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A Note on Coefficient Inequalities for (j,7)-Symmetrical
Functions with Conic Regions

Fuad S. M. Al Sarari and S.Latha

ABSTRACT. In this note, the concepts of (j,4)-symmetric points, Janowski
functions and the conic regions are combined to define a class of functions in
a new interesting domain which represents the conic type regions. Certain
interesting coefficient inequalities are deduced.

1. Introduction

Let A denote the class of functions of form
o0
(1.1) f(2) :z—|—2anz”,
n=2

which are analytic in the open unit disk i = {2z : z € C and |z|] < 1}, and S denote
the subclass of A consisting of all function which are univalent in Y. Given two
functions f and g analytic in U, we say that the function f is subordinate to ¢ in
U and write f(z) < g(z), if there exists a Schwarz function w, which is analytic in
U with w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(z)) , z € U. If ¢ is univalent
in U then f < g if and only if f(0) = g(0) and f(U) C g(U).

Using the principle of the subordination we define the class P of functions with
positive real part see [2].

DEFINITION 1.1. Let P denote the class of analytic functions of the form
p(z) =14 > 77 ppz" defined on U and satisfying p(0) = 1, R{p(z)} > 0, z € U.

Any function p in P has the representation p(z) = i_ﬁg where w(0) =

0, |lw(z)] < 1 on U. The class of functions with positive real part P plays a
crucial role in geometric function theory. Its significance can be seen from the fact
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78 AL SARARI AND LATHA

that simple subclasses like class of starlike S$*, class of convex functions C , class of
starlike functions with respect to symmetric points have been defined by using the
concept of class of functions with positive real part.

DEFINITION 1.2. [1] Let P[A, B], where —1 < B < A < 1, denote the class of

1+ Aw(z)
1+Bw(z)’ z € u’

analytic function p defined on U with the representation p(z) =
w(0) =0, |w(z)| < 1. p € P[A, B] if and only if p(z) < {52,

Geometrically, a function p(z) € P[A, B] maps the open unit onto the disk
1-AB

defined by the domain,
A-B
Q[A,B]{w: ‘w R 1_32}.

The class P[A, B] is connected the class P of function with positive real parts by
the relation,

(A+ p(z) = (a—1)
(B+1)p(z) = (B-1)
This class was introduced by Janowski [1] and then studied by several authors,
Kanas and Wisniowska [3, 8] introduced and studied the class k — UCV of k-
uniformly convex functions and the corresponding class k — ST of k-starlike func-
tions. These classes were defined subject to the conic region Q, k& > 0 [3, 8]

as
Qp={u+iv:u>ky/(u—1)2+v2}

This domain represents the right half plane for k& = 0, hyperbola for 0 < k < 1, a
parabola for k£ =1 and ellipse for £ > 1 .

p(z) e P & € P[A, B].

The functions py(z) which play the role of extremal functions for these conic
regions are given as

, k=0

1+W2 (log1 f) k=1
pilz) = 1+ 2> sinh? [(2 arccos k) arctanh\f] 0<k<l.

u(z)
dx] + kgl_l, k>1,

1+ 74 sin [ R(D) o W\/l

where u(z) = 12:\/%, t € (0,1), z € U4 and z is chosen such that k = cosh (7:1}1%%/(%))

R(t) is the Legendre’s complete elliptic integral of the first kind and R'(t) is com-
plementary integral R(t); px(z) = 1+ 0z + ...., in [7] where

8(arccos k)? 0<k<l1

7'(2(1—/62) )
(1.3) k=%, k=1
n k>1.

4(k2—1)Vt(1+t)R2(t)’
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DEFINITION 1.3. A function p is said to be in the class k— P[A, B], -1 < B <
A<, k>0, if and only if,
(A+ Dpe(z) — (A1)

z) < -
PO = B me) - B-1)
where pg(z) is defined by (1.2) and .

DEFINITION 1.4. Let ¢ be a positive integer. A domain D is said to be i-fold
symmetric if a rotation of D about the origin through an angle 27” carries D onto
itself. A function f is said to be i-fold symmetric in U if for every z in U

[ 2) =T 1 (2).
The family of all i-fold symmetric functions is denoted by S¢ and for i = 2 we get
class of the odd univalent functions.

The notion of (j,i)-symmetrical functions (i = 2,3,... ;5 = 0,1,2,...,3 — 1)
is a generalization of the notion of even, odd, i-symmetrical functions and also
generalize the well-known result that each function defined on a symmetrical subset
can be uniquely expressed as the sum of an even function and an odd function.
The theory of (j,4) symmetrical functions has many interesting applications, for
instance in the investigation of the set of fixed points of mappings, for the estimation
of the absolute value of some integrals, and for obtaining some results of the type
of Cartan uniqueness theorem for holomorphic mappings [12].

DEFINITION 1.5. Let ¢ = (e?) and j =0,1,2,..,4—1 where ¢ > 2 is a natural
number. A function f : U — C is called (j,i)-symmetrical if

flez) =€l f(2), z € U.

The family of all (j,)-symmetrical functions is denoted be S . Also S(02),
S12) and SU9 are called even, odd and i-symmetric functions respectively. We
have the following decomposition theorem.

THEOREM 1.1. [12] For every mapping f : D — C, and D is a i-fold symmetric
set, there exists exactly a unique sequence of (j,)- symmetrical functions f;;,

i—1
(1.4) f(2) = ij,i(z)'
§=0

From (1.4) we have

i—1 i—1 o
v=0 v=0 el

then

(1.5)

e} i—1 . .

1 . 1, n=li+y;
ii\%) = nanzna a; =1 n = T 5(n J)v = ’ ’ 5
fii(2) n§:11/} 1 (U ; ;:o {07 n i+ g
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where
(feA i=1,2,..;5=0,1,2,...,i — 1).

DEFINITION 1.6. A function f € A is said to be in the class &k — UC-uniformly
convex if and only if|

PO - |)
%G+ ﬁ@)>>k 0

DEFINITION 1.7. A function f € A is said to be in the class k — US, if and

only if,
SN L [2(E)
§R(f<z>>>’“ 6

Now using the concepts (j,¢) —symmteric points we define the following

-1

,z€U, k>=0.

-1

, 2€U, k=>0.

DEFINITION 1.8. A function f € A is said to be in the class k — VU [A, B] ,
k>0,
—1< B < AL1,if and only if

DR _n2E 4
(1.6) R (B-1) fi,i(2) (A-1) -k (B-1) 72 (A-1) L
B+1FEG -4+ B+1)LE —(4+1)
or equivalently,
zf'(z)
€ k — P[A, B].
e 4, B]

DEFINITION 1.9. A function f € A is said to be in the class k — CV99[A, B]
k>0,
—1< B < A<1,if and only if

(B—-1) (?ffé); —(A-1) (B—-1) <Z£i<(§>)> —(A-1)
(L.7) a0 —arn ) M i nerar Ao
(B+1)5 e —(A+1) (B+1)5r e —(A+1)

or equivalently,

(zf'(z) _,
) € k— P[A, B].

The following special cases are of interest:
(i) k—VID[A B] =k— ST[A, B,i], k—CVYI[A B = k—UCV|A, B,
the classes introduced by Fuad Alsarari and Latha [4].
(ii) k — VDA, B] = k — ST[A, B],k — CVV[A, B = k — UCVA, B]
the classes introduced by Khalida Inyat Noor and Sarfraz Nawaz Malik [6].
(iii) k — VOV[A, B] = k — V7 (A, B)
the class introduced by Fuad Alsarari and Latha [11].
(iv) k—VAED[1, -1 =k — ST,k —CVIV[1,-1] =k — UCV

the well-known classes introduced by Kanas and Wisniowska [8].
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(v) 0 = VUAD[A, B] = SUI[A, B]
the class introduced by Fuad Alsarari and S. Latha [10].
(vi) 0 — VDA, B] = S*[A, B], 0 — CV"V[A, B] = C[A, B

the well-known classes introduced by Janowski [1].

We need the following lemmas to prove our main results

LEMMA 1.1. [13] Let h(z) = 14+ >_°7, ¢p,2" be subordinate to H(z) = 1+
oo buz™. If H(z) is univalent in U and H(z) is convez, then

len| <[ba], n>1
LEMMA 1.2. [6] Let h(z) =1+ > o2 ¢ 2" € P[A, B]. Then

A—-DB)§
el <1048l 048] = %ﬂk'»

where J§, is defined by (1.3).

2. Main results

THEOREM 2.1. A function f € A and of the form (1.1) is in the class k —
VUD[A, B], if it satisfies the condition

oo

2[2(k+ D(n—vn) +[n(B+1) = Yn(A+1)|]|an|
n=2
(2.1) <|(B+1)—(A+ 11| —2(k+1)yp1 — 1],

where =1 < B< A< 1, k>0, and ¢, is defined by (1.5).
PROOF. Assuming that (2.2) holds, then it suffices to show that

(B—l)zfi?) (A-1) (B-17E - (-1
I|-% = -1l <1

B+ —@a+1) (B+1)2 2 —(a+1)

(z) fj,i(2)
we get
(B—1) ]f<()> —(A-1) (B—1) f;‘(()) —(A-1)
g B+~ (a+1) “I R {(B+1);j{i((z)) —(A+1) _1}
(B=1Dzf'(z) —(A-1)f;:(2)
<+1) ‘ BT D22 — (AT Dfa2) 1‘
fii(2) = 2f'(2)
— 9k .
A H)’(BH)ZJ“(Z) A+ 0550)
= Q(k + 1) ‘ (¢1 _ 1)2 + E?:2(¢n - n)anzn
(B+1)—(A+ D]z + >0 ,n(B+1) — (A +1)]az™|
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|w1 - 1| + ZZO:2 |'¢n - n||an‘ )
(B+1) = (A4 1n| = 2555 n(B +1) = ¢n(A + 1)|an|
The last expression is bounded above by 1, then
Y onea2(k + Dl — 0l + (L =) [n(B +1) — thn(A+ D]Jan| <
[(B+1) = (A+ )| = 2(k + 1)[vhr — 1],

<2(k+1)

and this completes the proof. O

THEOREM 2.2. A function f € A and of the form (1.1) is in the class k —
cyu [A, B], if it satisfies the condition

Zn{[2(k+1)(n—wn)+ln(3+1)—«/)n(AH)I]}\an\
n=2
(2.2) <|(B+1)—(A+ D] —2(k+1)|yy — 1],

where =1 < B< A< 1, k>0, and ¢, is defined by (1.5).

Particular choices in Theorem 2.1 and Theorem 2.2 respectively we get the
following corollaries

When j = 1, we have the following results, proved by Fuad Alsarari and Latha
[4].

COROLLARY 2.1. A function f € A and of the form (1.1) is in the class k —
ST[A, B, N|, if it satisfies the condition

Y20+ 1D)(n = An(n) +[n(B +1) = An(n)(A+ 1)[}an| < |B - A

COROLLARY 2.2. A function f € A and of the form (1.1) is in the class k —
UCVIA, B, N|, if it satisfies the condition

o0

Y n{2(k + 1)(n = An(n)) + [n(B + 1) = Ax(n)(A + D)} an| < |B - 4],

n=2
For j = ¢ = 1 we have the following known results, proved by Khalida Inayat
Noor and Sarfraz Nawaz Malik [6].

COROLLARY 2.3. A function f € A and form (1.1) in the class k — ST[A, B,
if it satisfies the condition

(2.3) > 2k +1)(n—1)+[n(B+1) = (A= 1D)}an| < |B - A,

where =1 < B<A<1andk > 0.
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COROLLARY 2.4. A function f € A and form (1.1) in the class k—UCV[A, B,
if it satisfies the condition

(2.4) Zn{2(k +D(n—1)+n(B+1)—(A—1)|}Han| < |B— 4|,

n=2

where — 1< B<A<1landk >0

For j =i = A = —B = 1, we have following result due to Kanas and Wis-
niowska [3].

COROLLARY 2.5. A function f € A and form (1.1) in the class k — ST, if it
satisfies the condition

oo

> {n+k(n—1D}Han| <1, k>0

n=2

Also for k =0, =i =1, A =1—2a with 0 < o < 1, then we have the
following known result.

COROLLARY 2.6. A function f € A and form (1.1) in the class S*(«), if it

satisfies the condition
o0

> {(n—a)}lan| <1-a

n=2
where 0 < o < 1.

THEOREM 2.3. Let f € k — VUD[A B] and is of the form (1.1). Then for
n>2 - 1<B<A<1,k>0,.

\5k14 B) —2(h — 45,)B|
|Cln| H h+177/)h+1) P

where O, ¥, are defined respectively by (1.3), (1.5).

(2.5)

PROOF. By definition (1.8) we have

2f'(z)
fj,i(z)

= p(2),

where
p(2) € k— P[A, B],

then we have we have

2f'(2) = flz <1+ch )
(1—¢1Z+Zn—¢n anan -chzn
n=1

n=2
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Equating coefficients of 2™ on both sides, we have
n—1
(TL - qzbn)an = E wn—han—hciu ap = ?/11 =1
h=1

This implies that

n—1
1
|an| ( _w Zd)n hQn—hCh, A1 = 1/}1 =1
By Lemma 1.2, we get
(5k A—-B)
(2.6 jau < 2A=D) Zwm
TL
Now we prove that
|5k| A-— B 0k (A — B) — 2(h — ) B|
2.7 a .
27) thl ol < H 2(h +1—1py1))
For this, we use the mductlon method.
For n = 2: from (2.6), we have
_ 15(A - B)

S e =g
From (2.8), we have
|0k|(A — B)
< —.
|a2| 2(2 _¢2)
For n = 3: from (2.6), we have
|0k|(A — B) |0k|(A — B)
a3| < ——— |1+ ———=
IS S [T e

From (2.8), we have
|0k|(A — B) |6x(A - B) — 2( — 1)2)B|
2(2 —12) 2(3 —¢3)
_ 1844~ B) [34](A ~ B) + 22— )
T 2(2— 1) 2(3 —13)
6| (A — B) { |0k [ (A — B)}
S26—w [T 2e—w |
Let the hypothesis be true for n = m. From (2.6), we have

0r|(A— B)
lam] < "“' th|ah| o= =1

m wrn

‘a3| S

From (2.8), we have

m—1
0k (A — B) — 2(h — ¢p)B|
lam] < H 2(h+1—1ps1) .
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H |0k |( A B) +2(h —vp)
h+1- ¢h+1) )
By the induction hypothesis, we have

\5k (A—B) 16:1(A — B) +2(h — )
2(m = o) Z¢\ah\ H 21— ) .

[0k [(A=B)+2(m=vm)

Multiplying both sides by pICIESE—

, we have

1 0k|(A = B) +2(h —¢n) _ |0k[(A = B) |0k[(A = B) +2(m — 9m) Zw lanl,

i 21— tpga) T 2(m =) 2(m+1— i) —

|0|(A — B)
2(m +1- "l)m+1)

5 A B m—1 m—1
| k' Z Ynlan| + ) ¢h|ah|] :

2(m — ¢m) h=1 h=1

|0k|(A — B)
- 2(m +1- merl)

Skl(A=B) &
S 1 Z¢h|ah|

m—1
wm|af’m| + Z whah] )
h=1

(m + 1- wm
Sl(A—B) & Ok|(A — B) +2(h — n
2(m + 1 — Yot 20(h+1—tny1)
Which shows that 1nequahty (2.7) is true for n = m+ 1. Hence the required result.
O

THEOREM 2.4. Let f € k —CVYI[A, B] and is of the form (1.1). Then for
n>2 -1<B<A<1,k>0,.

\51@14 B) —2(h —vy,)B|
hl_ll 2(h+1 —ny1) 7

where O, ¥, are defined respectively by (1.3), (1.5).

(2.8) |an| <

Particular choices in Theorem 2.3 and Theorem 2.4 respectively we get the
following corollaries

When j = 1, we have the following results, proved by Fuad Alsarari and Latha
[4].

COROLLARY 2.7. Let f € k— ST[A, B, N] and is of the form (1.1). Then for
n > 2.

|0x(A— B) —2(j — An(j))B|
lanl < H 2G+1 - nG+1)

b
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COROLLARY 2.8. Let f(z) € k—UCV][A, B, N] and is of the form (1.1). Then
forn > 2.

H F101(A = B) = 2(j — An(5))B|

an
[an] < 2 +1 =AMy +1)

)

When j =i =1 we have the following results proved Khalida Inayat Noor and
Sarfraz Nawaz Malik [6]

COROLLARY 2.9. Let f € k— ST[A, B], then

n—2 .
5x(A— B) —2jB
\an|<H‘k( x ) 2Bl <cpca<inze

j+1)
COROLLARY 2.10. Let f € k— UCV]A, B], then

n—2 .
te 2 +1)

~1<B<A<1, n>2
j=0

For A=1B=-1,j=1i=1,7=0 we arrive at Kanas and Wisniowska [3]
COROLLARY 2.11. Let f € k — ST, then

n—2 .

)

lan| < ] M n=2.
i U+

Also for k=00 = 2,7 = i = 1 we have the well-known result proved by
Janowski [1].

COROLLARY 2.12. Lat f € S*[A B, then
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