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COMMON COUPLED FIXED POINT THEOREMS
SATISFYING (CLRg) PROPERTY IN COMPLEX
VALUED b - METRIC SPACES

K.P.R.Rao, A.Sombabu, and Md.Mustaq Ali

ABSTRACT. In this paper we obtain a common coupled fixed point theorems
for the two pair of mappings satisfying CLRg property in complex valued b-
metric spaces. In this theorem we have not used continuity of any mapping,
completeness of the whole space or range space of any mapping and one range
set contained in the other range set of mappings. In the second theorem we
obtain a common coupled fixed point theorem for the two pair of mappings in
which one pair of maps satisfying CLRg property one range set contained in
the other range set of one pair of maps. In this theorem also continuity of any
mapping, completeness of the whole space or range space of any mapping are
not necessary .

1. Introduction and Preliminaries

Banach contraction principle in [4] was the starting point for many researchers
during last decades in the field of non linear analysis.In 1989, Bakthin ([5]) intro-
duced the concept of b - metric space as a generalization of metric spaces. The
concept of complex valued b - metric space was introduced in 2013 by Rao et al.
([7]), which was more general than the well-known complex valued metric spaces
that were introduced in 2011 by Azam et.al ([3]).

An ordinary metric d is a real -valued function from a set X x X — R, where
X is a non empty set. That is d : X x X — R. A Complex number z € C is an
ordered pair of real numbers, whose first co-ordinate is called Re(z) and second co-
ordinate is called I'm(z). Thus a complex-valued metric d is a function from a set
X x X into C,where X is non empty set and C' is the set of complex number.That
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isd: X x X — (. Let 21,20 € C. Define a partial order < on C follows:

z1 = zz if and only if Re(z1) < Re(z2), Im(z1) < Im(z2).

Thus z; =< z,if one of the following holds:

(1) Re(z1) = Re(z2) and Im(z1) = Im(z2),

(2) Re(#) < Re(zz) and I'm(z1) = Im(z2),

(3) Re(z1) = Re(22) and Im(z1) < Im(z2),

(4) Re(z1) < Re(z2) and Im(z1) < Im(z2).
We will write 21 = 29 if 21 # 29 and one of (2), (3) and (4) is satisfed; also we will
write z1 < 2o if only (4) is satisfed.

We use the following definition.

DEFINITION 1.1. If 21 = a + ib, 22 = a + i3 then
max{z1, 22} = maz{a, a} + i max{b, B}

DEFINITION 1.2. ([7]) Let X be a non empty set. A functiond : X x X — C'is
called a complex valued metric on X if for all z,y, z € X the following conditions
are satisfied:

(1) 0 =d(z,y) and d(z,y) = 0 if and only if x = y;

(i) d(z,y) = d(y,
(iid) d(z,y) = d(,
(X,

);
) +d(z,y).
The pair i

z
d)is called a complex valued metric space.

ExAMPLE 1.1. (See [6]) Let X = C. Define the mapping d: X x X — C by
d(z,y) =ilx —y|,Vz,y € X. Then (X,d) is a complex valued metric space.

DEFINITION 1.3. ([7]) Let X be a non empty set and let s > 1 be a given real
number. A function d : X x X — C is called a complex valued b - metric on X if
for all x,y, z € X the following conditions are satisfied:

(1) 0 X d(z,y) and d(z,y) = 0 if and only if z = y;
(i) d(z,y) = d(y,z);
(it7) d(z,y) =X sld(z, z) + d(z,y)].
The pair (X, d) is called a complex valued b - metric space.

ExaMPLE 1.2. ([7]) Let X = [0, 1]. Define the mapping d: X x X — C by
d(x,y) =|r — y|*+i|r — y|?,Vz,y € X. Then (X,d) is called a complex valued b -
metric space with s = 2.

DEFINITION 1.4. ([7]) Let (X, d) be a complex valued b - metric space. Consider
the following.

(i) A point x € X is called interior point of a set A C X whenever there
exists 0 < r € C such that B(z,r) ={y € X : d(z,y) <r} C A.
(#4) A point x € X is called limit point of a set A whenever,
for every 0 < r € C,B(z,r) N (A — X) #0.
(#i7) A sub set A C X is called open whenever each element of A is an interior
point of A.
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(iv) A subset A C X is called closed whenever each limit point of A is belongs
to A.

(v) A subbasis for a Hausdroff topology 7 on X is a family
F={B(z,r):z€ X and 0 <r}.

DEFINITION 1.5. ([7]) Let (X,d) be a complex valued b - metric space and
{z,} a sequence in Xand = € X. Consider the following.
() If for every ¢ € C, with 0 < ¢, there is N € N such that, for all

n > N, d(z,,x) < ¢, then {z,,} is said to be convergent ,{x,} converge to
x, and z is the limit point of {z,}. We denote this by nlz_@o{xn} =z or
{zp} — 2 as n — oo.

(#4) If for every ¢ € C, with 0 < r, there is N € N such that,
for all n > N,d(zp, Tnim) < ¢, where m € N, there {z,} is said to be
Cauchy sequence.

(#i7) If every Cauchy sequence in X is convergent , then (X, d) is said to be a
complete complex valued b-metric space.

One can easily prove the following Lemmas.

LeEMmMA 1.1. ([7]) Let (X, d) be a complex valued b - metric space and let {x,}
be a sequence in X. Then {x,} converges to x if and only if |d(z,,y)| = s|d(z,y)|
as n — oo.

LEmMA 1.2. ([7]) Let (X,d) be a complex valued b - metric space and let {z,}
, {yn} be sequences in X.Then{x,},{y,} converges to x,y respectively
if and only if |d(z,,y,)| — s*|d(z,y)| as n — oo.

DEFINITION 1.6. ([1]) The mappings S : X x X — X and f : X — X
are called w-compatible if f(S(x,y)) = S(fz, fy) whenever f(x) = S(z,y) and
fly) = S(y, ).

DEFINITION 1.7. ([2]) Let (X,d) be a complex valued b - metric space .Four
maps 5,7 : X x X — X and f,g: X — X the pairs (S, f) and (T,g) are said to
satisfy (CLRg) property, if there exist sequences {z,}, {yn}, {un} and {v,} in X
such that

lim S(x, yn) = lim fx,= fa, lim S(y, x,) = lim fy,= fb,
n—oo ’ n—oo n—0o0 ’ n— oo
lim T(u, v,) = lim gu,= ga, lim T(v, u,) = lim gv,= gb
n—roo ’ n— oo n—oo . n—oo

for some a,b € X.

2. Main Results

THEOREM 2.1. Let (X,d) be a complex valued b - metric space with the coeffi-
cient s > 1, As* < 1 and let

S XXxX—=>X T:XxX=X, [: X—>X,9g: X=X
be mappings satisfying
(2.1.1) the pairs (S, f) and (T,g) satisfy (CLRg) property w.r.t f and g respec-
tively,
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(2.1.2) d(S(z,y), T(u,v)) 2 Adi%,

d(fy, S(y, ),
T,y
where d¥) = max d(gv, T(v,u
d(gu, S(z,y
for all z,y,u,v e X, A € (0,1),
(2.1.3) (S, f) and (T, g) are w-compatible.
Then there exists unique x € X such that

S(z,z) =T(x,z) = fo =gz =z

PROOF. Since the pairs (S, f) and (T, g) satisfy (CLRg) property, there exist
sequences {z,}, {yn},{un} and {v,} in X such that
lim S(z, yn) = lim fz,= fa, lim S(Y, Tn) = lim fy,= fb,

lz_>m T(u,, vn) = lzm gu,= ga and lzm T (v, un) = lzm gu,= gb

for some a,b € X.
Suppose max{|d(fa, ga)l, [d( b, gb)|} > 0.
From (2.1.2) we have

(2.1) 1d(S(@,,,yn), T(u,,, vn))| < Aldgr4r
where
ld(f 2, gun)|s |d(fyn, gua)l, [A(f 20, S(Tn, Yn))|,
ld(fYns S(Yn, 2n))|; [d(gun, T (tn, va))l,
ldgdn | =maxq  [d(gun, T(vn, up))|, [d(f2n, T (tn, vn))l,
|d(fyn7 (Um n))‘a‘ (guna (xmyn))|a
|d(gvn, S(Yn, Tn))]
S
S s , S a,ga)l, s 5 5
Jim el =max g 21ah0 ga) |,52|d(gfb,€]b)\,s (e fo))
s|d(gb, fb)]
_ max{ 82|d(fa,ga)|,82|d(fb7gb)|,0,0,0,0,82|d(fa,ga)|, }
s?|d(fb, gb)|, s*|d(ga, fa)l, s*|d(gb, fb)|
(

:szmax{ |d(fa, ga)|,|d(fb, gb)| }

Letting n — oo in (2.1), we get

wld(fa, ga)| < As*maz{|d(fa, ga)|,|d(fb, gb)[}.

ld(fa, ga)| < As'maz{|d(fa, ga)|,|d(fb, gb)|}-

Similarly |d(fb, gb)| < As*maz{|d(fa,ga)|,|d(fb, gb)|}.

Thus we have

maz{|d(fa, ga)l, |d(fb, gb)[} < As*max{|d(fa, ga)|, |d(fb, gb)[}.
Since As* < 1, we have max{|d(fa, ga)|, |d(fb, gb)|} = 0.
Hence

(2.2) fa=gaand fb= gb
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Now suppose that |d(fa, fb)| > 0.
From (2.1.2) we have

(2.3) d(S (Y, 2n), T(w,,, vn))| < Aldirr|
where

|d
|d

FYns gun)| |d(f2n, gua)ls [A(fYn, S (Yn, 2n))l,
Jn, (xnayn)” |d(gun, (unvvn))
|d§/¢2’,sz = maxr |d(gvn, T'(vn, un))l;s |d(f2n, T(vn, un))l,
|d fyn, T (umvn)) 7| (guna (ynvxn)”a
ld(gvn, S(@n, yn))|
T N it W
S a, fa)l,s ga,ga)|, s go, g 5
Ao gl = maT 2 fa, gb),s2ld( fb, ga)l. s* d(ga. Fb)].
s%|d(gb, fa)|
—mam{ ( )| }
)l

A~~~

s*|d(fa,gb)|, s*|d(fb, ga)l, s*|d(ga, fD)],
s?|d(gb, fa

= s’maz { |d(fb,ga)l,|d(fa,gb)| }

= [d(fa, fb)], from(2.2)

Letting n — oo in (2.3), we get
=ld(fb, fa)| < As®|d(fa, fD)]
d(fb, fa)| < As'|d(fa, fb)].

Since As* < 1, we have |d(fa, fb)| = 0 so that fa = fb.
Thus
(2.4) ga= fa= fb=gb

Now we will show that fa = S(a,b) and fb = S(b,a).

Suppose maz{|d(fa, S(a, b)), |d(fb, S(b,a))[} > 0.
From (2.1.2), we have

(2.5) |d(S(a,b), T (u,, vn))| < Al |

where

|d(fa, gun)l, [d(fb, gvn)l, d(fa, S(a,b))l,
|d(fb, S(b, a))l, |d(gun, T (un, vn))l,
E

s, (
|d(gvn7 g na“”))l?‘d(fa"T(unavn))L
(

. vn| = max

|d(f0, T (vn, un))l, [d(gun, S(a,b))|, |d(gvn, S(b, a))]

Aol e Ja i P J)
i 5, | = AT i ra, fa) sld(fa, S@ )],
S\d(fb, 8(b, )| s|d(fb, /)

< & maz{[d(fa, S(a,b))]. |d(fb, S(b,a))|}.
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Letting n — oo in (2.5), we get
$1d(S(a,b), fa)| < As* maz{|d(fa, S(a,b))l,|d(fb, S(b,a))l}

|d(S(a,b), fa)| < As® maz{|d(fa, S(a,b))|, |d(fb, S(b,a))[}-

< Ast maz{|d(fa, S(a, b)), |d(fb, S(b,a))[}.
Similarly |d(S(b,a), fa)| < As* maz{|d(fa, S(a,b))|,|d(fb,S(b,a))|}.
Thus we have
maz{|d(fa, 5(a,b))|,|d(fb,5(b,a))|}
< As'maz{|d(fa, S(a,b))|, |d(fb, S(b,a))[}.

Since As* < 1, we have max{|d(fa, S(a,b))|,|d(fb, S(b,a))|} = 0.
so that

(2.6) fa=S(a,b) and fb=5(b,a)

Now we will show that ga = T'(a,b) and gb = T'(b,a)
Suppose maz{|d(ga, T (a,b))l, |d(gb,T(b,a))|} > 0.
From (2.1.2) we have

2.7) (S (2, ), T(a,b)] < Ald"|

where

ld(fxn, ga)l,|d(fyn, gb)|,|d(frn, S(zn, yn))l,
|d(fyna S(yn, xn))|v |d(ga, T(a> b))|a
|drn o | = max ld(gb7 T(b7 CL))|, |d(fxn7 T(a7 b))|7
|d(fyn, T (b, a))l, |d(ga, S(zn, yn))l,
Id(gbvs(ynaxn))‘
sld(fa, fa)|, s|d(fb, fb)], s*|d(fa, fa)l,
|d$n7yn| = max 52|d(fba fb)|7 |d(gaa T(CL, b))|7 |d(gba T(bv CL))|,
@b sld(fa,T(a,b))l, s|d(fb,T(b,a))],
sld(ga, fa)l|, s|d(gb, fb)|
< smaz { |d(ga, T(a, ), |d(gb, T(b, )| }.

lim
n— 00

Letting n — oo in (2.7), we get
Ld(ga, T(a,b))| < Asmaz { |d(ga, T(a,b))],|d(gh, T(b,a))]| }.

|d(ga, T(a,b))| < As*maz { |d(ga, T(a,b))|,|d(gb, T(b,a))| }.

< )\s4max{ |d(ga, T (a,b))|, |d(gb, T(b,a))| }

Similarly |d(gb, T'(b, a))| < As*max { |d(ga,T(a,b))|,|d(gb,T(b,a))| }.
Thus we have
maz{|d(ga, T (a, b)), |d(gb, T (b, a))[}

< Astmaz { |d(ga,T(a,b))|, |d(gb T(b
Since As* < 1, we have max{ |d(ga, T'(a,b))|, |d(gb,T'(b,a) }

so that ga = T'(a,b) and gb = T'(b,a).
Let © = fa.Then from (2.4),

(2.8) = fa=fb=ga=gb

a))l }.
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Since (5, f) and (T, g) are w-compatible,we have

(29)  fr=ffa=f(S(ab) = S(fa, fb) = S(z,2), from(2.6),(2.8)
and

(2.10) gx = gga = g(T(a,b)) = T(ga, gb) = T(z,z), from(2.6),(2.8)

Suppose |d(fz,z)| > 0.
From (2.1.2) we have

(2.11) |d(fx, x)| = |d(S(z, x), ga)| = |d(S(z, x), Tz, )| < Aldg ;|
where
|d(fx, ga)l,|d(fz, gb)l, |d(fx, S(x,x))l,
|d(fx, S(z,2))|,|d(ga, T(a, b)),
ldey | =maz  d(gb,T(b,a))l, |d(fz,T(a,b))],
|d(fz,T(b,a))l,|d(ga,S(z,z))],
|d(gb, S(z, ))|
|d(fz, )], |d(fz,2)|, |d(fz, )],
=maz § |d(fz, )], |d(ga, ga)|,|d(gb, gb)|,
|d(fx, 2)|, |d(fz, 2)|,|d(fz, 2)], |[d(fz, )]
= |d(fz, z)|.
Thus |d(fz, )| < Md(fz,2)].
Hence
(2.12) fr=x
Suppose |d(gz,x)| > 0.
From (2.1.2) we have
(2.13) |d(z, gz)| = |d(fa, T(x,))| = |d(S(a,b), T(z,2))| < Aldg5]
where
|d(fa, gx)|, |d(fb, gz)],|d(fa, S(a, b)),
|d(fb,5(b,a))l, |d(gz, T (z, 2))|,
des| =maz ¢ |d(gz, T(2, )], |d(fa, T(z,2))],
|d(b, T (x, x))|, |d(g, S(a, b)),
|d(gx, S(b, a))|
|d(fz, )], |d(fz,z)], |d(fz,z)],
=maz  |d(fz,2)],|d(ga, ga)l, |d(gb, gb)],
d(fz,x)],|d(fz, z)|,|d(fz, )], |d(fz, )|
= |d(z, gz)|.

Thus |d(z, gz)| < Ad(z, gz)|.
Hence

(2.14) T =gz

195
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From (2.9),(2.10),(2.12),(2.14), we have S(z,z) = T(z,2) = fzr = gz = x.
Suppose there exists y € X such that S(y,y) = T(y,y) = fy =gy = v.
Then

which implies that z = y.
Thus there exists unique z € X such that S(z,z) = T(z,z) = fz = gz = . O

THEOREM 2.2. Let (X,d) be a complex valued metric space and let
S XXX =X, T:XxX—oX, [ X5X, g: XX
be mappings satisfying (2.1.2), (2.1.3)
(2.2.1)(a) S(X x X) C g(X) and the pair (S, f) satisfies (CLRg) property w.r.t f.

(or)
(2.2.1)(b) T(X x X) C f(X) the pair (T,g) satisfies (CLRg) property w.r.t g.

Then there exist © € X such that S(z,z) = fr =2 = gz =T (z,x).

PROOF. Suppose (2.2.1)(a) holds.Then there exist sequences {z,} and {y,} in
X such that

(2.15) lim S(z,,,yn) = lim fz, = fa.
n—oo n—r00

and

(2.16) lim S(ymxn) = lim fy, = fb
n—o0 n—00

Since S(Tp,yn) € S(X x X) C g(X), there exists {u,} in X such that
S(l‘n, yn) = gun,n

Since S(yn,xn) € S(X x X) C g(X), there exists {v,} in X such that
S(yny xn) = gUn,Vn.

From (2.15), (2.16), we have

(2.17) lim gu,, = fa
n—oo
and
(2.18) lim gv, = fb
n—oo

Puttingz =2, Yy = Yn, U = Up, v =vp and T = Yp, Y = Tp, U = Up, U = Uy, i0
(2.1.2) and letting n — oo and using (2.15), (2.16), (2.17), (2.18), we get

(2.19) lim T(u,,vn) = fa

n—oo
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and

(2.20) lim T(v,,un) = fb

n—oo

Putting = zy,, ¥ = Yn, U = Un, v = uy, in (2.1.2) and letting n — oo and using
(2.15), (2.16), (2.17), (2.18), (2.19) and (2,20), we get

(2.21) fa=fb

Puttingz =a,y=b,u=up, v =vp and x = b, y = a, u = vy, v = u, in (2.1.2)
and letting n — oo and using (2.17), (2.18), (2.19), (2.20), we get
fa = S(a,b) and fb= S(b,a).

Since fa = S(a,b) € S(X x X) C g(X), there exists a € X such that

(2.22) fa=ga
Since fb = S(b,a) € S(X x X) C g(X), there exists b € X such that
(2.23) fo=gb

Thus from (2.21), (2.22), (2.23), we have Ta = Sa = Sb = Tb.
The rest of the proof follows as in Theorem 2.1.
Similarly the proof follows (2.2.1)(b) holds. O

Now we give an example to illustrate our Theorem 2.1

EXAMPLE 2.1. Let X = [0, 1]. Define the mapping d : X x X — C by d(z,y) =
il —y|?, z,y € X. Clearly (X,d) is a complete complex valued b-metric space

with s = 2. Consider the mappings S(z,y) = ””22'21’2, T(z,y) = L, fo = 2% and
gr = 5 for all z,y € X. Clearly (S, f) and (T, g) satisfy CLRg property with the
sequences {z,} = {%}, {yn} = {ﬁ} It is also that clearly (S, f) and (T, g) are
w-compatible.

Consider L
d(S(z,y), T(u,v)) = i| 5 — wke)?

— isl(a? +y?)— g

< 576-2(@? = P + (v = 3)], since |a + b* < 2(|af” + [b]*)
i =) 12+ =3I
:%.4[9”2\231 z\]

< pglmaz{d(fx, gu),d(fy, gv)}]
where \ = 1%4 and s = 2 then A\s* < 1. Hence (0,0) is a common coupled fixed
point.
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