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BI-IDEALS IN Γ-SEMIRINGS

R.D. Jagatap and Y.S. Pawar

Abstract. The concept of a bi-ideal in a Γ-semiring is introduced. Properties
of bi-ideals in a regular Γ-semiring are studied. Bi-ideals are used to charac-
terize special types of Γ-semirings viz intra-regular Γ-semiring,duo Γ-semiring,

simple Γ-semiring , bi-simple Γ-semiring , division Γ-semiring.

1. Introduction

The class of Γ-rings were introduced by Nobusawa ([8]) contains not only rings
but also ternary rings ([11]). As a generalization of a ring , the concept of a
semiring was introduced and studied in detail by Vandiver ([14]). A Γ-semiring
was introduced by Rao ([9]) as a generalization of the concepts of ring, Γ-ring and
semiring.

Ideals play an important role in algebraic structures. Steinfeld coined the
concept of a quasi-ideal in a semigroup ([12]) and in a ring ([13]). Semiring being
a generalization of a ring, Iseki ([4]) introduced the notion of a quasi-ideal in a
semiring without zero. Shabir, Ali, Batool in [10] characterized semiring by using
the concept of a quasi-ideal. As Γ-semiring is an extension of a semiring, Chinram
([1]) successfully extended the concept of a quasi-ideal to a Γ-semiring. Authors
in [5] discussed some properties of quasi-ideals and minimal quasi-ideals of a Γ-
semiring.

As a generalization of the concept of quasi-ideal in different algebraic systems,
bi-ideal is introduced. As per the development of quasi-ideals, the concept of bi-
ideals is extended from semigroup to semiring by many authors. The notion of
a bi-ideal in a semigroup was first introduced by Good and Hughes ([3]) and for
rings by Lajos in [7]. Bi-ideal in a semigroup is a special case of (m,n) ideal in a
semigroup defined by Lajos ([6]).Shabir,Ali and Batool gave some properties and
characterizations of bi-ideals in a semiring in [10].
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Hence it is natural to study the concept of bi-ideals in a Γ-semiring . In this
paper the concept of a bi-ideal is defined. Characterizations of bi-ideals in a regular
Γ-semiring is the prime part of this paper. Efforts are also taken to characterize
special types of Γ-semirings viz. intra-regular Γ-semiring,duo Γ-semiring, simple Γ-
semiring, bi-simple Γ-semiring, division Γ-semiring using the concept of a bi-ideal
.

2. Preliminaries

In this article we recall some definitions which we need in sequel. For this we
follow Dutta and Sardar ([2]).

Definition 2.1. Let S and Γ be two additive commutative semigroups. S is
a Γ-semiring if there exists a mapping S × Γ× S −→ S ( images to be denoted by
aαb; for all a, b ∈ S and for all α ∈ Γ ) satisfying the following conditions:
(i) aα (b+ c) = (aαb) + (aαc)
(ii) (b+ c)αa = (bαa) + (cαa)
(iii) a(α+ β)c = (aαc) + (aβc)
(iv) aα (bβc) = (aαb)βc ; for all a, b, c ∈ S and for all α, β ∈ Γ.

Obviously, every semiring S is a Γ-semiring.
Let S be a semiring and Γ be a commutative semigroup. Define a mapping

S × Γ×S −→ S by, aαb = ab for all a, b ∈ S and α ∈ Γ. Then S is a Γ-semiring.

Definition 2.2. An element 0 ∈ S is an absorbing zero if

0αa = 0 = aα0, a+ 0 = 0 + a = a, for all a ∈ S and α ∈ Γ.

Throughout the paper S denotes any Γ-semiring unless otherwise stated.

Definition 2.3. A non-empty subset T of S is a sub-Γ-semiring of S if (T,+)
is a subsemigroup of (S,+) and aαb ∈ T for all a, b ∈ T and α ∈ Γ.

Definition 2.4. A non-empty subset T of S is a left (respectively right) ideal
of S if T is a subsemigroup of (S,+) and xαa ∈ T (respectively aαx ∈ T ) for all
a ∈ T, x ∈ S and α ∈ Γ.

Definition 2.5. If T is both left and right ideal of S, then T is an ideal of S.

If M , N are non-empty subsets of S, then

MΓN = {
∑n

i=1 xiαiyi| xi ∈ M,αi ∈ Γ, yi ∈ N} .

Principle left ideal, right ideal and two sided ideal generated by a ∈ S is denoted
by (a)l,(a)r and (a) respectively.

Definition 2.6. An element a of a Γ-semiring is a regular if a ∈ aΓSΓa.

If all elements of Γ-semiring S are regular, then S is a regular Γ-semiring.
A quasi-ideal Q of a Γ-semiring S is defined as follows.

Definition 2.7. A non-empty subset Q of S is a quasi-ideal if Q is a subsemi-
group of (S,+) and (SΓQ) ∩ (QΓS) ⊆ Q.
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Obviously, every quasi ideal of S is a sub Γ-semiring of S.

Example 2.1. Let N be the set of natural numbers and Γ= 2N . Then N is
a Γ-semiring with respect to usual addition and aαb = usual product of a, α, b for
a, b ∈ N,α ∈ Γ. Then Q = 3N is a quasi-ideal of a Γ-semiring N . ⋄

3. Bi-ideals

In this article we define a bi-ideal, a minimal bi-ideal in a Γ-semiring and study
some of their properties.

Definition 3.1. A non-empty subset B of Γ-semiring S is said to be a bi-ideal
of S if B is a sub-Γ-semiring of S and BΓSΓB ⊆ B.

Clearly every bi-ideal is a sub-Γ-semiring but not conversely. For this consider
the following example.

Example 3.1. Consider the semiring S = M2×2 (N0), where N denotes the
set of all natural numbers and N0 = N ∪ {0}. If Γ = S, then S forms a Γ-
semiring with AαB = usual matrix product of A,α,B; for all A,α,B ∈ S.

B =

{(
x 0
0 y

)
| x , y ∈ N0

}
is a sub-Γ-semiring of S. But B is not a bi-

ideal of S. ⋄

In the following theorem we mention some properties of bi-ideals in S. The
proof being straight forward so omitted.

Theorem 3.1. In S the following statements hold
(1) Any one sided (two sided ) ideal of S is a bi-ideal of S.
(2) Intersection of a right ideal and a left ideal of S is a bi-ideal of S.
(3) Every quasi-ideal of S is a bi-ideal of S.
(4) Arbitrary intersection of bi-ideals of S is also a bi-ideal of S and hence the set
of all bi-ideals of S forms a complete lattice.
(5) If B is a bi-ideal of S, then BΓs and sΓB are bi-ideals of S, for any s ∈ S.
(6) If B is a bi-ideal of S, then bΓBΓc is a bi-ideal of S, for b, c ∈ S.
(7) If B is a bi-ideal of S and if T is a sub Γ-semiring, then B ∩ T is a bi-ideal of
T .
(8) If A and B are bi-ideals of S, then AΓB and BΓA are bi-ideals of S.
(9) For any a ∈ S, SΓa is a left ideal and aΓS is a right ideal of S.

Remark 3.1. (I) Converse of the statement (1) in Theorem 3.1 need not be
true. For this consider the following examples.
(1) Consider the semiring S = M2×2 (N0), where N denotes the set of all natural
numbers and N0 = N ∪ {0}. If Γ = S, then S forms a Γ-semiring with

AαB = usual matrix product of A,α,B ; for all A,α,B ∈ S.

(i) B =

{(
0 x
0 y

)
| x , y ∈ N0

}
is a bi-ideal of S. B is a left ideal but not a

right ideal of S. Therefore B is not an ideal of S.
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(ii) B =

{(
0 0
0 x

)
| x ∈ N0

}
is a bi-ideal of S but B is neither a left ideal

nor a right ideal of S. Hence B is not an ideal of S.

(II) Converse of the statement (3) in Theorem 3.2 need not be true. For this con-
sider the following example.
(2) Let S = {0, 1, 2, 3}. Define two binary operations + and · on S as follows.

+ 0 1 2 3
0 0 0 0 0
1 0 1 0 0
2 0 0 2 0
3 0 0 0 3

. 0 1 2 3
0 0 0 0 0
1 0 0 0 0
2 0 0 0 1
3 0 0 1 2

Then S forms a semiring. If Γ = S and xαy = xy, for all x, y in S then S forms
a Γ-semiring. B = {0, 2} is a bi-ideal of S. Hence B is not a quasi-ideal of S
because 3α2 = 2α3 = 1 /∈ B, for all α ∈ Γ. This implies (SΓB) ∩ (BΓS) * B.
Also B is a two sided ideal of an ideal I = {0, 1, 2} of S. But B is not an ideal of
S since 3α2 = 1 /∈ B, for all α ∈ Γ.

(III) Let S be a non regular Γ-semiring. Also let R and L be a minimal right
ideal and a minimal left ideal of S. Then R ∩ L is a minimal quasi-ideal of S (see
Theorem 4.2 in [5]). Hence R ∩ L is a bi-ideal of S by Theorem 3.1 (2). Then
by Theorem 3.1 (8) RΓL is a bi-ideal of S. Always RΓL ⊆ R ∩ L. If RΓL is a
quasi-ideal of S, then RΓL = R ∩ L as R ∩ L is a minimal quasi-ideal. Therefore
S is a regular Γ-semiring, which is a contradiction. Hence RΓL is not a quasi-ideal
of S. Thus in a non regular Γ-semiring S, RΓL is a bi-ideal but not a quasi-ideal.

In the following theorems we show that every bi-ideal B in S induces bi-ideals
in S.

Theorem 3.2. If B is a bi-ideal and T is a sub-Γ-semiring of S, then BΓT
and TΓB are bi-ideals of S.

Proof. Let a , b ∈ BΓT . Hence

a =
∑n

i=1 aiαisi , b =
∑m

j=1 bjβjtj ;

ai, si, bj , tj ∈ B; αi, βj ∈ Γ. Then a+ b =
∑n

i=1 aiαisi+
∑m

j=1 bjβjtj being a finite

sum, a+ b ∈ BΓT . HenceBΓT is a subsemigroup of(S,+). As

(BΓT ) Γ (BΓT ) = (BΓTΓB) ΓT ⊆ (BΓSΓB) ΓT ⊆ BΓT ,

we get BΓT is a sub-Γ-semiring of S. Now

(BΓT ) ΓSΓ (BΓT ) = BΓ (TΓS) Γ (BΓT ) ⊆ (BΓSΓB) ΓT ⊆ BΓT .

This shows that BΓT is a bi-ideal ofS.
Similarly, we can prove that TΓB is a bi-ideal of bS. �
Theorem 3.3. If B is a bi-ideal of S and C is a bi-ideal of B such that

C2 = CΓC = C , then C is a bi-ideal of S.
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Proof. B being a bi-ideal of S we get BΓSΓB ⊆ B. Let C be a bi-ideal of B
such that C2 = CΓC = C. Hence CΓBΓC ⊆ C. As C is a sub-Γ-semiring of
B, it is a sub-Γ-semiring of S. Further

CΓBΓC = (CΓC) ΓSΓ (CΓC) = CΓ (CΓSΓC) ΓC

⊆ CΓ (BΓSΓB) ΓC ⊆ CΓBΓC ⊆ C.

Thus CΓSΓC ⊆ C. This shows that C is a bi-ideal of S. �
Theorem 3.4. Let A and C be two sub-Γ-semirings of S and B = AΓC. If

A is a left ideal or a right ideal of S, then B is a bi-ideal of S

Proof. Suppose that A is a left ideal of S. Hence A is a bi-ideal of S. Further

BΓSΓB = (AΓC) ΓSΓ (AΓC) = (AΓC) Γ (SΓA) ΓC

⊆ (AΓC) Γ (AΓC) ⊆ (AΓC) = B.

This shows that B is a bi-ideal of S. Similarly we can show that B = AΓC is a
bi-ideal of S if A is a right ideal of S. �

Remark 3.2. Similarly we can prove that B = AΓC is a bi-ideal of S if A
and C be two sub-Γ-semirings of S and if C is a left ideal or a right ideal of S.

Some characterizations of bi-ideals in a Γ-semiring are given in the following
theorems.

Theorem 3.5. For any non-empty subset B of S, following statements are
equivalent:
(1) B is a bi-ideal of S.
(2) B is a left ideal of some right ideal of S.
(3) B is a right ideal of some left ideal of S.

Proof. (1)⇔(2). Suppose that B is a bi-ideal of S. Therefore BΓSΓB ⊆ B.
As BΓS is a right ideal of S (see Result 3.1 in [5]), (BΓS) ΓB ⊆ B. This shows
that B is a left ideal of a right ideal BΓS of S. Conversely, suppose that B is a left
ideal of a right ideal R of S.Then RΓB ⊆ B , RΓS ⊆ R and B is a sub-Γ-semiring
of S. Hence BΓSΓB ⊆ RΓSΓB ⊆ RΓB ⊆ B. This shows that B is a bi-ideal of S.

(1)⇔(3). Suppose that B is a bi-ideal of S. Then (BΓS) ΓB ⊆ B. As SΓB
is a left ideal of S (see Result 3.1 in [5]), BΓ (SΓB) ⊆ B.This shows that B is
a right ideal of a left ideal SΓB of S. Conversely, suppose B is a right ideal of
a left ideal L of S. Then BΓL ⊆ B, SΓL ⊆ L and B is a sub-Γ-semiring of S.
Further BΓSΓB ⊆ BΓSΓL ⊆ BΓL ⊆ B.

This shows that B is a bi-ideal of S. Thus we prove that (1) ⇔(2)⇔ (3). �
Theorem 3.6. A sub-Γ- semiring B of S is a bi-ideal of S if and only if there

exist a left ideal L and a right ideal R of S such that RΓL ⊆ B ⊆ R ∩ L.

Proof. Suppose that B is a bi-ideal of S. Then BΓSΓB ⊆ B. Hence R =
BΓS is a right ideal of S and L = SΓB is a left ideal of S (see [5]).

RΓL = (BΓS) Γ (SΓB) = BΓ (SΓS) ΓB ⊆ BΓSΓB ⊆ B.
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As B is a bi-ideal of S, B is a right ideal of a left ideal L and also a left ideal of a
right ideal R (see Theorem 3.5). Therefore B ⊆ R ∩ L. Thus RΓL ⊆ B ⊆ R ∩ L.

Conversely, suppose that RΓL ⊆ B ⊆ R ∩ L. Therefore

BΓSΓB ⊆ (R ∩ L) ΓSΓ (R ∩ L) ⊆ RΓSΓL ⊆ RΓL ⊆ B.

This shows B is a bi-ideal of S. �

Definition 3.2. A bi-ideal B of S is minimal if there is no non zero proper
bi-ideal of S contained in B.

A property of minimal bi-ideal in a Γ-semiring S is proved in the following
theorem.

Theorem 3.7. If B is a minimal bi-ideal of S, then any two non zero elements
of B generate the same left (right) ideal of S.

Proof. Let B be a minimal bi-ideal of S. Let x and y be non zero elements
of B. Therefore (x)l ∩ B is a bi-ideal of S . Hence (x)l ∩ B ⊆ B. B being a
minimal bi-ideal of S, we have (x)l∩B = B. This implies B ⊆ (x)l. y ∈ B implies
y ∈ (x)l. Therefore (y)l ⊆ (x)l. Similarly we can show that (x)l ⊆ (y)l. Hence
(x)l = (y)l. Thus any two non zero elements of B generate the same left ideal of S.
In the same way we can show that any two non zero elements of a bi-ideal generate
the same right ideal of S. �

4. Bi-ideals in a Regular Γ-semiring

In this article we discuss some characterizations of bi-ideals in a regular Γ-
semiring.

Definition 4.1. Recall that a Γ-semiring S is regular if a ∈ aΓSΓa, for any
a ∈ S.

Necessary and sufficient conditions for a Γ-semiring to be regular are furnished
in the following theorem.

Theorem 4.1. Following statements are equivalent in S.
(1) S is regular.
(2) For any bi-ideal B of S, BΓSΓB = B.
(3) For any quasi-ideal Q of S, QΓSΓQ = Q.

Proof. (1) ⇒ (2). Suppose that S is regular. Let B be a bi-ideal of S.
Hence BΓSΓB ⊆ B. For any b ∈ B, b ∈ bΓSΓb as S is regular. Therefore
bΓSΓb ⊆ BΓSΓB, since b ∈ B .Thus b ∈ BΓSΓB. Therefore B ⊆ BΓSΓB. Hence
B = BΓSΓB as BΓSΓB ⊆ B.

(2) ⇒ (3). Every quasi-ideal of S being a bi-ideal of S, the implication follows.

(3)⇒ (1). Let R be a right ideal and L be a left ideal of S. Then R∩L is a quasi-
ideal of S (see property 11 in [5]). Hence by (3) R ∩ L = (R ∩ L) ΓSΓ (R ∩ L).
Therefore R ∩ L ⊆ (RΓS) ΓL ⊆ RΓL. But always RΓL ⊆ R ∩ L. Therefore
R ∩ L = RΓL. Thus S is a regular Γ-semiring. �



BI-IDEALS IN Γ-SEMIRINGS 175

Corollary 4.1. Let S be a regular Γ-semiring. A sub-Γ-semiring B is a
bi-ideal of S if and only if BΓSΓB = B.

Proof. If a sub-Γ semiring B is a bi-ideal of S, then BΓSΓB = B by Theorem
4.1. Conversely, if BΓSΓB = B,then B is a bi-ideal of S, by definition. �

Corollary 4.2. Let S be a regular Γ-semiring. A sub-Γ-semiring B is a
bi-ideal of S if and only if B is a quasi-ideal of S.

Proof. If a sub-Γ-semiring B is a bi-ideal of S, then BΓSΓB = B by Theorem
4.1. But as BΓS is a right ideal, SΓB a left ideal of S and S being a regular Γ-
semiring we have (BΓS)∩ (SΓB) = (BΓS) Γ (SΓB). Therefore (BΓS)∩ (SΓB) =
BΓ (SΓS) ΓB ⊆ BΓSΓB, since SΓS ⊆ S.Therefore (BΓS) ∩ (SΓB) ⊆ B as
BΓSΓB = B. Hence B is a quasi-ideal of S. Since every quasi-ideal is a bi-ideal,
converse follows. �

Let A and B be bi-ideals of S with A ⊆ B ⊆ S, then surely A is a bi-ideal of
B. But if A is a bi-ideal of B and B is a bi-ideal of S with A ⊆ B ⊆ S, then A
need not be a bi-ideal of S. But under the condition of regularity we have

Theorem 4.2. Let B be a bi-ideal of S. If B itself is a regular sub-Γ-semiring,
then any bi-ideal of B is a bi-ideal of S.

Proof. Let A be a bi-ideal of B. Then AΓBΓA ⊆ A. For any b ∈ A ,
b ∈ bΓBΓb as B is regular. bΓBΓb = bΓ(BΓb) ⊆ AΓB, since b ∈ B and b ∈ A.
Again bΓBΓb = (bΓB)Γb ⊆ BΓA as b ∈ B and b ∈ A. Then AΓSΓA ⊆
( AΓB) ΓS (BΓA) = AΓ(BΓSΓB)ΓA ⊆ AΓBΓA, since B is a bi-ideal of S. There-
fore AΓSΓA ⊆ AΓBΓA ⊆ A, since A is a bi-ideal of B. Therefore AΓSΓA ⊆ A.
This shows that A is a bi-ideal of S. �

A necessary and sufficient condition for a Γ-semiring S to be regular is proved
in the following theorem .

Theorem 4.3. S is a regular if and only if B ∩ I ∩ L ⊆ BΓIΓL for any
bi-ideal B, left ideal L and two sided ideal I of S.

Proof. Let S be a regular Γ-semiring, B be a bi-ideal , I be a two sided ideal
and L be a left ideal of S. Let a ∈ B ∩ I ∩ L. a ∈ S and S is regular imply
a ∈ aΓSΓa . Therefore aΓSΓa ⊆ (aΓSΓa) ΓSΓ(aΓSΓa). Then

a ∈ (aΓSΓa) Γ (SΓaΓS) Γa.

Hence a ∈ (BΓSΓB) Γ (SΓIΓS) ΓL. Therefore a ∈ BΓIΓL, since B is a bi-ideal,
I is an ideal and a ∈ L. Therefore B ∩ I ∩ L ⊆ BΓIΓL.

Conversely, let R be a right ideal and L be a left ideal of S. By assumption R∩
S ∩ L ⊆ RΓSΓL. Hence R ∩ L ⊆ RΓL. But RΓL ⊆ R ∩ L always. Thus we have
R ∩ L = RΓL.

This shows that S is a regular Γ-semiring. �
Remark 4.1. If Q1 and Q2 are quasi-ideals of S, then Q1ΓQ2 need not be a

quasi-ideal of S. For this consider the following example. If
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T =

{(
a 0
b 1

)
| a , b ∈ R+

}
then T is a semigroup with respect to usual matrix multiplication. If

S =

{(
a 0
b 1

)
| a , b ∈ R+

}
∪
(

0 0
0 0

)
and Γ= S, then S is a Γ-semiring with usual matrix multiplication and + is defined
by A+B = 0 if A, B ∈ S and A+ 0 = 0 +A = A, for all A ∈ S.

If

Q1 =

{(
a 0
b 1

)
| a , b ∈ R+, 0 < a < b

}
∪
(

0 0
0 0

)
and

Q2 =

{(
a 0
b 1

)
| a , b ∈ R+, a > 0, b > 5

}
∪
(

0 0
0 0

)
.

Then Q1 is a right ideal and Q2 is a left ideals of S. And hence Q1 and Q2 are
quasi-ideals of S. But Q1 ΓQ2 is a not a quasi-ideal of S.

Q1ΓQ2 need not be a quasi-ideal of S when both Q1 and Q2 are quasi-ideal of
S. But in a regular Γ-semiring we have Q1Γ Q2 is a quasi-ideal of S.

Theorem 4.4. Let S be a regular Γ-semiring. If Q1 is a sub Γ-semiring and
Q2 is a bi-ideal of S, then Q1ΓQ2 and Q2ΓQ1 are quasi-ideals of S.

Proof. Let Q1 be a sub-Γ-semiring and Q2 be a bi-ideal of S. In a regular Γ-
semiring quasi-ideals and bi-ideals coincide (see Corollary 4.2). Hence by Theorem
3.2, Q1ΓQ2 and Q2ΓQ1 are bi-ideals of S. Therefore Q1ΓQ2 and Q2ΓQ1 are
quasi-ideals of S by Corollary 4.2 . �

Every quasi-ideal of S being a sub-Γ-semiring and a bi-ideal of S, by applying
Thoerem 4.4, we get

Corollary 4.3. Let S be a regular Γ-semiring. If Q1 and Q2 are quasi-ideals
of S, then Q1ΓQ2 and Q2ΓQ1 are quasi-ideals of S.

We know that a sub-Γ-semiring of a Γ-semiring S need not be a bi-ideal of S
( see example 3.1).

A necessary and sufficient condition for a sub-Γ-semiring of a Γ-semiring S to
be a bi-ideal of S is given in the following theorem.

Theorem 4.5. A sub-Γ-semiring of a regular Γ-semiring S is a bi-ideal of S
if and only if B can be represented as B = RΓL, where R is a right ideal and L is
a left ideal of S.

Proof. Let B be a sub Γ-semiring of a regular Γ-semiring S. Suppose that B
is a bi-ideal of S. Hence by Theorem 3.6, there exist a right ideal R and a left ideal
L of S such that RΓL ⊆ B ⊆ R ∩ L. As S is regular, RΓL = R ∩ L. Therefore
B = RΓL = R ∩ L.Conversely, suppose that B = RΓL, for a right ideal R and a
left ideal L. Therefore BΓSΓB = (RΓL) ΓSΓ (RΓL) ⊆ RΓSΓL ⊆ RΓL = B. This
shows that B is a bi-ideal of S. �



BI-IDEALS IN Γ-SEMIRINGS 177

5. Bi-ideals in Special Γ-semirings

This article deals with various types of Γ-semirings and their characterizations
using bi-ideals.

5.1. Intra-regular Γ-semirings.

Definition 5.1. A Γ-semiring S is an intra-regular Γ-semiring if for any x ∈ S,
x ∈ SΓxΓxΓS.

Following theorem is a property of a regular and intra-regular Γ-semiring.

Theorem 5.1. If a Γ-semiring S is regular and intra-regular, then for any
bi-ideal B and a left ideal L of S, B ∩ L ⊆ BΓLΓB.

Proof. Let a ∈ B ∩ L. As a ∈ S and S is regular, a ∈ aΓSΓa. Therefore we
have

aΓSΓa ⊆ (aΓSΓa) ΓSΓ (aΓSΓa) ⊆ (aΓSΓa) ΓSΓ (SΓaΓaΓS) ΓSΓa.

Hence we get

aΓSΓa ⊆ (aΓSΓa) Γ(SΓSΓa)Γ (aΓSΓa) ⊆ (BΓSΓB) Γ(SΓSΓL)Γ (BΓSΓB)

as a ∈ B ∩ L. Thus we get aΓSΓa ⊆ BΓLΓB. Therefore a ∈ B ∩ L implies
a ∈ BΓLΓB. This shows that B ∩ L ⊆ BΓLΓB. �

5.2. Duo Γ-semirings.

Definition 5.2. A Γ-semiring S is a right (left) duo Γ-semiring if every right
(left) ideal of S is a left (right) ideal of S. A Γ-semiring S is a duo Γ-semiring if
every one sided ideal of S is a two sided ideal of S.

We know every bi-ideal need not be one sided or two sided ideal (see in Remark
3.1 Example (1)). But in a regular duo Γ-semiring we have

Theorem 5.2. If S is a regular right (left) duo Γ-semiring, then every bi-ideal
of S is a left (right) ideal of S.

Proof. Let S be a regular right duo Γ-semiring and B be a bi-ideal of S. By
Theorem 4.5 , there exist a right ideal R and a left ideal L such that B = RΓL =
R∩L. As S is a right duo Γ-semiring, R∩L is a left ideal of S. Therefore B = R∩L
is a left ideal of S.

Similarly we can show that in a regular left duo Γ-semiring S every bi-ideal is
a right ideal of S. �

As a duo Γ-semiring S is a both left duo Γ-semiring and right duo Γ-semiring,
by Theorem 5.2 we have

Theorem 5.3. If S is a regular duo Γ-semiring, then every bi-ideal of S is a
two sided ideal of S.
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5.3. Simple Γ-semirings.

Definition 5.3. A Γ-semiring S is a left(right) simple Γ-semiring if S has no
proper left (right) ideal. A Γ-semiring S is a simple Γ-semiring if S has no proper
ideal.

Definition 5.4. A Γ-semiring S with zero is a left (right) 0-simple. Γ-semiring
if S has no non zero proper a left (right) ideal and SΓS ̸= {0}. A Γ-semiring S
with zero is 0-simple Γ-semiring if S has no non zero proper ideal and SΓS ̸= {0}.

Every bi-ideal of S need not be right (left) ideal of S (see in Remark 3.1 and
Example (1)). But in (left\right) simple Γ-semiring we have:

Theorem 5.4. If a Γ-semiring S is a left (right) simple Γ-semiring, then every
bi-ideal of S is a right ideal (left ideal) of S.

Proof. Let S be a left simple Γ-semiring and B be a bi-ideal of S. Then SΓB
is a left ideal and SΓB ⊆ S. But S is a left simple Γ-semiring and hence
SΓB = S. Further BΓS = BΓSΓB ⊆ B.This implies that B is a right ideal of S.
Similaly we can prove for a right simple Γ-semiring. �

Every quasi-ideal is a bi-ideal in S but not conversely (see in Remark 3.1 and
Example (2)). In a 0-simple Γ-semiring we have:

Theorem 5.5. If a Γ-semiring S with zero is left (right) 0-simple Γ-semiring,
then the set of bi-ideals of S coincide with the set of quasi-ideals of S.

Proof. Let S be a left 0-simple Γ-semiring . As every quasi-ideal is a bi-ideal
of S , we have to only show that any bi-ideal is a quasi-ideal of S.Let B be a bi-ideal
of S.Then SΓB is a left ideal of S. SΓB ⊆ SΓS ̸= {0} as S is left 0-simple. S
is left 0-simple and SΓB is a non zero left ideal of S imply SΓB = S. Further
(BΓS) ∩ (SΓB) ⊆ BΓS = BΓSΓB ⊆ B. This shows that B is a quasi-ideal of S.
In the same way we can prove for a right 0-simple Γ-semiring. �

5.4. Bi-simple Γ-semirings.

Definition 5.5. A Γ-semiring S is a bi-simple Γ-semiring if S has no bi-ideal
other than S itself.

Next theorem gives a characterization of a bi-simple Γ-semiring.

Theorem 5.6. If S is a Γ-semiring, then S is a bi-simple Γ-semiring if and
only if aΓSΓa = a, for all a ∈ S.

Proof. Suppose that S is a bi-simple Γ-semiring. For any a ∈ S, aΓSΓa is a
sub Γ-semiring of S. By Theorem 3.1(9) SΓa is a right ideal of S. Therefore

(aΓSΓa) ΓSΓ (aΓSΓa) = (aΓS) Γ (aΓSΓaΓS) Γa ⊆ aΓSΓa .

Hence aΓSΓa is a bi-ideal of S. aΓSΓa ⊆ S and S is a bi-simple Γ-semiring imply
aΓSΓa = S, for all a ∈ S.

Conversely, suppose that aΓSΓa = S, for all a ∈ S. Let B be a bi-ideal of
S such that B ⊆ S. For any b ∈ B, by assumption bΓSΓb = S. S = bΓSΓb ⊆
BΓSΓB ⊆ B imply B = S . Hence S is a bi-simple Γ semiring. �
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5.5. Division Γ-semirings.

Definition 5.6. A Γ-semiring S with zero is a division Γ-semiring if for any
non zero a ∈ S and non zero α ∈ Γ there exist b ∈ S, β ∈ Γ such that aαbβx = x
and xβbαa = x, for x ∈ S.

In the next theorem we prove a property of a division Γ-semiring.

Theorem 5.7. If S is a division Γ-semiring, then S has no proper non zero
bi-ideal.

Proof. Let S be a division Γ-semiring and B be a non zero bi-ideal of S. Let
0 ̸= a ∈ B and 0 ̸= α ∈ Γ. 0 ̸= a ∈ S, 0 ̸= α ∈ Γ and S is a division Γ-semiring
imply for any non zero α ∈ Γ there exist b ∈ S and β ∈ Γ such that aαbβx = x
and xβbαa = x, for x ∈ S. aαbβx = x implies x ∈ BΓS as a ∈ B. As this is true
for any x ∈ S, we get S ⊆ BΓS . But BΓS ⊆ S. Therefore BΓS = S. Similarly
xβbαa = x implies SΓB = S. Therefore S = SΓB = BΓS. Using these relations
we have S = SΓB = BΓSΓB. As B is a bi-ideal of S, BΓSΓB ⊆ B. Hence S ⊆ B.
Thus S = B as B ⊆ S. This shows that S has no proper non zero bi-ideal. �
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