If Gy and G5 are the cycles of length > 3 and length > 4, then v,5(G) =
n — 2. Let D3 be the nonsplit dominating set of the graph G +e,e € G.
Then D3 = BUC{v,, v}, where {(v,,v;)} € N(A)NV(G2), B = {vs/vs €
V(G1) — A}, B = {vym/vm € V(G2) — A}. Then
(G + €) = (1 = 2) + (n3 — 2) — 2
=n1+ny—2—-4=n—-4
since n —4 < n — 2, therefore v,5(G + €) < 1ns(G).
The result follows from the above cases. O

THEOREM 3.4. The graph G = P,,n > 3 is not y,s-edge critical for nonsplit
domination.

PROOF. Let D be the v, set of the graph G and let G + e be the graph where
e € G. we consider the following cases.

case 1: If e € G joins {v1,v2} € D and vy # N(v1),then either we can remove
vy or ve from D, then either there exists atleast one vertex say vi which
is not covered by any of the vertex of (D — (vy or vg)) or the graph G is
disconnected. Therefore v,5(G + €) = |D| = 1ns(G).

Case 2: If e € G joins v; € D,vy ¢ D,vy is a not support vertex, then we can
remove v, v, € N(V(T) — D),v, € D,v, covers vy. Then v,s(G +¢€) =
|D — 1] < 4ns(G). Otherwise if vy is a support vertex, then removal of
vp, vy € N(vg) N D, then v, is not dominated by any of the vertex of
D — v,. Therefore v,5(G + €) = |D|. Hence v,s(G + €) = vns(G).

The result follows from the above cases. (|
LEMMA 3.1. K, is not y,s-edge critical for n > 2.
LEMMA 3.2. K, , @5 not yns-edge critical for m,n > 2,m,n # 2 and Yns-
critical for m,n = 2.
LEMMA 3.3. K, 15 Yns-edge critical for n > 3.

~ THEOREM 3.5. A connected graph G is 2 — yns-edge critical if and only if
G =UZ""Kq m, form; > 1 and m > 2.

PRrROOF. If G is a connected 2 — 7, s-critical graph, then for any edge e € E(G),
say e = ab, we have 7,,5(G + e) = 1. Thus, it follows that {a} dominates G + e
and so a is an isolated vertex of G — e. Hence, we have shown that every edge of
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G is incident with an end vertex of G. Since G is a connected graph, it follows
that G = Uzl::{” for m; > 1 and m > 2. Now, we prove the sufficiency condition,
if G = éiTKLmi for m; > 1 and m > 2 then it is obvious that no vertex can
dominate G. Hence, v,5(G) > 1. Let b be an end vertex of G and a be a center
vertex of G and ab ¢ E(G). Then {a,b} is a nonsplit dominating set of G. Hence,
Yns(G) < 2, that is, 7,5(G) = 2. For arbitrary e = ab € E(G), assume that b is an
end vertex and a is a center. It is clear that d(G + €)(b) = 1 and 7,5(G +¢€) = 1.
So, G is a connected 2 — v, ,-edge critical graph. O

THEOREM 3.6. If G is y,s-edge critical with n vertices, then there is no support
vertex of degree at most n — 2 in G.

PRrROOF. Assume that the the graph G is «y,s-edge critical in which the degree
of the support vertex say v is at most n — 2 which is adjacent to an end-vertex say
x of a graph G. Since the degree of v is atmost n — 2 there exists atleast one vertex
say v1,v1 ¢ N(v). Let D and D; be the minimum non-split dominating set of the
graph G and Gy = G +e,e € E(G). Since v is support vertex then either v € D or
v ¢ D and z is a support vertex x € Dy. we consider the following cases:

Case 1: If v ¢ D, then consider the graph G; = G +e,e = vvy. If v; ¢ D,
then clearly v,s(G1) = Yns(G). Otherwise if v; € D, then we can remove
N(v) € D, then there exists atleast one vertex say vy which is not domi-
nated by any vertex of [D — N (v)]. Therefore v,5(G1) = Yns(G) which is
a contradiction.

Case 2: If v € D, then there exists atleast one vertex say vz ¢ D. Then consider
the graph G; = G + e,e = zv3, v3 € N(V(G) — D), then we can remove
N(vs) or z from D, then there exists atleast one vertex say vy which is
not dominated by any vertex of (D — v3) or the graph G; disconnected.
Therefore v,5(G1) = Yns(G), which is a contradiction.

Hence the proof. O

THEOREM 3.7. For a graph G # K, with n vertices, if:
(i) k(GQ) =1.
(ii) G — v has exactly two components.
(iii) d(v) =n—1.
Then, G is y,s-edge critical.

PROOF. Let us consider the graph G with x(G) = 1 and let D be the 7,
set of the graph G. Let v be the cut-vertex of the graph G. If G — v has two
components G; and G2 and d(v) = n — 1, then 7,5(G) > 2. Now consider the
graph G; = G + e,e = viva,v1 € V(G1),v2 € V(Ga), then v,5(G1) = |v| = 1.
Therefore v,5(G1) < Yns(G). Hence it is y,s-edge critical. O

THEOREM 3.8. Let G be a connected 2 — 7,5 and 3 — yns-edge critical graph,
then dia(G) = 2.

PROOF. we consider the following cases:
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Case 1:

Case 2:

GIRISH V R AND P.USHA

Let G be connected 2 — ,s-edge critical graph and suppose G has a
diameter atleast 3. Assume that p = vy, vs,...,v4 is a longest path with
the diameter equal to the diameter of the graph G. Let D be the v, set of
G +v1v4. Since G is a connected 2 — v, critical graph, v,s(G+v1vg) = 1.
If suppose v1 € D then the vertex vy_1 cannot be dominated by v; because
vg_1v1 is at a distance of 2 which is a contradiction. Otherwise if vy € D,
the vertex vy cannot be dominated by vg because vqvs is at a distance
of 2 which is a contradiction. Therefore for a 2 — ~,s-edge critical graph
the dia(G) < 2. If dia(G) = 1, then G is not y,s-edge critical. Therefore
dia(G) = 2.
Let G be a connected 3 — ~,s-edge critical graph and suppose G has a
diameter atleast 3. Assume that p = vy, vs,...,v4 is a longest path with
the diameter equal to the diameter of the graph G. Since G is a connected
3 — ynscritical graph, v,s(G +v1v4) < 2. Let D be the 7,5 set of the Gy =
(G 4+ v1v4). The set D has to contain two vertices say v;,v; € p. Since
G is a connected 3 — ypcritical graph, v,s(G + vivg) < 2.If (v;,v;) € D
then there exists atleast one vertex say vy cannot be dominated by any of
the vertex of D, since vy, is at a distance of 2 from (v;, v;) or G — (vs,v5)
results a disconnected graph, which is a contradiction. Therefore for a
3 — pscritical graph the dia(G) < 2. If dia(G) = 1, then G is not 7,
edge critical. Therefore dia(G) = 2.

O

v4a V5

FIGURE 1. A 3 — vy,s-edge critical graph with diameter =2

4. Construction of 2 — ~,,-critical graph and 3 — v,s-critical graph

1. Construction of 2 — v,¢-critical graph

(i) A graph in which n — 1 vertices of degree n — 2 and n'"* vertex is of degree

2 is always a critical graph.
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%4

G

U

FIGURE 2. 'Yns(G) = {7)3:“2} = 2a7ns(G + US”l) = {'UB} =1

(ii) Let us consider the graph G; = K,, and Gy = Ky = ujusg, then we can
the construct the critical graph G with,
(a) the vertex set V(G) =V (G1) UV (G2),v1 = uy,v; is any vertex Gy.
(b) the edge set E(G) = E(G1) U E(G2).

V4

V1 V2

V4
\3
V1=U1 ( V2
G
0
U2

FIGURE 3. v,5(G) = {v1,u2} = 2,7ns(G + ugve) = {v1} =1
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2. Construction of 3 — ~,s-critical graph.

Let the consider graph G in which n — 1 vertices of degree n — 2 and n'" vertex is

of degree 2 and Gy = K3 = ujus. Then we can construct the critical graph G with
(1) the vertex set V(G) = V(G1) UV (Ga2),v1 = u1,v1 € Gy,d(v1) =n — 2.
(2) B(G) = E(G1) U E(Ga).

¢ 5 9 ’
va Vs 0 va=U1 SVS
U2 G
u2

FIGURE 4. 7,5(G) = {v4, v2,u2} = 3,9s(G + v4v1) = {vg,us} =2
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