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ON THE NEIGHBOURHOOD POLYNOMIAL
OF GRAPHS

Anwar Alwardi and P.M. Shivaswamy

ABSTRACT. Graph polynomials are polynomials associated to graphs that en-
code the number of subgraphs with given properties. In this paper we intro-
duce a new type of graph polynomial called neighbourhood polynomial. We
obtained the neighbourhood polynomial of some interested standard graphs
like complete graph, complete bipartite graph, bi-star graph, spider, wounded
spider graph and for some corona product graphs.

1. Introduction

All the graphs considered here are finite and undirected with no loops and
multiple edges. Let G = (V, E) be a graph. As usual p = |V| and ¢ = |E| denote
the number of vertices and edges of a graph G, respectively. In general, we use (X)
to denote the subgraph induced by the set of vertices X and N(v) and N[v] denote
the open neighbourhood and closed neighbourhood of a vertex v, respectively. A
set D of vertices in a graph G is a dominating set if every vertex in V' — D is adjacent
to some vertex in D. The domination number (G) is the minimum cardinality of
a dominating set of G.

The corona G7 o Gs of two graphs G; and G is the graph obtained by taking
one copy of Gy (which has n; vertices) and ny copies of Gy and then joining the
it" vertex of G to every vertex in the i*" copy of Gs.

A set S CV(Q) is called a neighbourhood set of G, if G = U,es(N[v]), where
(N[v]) is the subgraph of G induced by v and the vertices adjacent to v. The
neighbourhood number of G is the minimum cardinality of a neighbourhood set of
G, and it is denoted by 7(G).
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For terminology and notations not specifically defined here we refer reader to
[2] and [4] . For more details about neighbourhood number, we refer to [6], and
[7].

2. Neighbourhood polynomial of a graph

DEeFINITION 2.1. Let G = (V,E) be a graph. The neighbourhood polyno-
mial of G is defined as N(G,z) = Y., n(G, i)z, where n(G,i) is the number of
neighbourhood set in G of size i.

ExaMPLE 2.1. Let G & P;5 as in Figure 3. There is only one neighbourhood

set of size two namely {ve, v4}.
There are six neighbourhood sets of size 3 are :

{v2,v3,va}, {v1,v3,v4}, {v1,v3, 05}, {v1, va, va}, {v2, V4, 05}, {va, v3, 5}
There are five neighbourhood of size four which they are:

{U27 U3, V4, U5}’ {vla U3, V4, 1}5}, {Ula V2, V4, 05}7 {v17 V2, U3, ’U5}, {Ulv V2, U3, ’1}4}
Also there is one neighbourhood set of size five.
Hence, N(G,z) = 2° + 52* + 623 + 2% = 2%(2® + 522 + 62 + 1).

1 V2 V3 V4 Us
o ———o — 06— 06— 0

FiGURE 1. Path P;

PROPOSITION 2.1. For any complete graph K,, N(G,z) = (1 +x)" — 1.
PRrROOF. Let G be a complete graph of n vertices. Then there are n neighbour-

hood sets of size one and 9 neighbourhood sets of size two and so on.

N(G,x) = <T>x + (Z)xQ +otat =30 (?)xl

=, (?)xi—lz(l—l—x)"—l. O

PROPOSITION 2.2. For any graph the neighbourhood polynomial of G is
n

N(G,z) = Z n(G,i)x’

i )

i=n(G
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where n(G, i) is the number of neighbourhood sets in G of size i and n(G) is the
neighbourhood number of G.

PRrROPOSITION 2.3. For any graph G = G1 U Ga,
N(G7x) = N(G17x)N(G2az)
PROOF. Any neighbourhood set of size k in G is arising by select the number
of neighbourhood sets of size ¢ in G, and the vertices of neighbourhood set of size
k — j in G3. And the number of ways of selecting this vertices is equal to the

coefficient of the term z* in the polynomial N(Gy,z)N (G2, ). Hence N(G,z) =
N(Gl,l‘)N(GQ,Z‘). U

Also by mathematical induction we can generalize Proposition 2.3.
PROPOSITION 2.4. Let G = Ule G;. Then N(G,z) = Hle N(G;, z).
COROLLARY 2.1. For any totally disconnected graph K,, N(K,,z) = z".
THEOREM 2.1. Let G1, G4 be graphs of order ni and nsy respectively. Then
N(G1+Ga,z) = (1 +z)" =1)((1+2)" —1) + N(G1,2) + N(Gz, z).

PRrROOF. First, for any neighbourhood set of G; or G» is also neighbourhood set
of G1 + G5 that means N(G1,x) and N(Gs, z) contains in N(G; + Go, ). Second,
Any neighbourhood set of G; + G2 of size k contains j vertices from G; and any
k — j vertices of G5 that means

() () ()= ()]
() ()2 ()= (2]

contains in N(G; + Ga,x). That means
oL nq i 2 N9 i
N(Gl +G27:17) = ; ( ; );E ; ( ; );E +N(G17,’E) +N(G273’J)
Therefore,

N(Gl —|—G2,ZIJ) = l:zg (nll>l‘2 — 1:| l:zo <nz2>$z — 1:| +N(G1,.’L‘) + N(GQ,I‘).
Hence, N(G1+Ga,z) = ((1+2)™ —1)((1+2)"2=1)+N(G1,2)+N (G2, z). O
COROLLARY 2.2. Let G be complete bipartite graph K, ,,. Then

NG, z)=(1+2)"-1)(1+2z)" —1) + N(Gy,z) + N(G2, z).

Proor. Let G = K, , and can be construct K, , by joining the graph G; =
K,, with Gy = Kin,Le.,Kmm = K,, + K,,. Now by using Theorem 2.1 we get
NG z)=((14+2)™ -1 +z)™ - 1) + N(G1,z) + N(Ga, ). [l
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COROLLARY 2.3. For any star graph K ,, then
N(Kip,z)=2(1+z)" + 2™

DEFINITION 2.2. The bistar graph is constructed from Ky by attaching m edges
in one vertex and n edges in the other vertex, and is denoted by B(m,n).

Uy U1

FIGURE 2. Bistar B(m,n)

THEOREM 2.2. For any bistar graph B(m,n), m,n > 3, then
N(B(m,n),z) = ™ 42"t 4 2™ 4 g2(1 4 z)™ ",

PROOF. Let G = B(m,n), where m,n > 3. Clearly the neighbourhood number
of B(m,n) is two,there is only one minimum neighbourhood set {u,v} see Figure
2. Any neighbourhood set for B(m,n) either contains the two vertices u and v and
any other vertices or contains the vertices of the set vy, vs, ..., v, and the vertex u,
similarly may be contains the vertex v and the set uq, uo, ..., u, or the neighbour-
hood set contains all the vertices except w and v. So there is one neighbourhood
set of size m + 1, similarly there is one neighbourhood set of size n + 1. Now to
select neighbourhood set contains three vertices, we have to select two vertices u

and v and to select the third vertex there are (m j_ n) ways. Similarly to select

. . m+n .
neighbourhood set of four vertices we have 9 ways, in the same way we
can get the number of ways of select neighbourhood set of five vertices. In general

m+n
the number of ways to select neighbourhood set of size i, where ¢ > 3 is ( + >

i—2
m—+n . .
So there are < n 1) ways to select neighbourhood set of size m +n + 1 and
m+n—
there is only one neighbourhood set of size m +n + 2.

Therefore,

n(G,m+n+1):< men )

m+n—1
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and n(G,m 4+ n+ 2) = 1. Hence,

N(G,z) =

22 gl g gntl pogmantt o (TEMY g (MY g () e
1 2 m-+n

Thus,

N(G,z) = 22 + gmT! 4 gntl 4 ogmtntl 4 g2 5 min m—.i—n i
(G,x) m
i
Hence, N(G,z) = 2L gntl g ggmAntl x2(1 + x)nLJ,-n. O

THEOREM 2.3. Let G =2 C,, 0 Ky. Then N(G,z) = 2" (1 4+ x)".

PRrROOF. Let G be a corona graph C,, o Kjas in Figure 3. There is only one min-

u2

Uyq —_— ur

Ug
Us

Fi1GURE 3. Corona graph C), o K3

imum neighbourhood set of G, which is the set {vy, v, ..., v, }. Therefore n(G,n) =
1. To get neighbourhood sets of size n + 1, we have 711 ways .That means there

are <111) neighbourhood sets of G of size n + 1.Therefore n(G,n + 2) = <Z> and

n(G,n+1) = <Z>, similarly to get the number of neighbourhood sets of size n 41,

n
there are () ways.
i
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. ..n nn n 7
=x +4+x ;(Z)m

o (7))

=0
=z"(1+z)".

+l‘n1+n2.

Now, We can generalize Theorem 2.3 as follows:

THEOREM 2.4. For any corona graph G = C,, o K,,, we have

N(G,z) =a™(1 4 x)™".
PRrROOF. There is only one minimum neighbourhood set of G which is of size n,

that means n(G,n) = 1, similarly n(G,n + 1) = (ﬂ;ﬂ) and n(G,n +2) = <W;n>

In general, It is easy to see that n(G,n + j) = (mn)7 where j =1,2,..,mn
J

Therefore,
N(G’x) E g;n+ ( ( >1$n+1 + (mn)xn+2+ ot (mn)xnﬂrm.
mn 2 mn
Hence
NG =am 4o [ ek (M2 g (M)
1 2 mn
=" n -1
" 4 [;< . ) ]
= xn _|_xn [(1 +$)mn _ 1]
= x"(l _’_‘,E)Wzn
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THEOREM 2.5. For any corona graph G = C,, o K,,,, we have

nm(m—1)
N(G,x)—x"<\/1+x) .

PrROOF. There is only one minimum neighbourhood set of G of size n, that
means n(G,n) = 1. Similarly it easy to see that,

nm(m—1)
n(G,n+1>=( : >

nm(m—1)
n(G,n+2) = ( ; )

In general,

where i = 1,2, .., W

Let % = «. Then

=2"(1+2)”

B nm(m—1)
Hence, N(G,z) = 2™(1 + x) PE  gn (x/l + x) . O

THEOREM 2.6. Let K ,, be a star with p > 2 and let G be a spider graph which
is constructed by subdivide each edges once in ki, as in Figure 4. Then

N(G,x) = 2P(1 + 2)PT 4 2PTH 1 4 2)P 4 2(2°7 1 — 1) 2P Tt — 2P T,
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FIGURE 4. Spider graph with 2p + 1 vertices

PRrROOF. Let A = {uq,usg,...,up} and B = {v1, v, ...,vp}. There is one mini-
mum neighbourhood set of size n which is A. For any neighbourhood set of G there
are three cases:

Case 1. The neighbourhood set contains all the vertices {uq,us, ..., up}.

Case 2.The neighbourhood set contains all the vertices of B = {v1,v2,...,vp}
and the vertex u.

Case 3.The neighbourhood set contains some vertices from A and some vertices
from B and vertex the vertex u.

In case 1.There is only one neighbourhood set of size p which is {uy, ua, ..., up}
i.e,, n(G,p) =1 and there are (p‘{l) ways to extend the neighbourhood set of size p
to size p+1, similarly there are (p-51) neighbourhood sets of size p+2. So in this case

n(G,p) =1, n(G,p+1) = (*11), n(G,p+2) = (1), in general n(G,p+i) = ("1,
where 1 <i<p+1.

In case 2. There is one neighbourhood set of size p+1 which is {v1, ve, ..., vp, u},
i.e., n(G,p+1) =1 and there are (¥) ways to select neighbourhood set of size p+2.
Similarly (’2’) ways to select neighbourhood set of size p+ 3. In general there are (’; )
ways to select neighbourhood set of size p+ i + 1, where 1 < i < p— 1. So in this
case n(G,p+1) =1, n(G,p+2) = (%), n(G,p+3) = (5), ... n(G,2p—1) = (p -

In case 3. To select some vertices from A and other Vertlces from B, we have
to select the vertex u in every selected neighbourhood set. Therefore, we select one
vertex from A and p — 1 vertices from B and the vertex u, then two vertices from
A and p — 2 vertices from B and the vertex u and so on to get the neighbourhood
sets of size p + 1.

That means there are (§) + (5) + (5) + ( P ) ways to select neighbourhood
set of size p+1 in this case. Also (?)+(5)+ (é’) (ppl) =(X0,(®)—2=2r-2.
Hence, from all cases we can get n(G,p (G p+1)= (p+1) +14+27 -2

p) =1,
n(G.p+2) = (5 + (). n(Cp+3) = (7}1) + (D)o n(G.2p+ 1) = (a)-
Therefore,
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1 1 1
N(G,z) =2’ + (ple )xp“ - <ler )xp+2 + ..+ (ii 1)x2p+1 + gPF1

Py p+2 D) p+3 p 2p D _ p+1
+<1>x +(2>x +...+(p_1):c + (27 — 2)2PT.

= a? +ar [0 (7 )a] +artt a0 (D)a] + 2207 - Dart!
_ xp+xp[(zp+1 (p—l_—l)ir ) 1}+xp+1+xp+1[ P (p)m _xp] +2(2P~ 1 1)xp+1
— P Zp+1 (PE))aP 4 aPFL — g2+l P[5 (P)] — 14 2(2P7 1 — 1P

=P (1 + )Pt + 2PHH(1 + )P +2(2P71 — 1)aPH! — 2P+ O

THEOREM 2.7. Let G = F,,, be a friendship graph with 2m + 1 vertices as in
Figure 5. Then

N(G,2) = o1 +2)2™ + 3 (M) 2m=igmi,
=0

FIGURE 5. Friendship graph

PROOF. Let G be a friendship graph of 2m + 1 vertices, where m > 2. Then
n(G) =1, n(G,1) = 1,n(G,2) = ( ™), n(G,3) = ( '), in general the number of
ways of selecting neighbourhood set of size ¢ which containing the center is (*™).
Also there are 2™ number of neighbourhood sets of size m which does not contain
the center vertex. Similarly there are ("f) 2m~1 ways to select neighbourhood set of
size m + 1 which does not contain the center. In general there are ( )Qm i ways to

select a neighbourhood set of size m + ¢ which does not contain the center vertex.
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Therefore,
N(G,z) =2+ (*")2? + (3 2+

(R g g (T)2m e g (P2t () g

= et T () 4 S ()2

K3

=a+a( S (e — 1) + T, (7)2m i

?

= a1+ ) S, ()2 .

K2

THEOREM 2.8. Let Ky, be a star with p > 3 and let G be a wounded spider
graph which is constructed by subdivided s edges, where 1 < s < p—1, from ky p.
Then N(G,z) = (1+ )P + (25— 1)aP + (1 +z)%2P + 2P (1 +2)5 — aPTL — gptstl,

PROOF. Let G be a wounded spider graph as in Figure 6 clearly the neigh-
bourhood number of G is s+ 1 the set {u, v, va, ..., vs} is minimum dominating set
of G that means n(G) = s+ 1.

There are four cases to construct a neighbourhood set for G.
Case 1. The neighbourhood set contains the set {u, v1, v, ..., vs}. So to extend

this neighbourhood set to neighbourhood set of size s + 2 there are (]1)) ways and

to extend to neighbourhood set of size s + 3 there are <§ ways. In general to
extend the neighbourhood set {u,v1,vs,...,vs} to neighbourhood set of G of size

s+ 1+ ¢ there are p ways.
i

Z‘S+1+ p ms+2+ p .’L‘S+3+...—|— p :L,s+p+17
1 2 P

contained in the neighbourhood polynomial of G.
Case 2. The neigbourhoods set of G contains some vertices from {v1, va, ..., vs}
and some vertices from {uy,us, ..., us} and the vertex u and there are

G)+<;>+(§)+'“+(sfl>=2s 9

ways to select this neighbourhood set of size s + 1. Therefore, the neighbourhood
polynomial of G contains the polynomial (25 — 2)z5*1.
Case 3. The neighbourhood set contains all the vertices of the set

Therefore,

{ul, U2y -eny up}
. So to extend this neighbourhood set to neighbourhood set of size p 4+ 1 there are

1 1
(s —: ) ways and to extend to neighbourhood set of size p + 2 there are ;

ways. In general to extend the neighbourhood set {u1, ua, ..., u, } to neighbourhood
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1
set of G of size p + ¢ there are (s Jr > ways.
i

. (3—11—1>$p+1 i (S—;l)x8+2+...+ (Sl_1>x5+”,

contained in the neighbourhood polynomial of G.

Case 4. The neighbourhood set of G contains some vertices from the set
{v1,v2,...,v5} and some vertices from the set {u1,us, ..., us} and the vertex u and
some vertices from the set {us + 1,us +2,...,u,}. Similarly as the previous cases
we get that the polynomial

(25 _2)<pzs)xs+2+25 _2)<p;5>x9+3++29 _2)<p_5>mp+l
p—

S

Therefore,

is contained in the neighbourhood polynomial of G. Now by calculation the poly-
nomials in all the cases, we get:

D(G,z) = (2° = 2)2° T (1 + )P~ + 2*TH (1 + 2)P + 2P (1 + 2)*T! — z5tPTL

u

FIGURE 6. Wounded spider
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