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FINITELY DUAL QUASI-REGULAR RELATIONS

Daniel A. Romano

Abstract. In article [4], quasi-regular relations and dually quasi-regular re-
lations on sets are introduced and analyzed. In this paper, following Jiang
Guanghao and Xu Luoshan’s concepts of finitely conjugative and finitely dual

normal relations on sets, the concept of finitely dual quasi-regular relations is
introduced, as a continuation of [4]. Characterizations of finitely dual quasi-
regular relations are obtained.

1. Introduction

The concept of conjugative relations was introduced by Guanghao Jiang and
Luoshan Xu ([1]), and the concept of dually normal relations was introduced and
analyzed by Jiang Guanghao and Xu Luoshan in [2]. In article [4], this author
introduced and analyzed a new class of relations on set - the class of quasi-regular
relations on sets. In this article, as a continuation of article [4], following Jiang
Guanghao and Xu Luoshan’s concepts of finitely conjugative and finitely dual nor-
mal relations on sets, introduced in articles [1] and [2], we introduce and analyze
notion of finitely dual quasi-regular relations on sets

For a set X, we call ρ a binary relation on X, if ρ ⊆ X × X. Let B(X) be
denote the set of all binary relations on X. For α, β ∈ B(X), define

β ◦ α = {(x, z) ∈ X ×X : (∃y ∈ X)((x, y) ∈ α ∧ (y, z) ∈ β)}.
The relation β ◦ α is called the composition of α and β. It is well known that
(B(X), ◦) is a semigroup. In this semigroup the relation △X = {(x, x) : x ∈ X}
is the unity. For a binary relation α on a set X, define α−1 = {(x, y) ∈ X × X :
(y, x) ∈ α} and αC = (X ×X)r α.

Let A and B be subsets of X. For α ∈ B(X), set

Aα = {y ∈ X : (∃a ∈ A)((a, y) ∈ α)}, αB = {x ∈ X : (∃b ∈ B)((x, b) ∈ α)}.
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It is easy to see that Aα = α−1A holds. Specially, we put aα instead of {a}α and
αb instead of α{b}. Also, if A = {a1, a2, ..., ak}, then Aα =

∪
i∈{1,2,...,k} aiα.

Undefined notions and notations used in this paper the reader can find in the
book [3]

2. Dually quasi-regular relations

The following classes of elements in the semigroup B(X) have been investigated:

Definition 2.1. For relation α ∈ B(X) we say that it is:

– dually normal ([2]) if there exists a relation β ∈ B(X) such that

α = (αC)−1 ◦ β ◦ α.
– conjugative ([1]) if there exists a relation β ∈ B(X) such that

α = α−1 ◦ β ◦ α.

The notion of dually quasi-regular relation on a set is introduced by this author
in his article [4].

Definition 2.2. For relation α ∈ B(X) we say that it is dually quasi-regular
if there exists a relation β ∈ B(X) such that

α = α ◦ β ◦ αC .

The family of dually quasi-regular relations is not empty. Let α ∈ B(X) be a
relation such that (αC)−1◦αC = △X . Then, we have α = α◦△X = α◦(αC)−1◦αC .
So, such relation α is a dually quasi-regular relation on X.

In the following proposition we give a characterization of dually quasi-regular
relations combining theorem 4.1 and theorem 2.1 of paper [4]. Here, for relation α,
we use notation α∗ to sign the maximal relation of family of relations β such that
α ◦ β ◦ αC ⊆ α.

Theorem 2.1. For a binary relation α on a set X, the following conditions
are equivalent:
(1) α is a dually quasi-regular relation.
(2) For all x, y ∈ X, if (x, y) ∈ α, there exist u, v ∈ X such that:

(a) (x, u) ∈ αC ∧ (v, y) ∈ α
(b) (∀s, t ∈ X)((s, u) ∈ αC ∧ (v, t) ∈ α =⇒ (s, t) ∈ α).

(3) α ⊆ α ◦ α∗ ◦ αC .

3. Finitely dual quasi-regular relations

In this section we introduce the concept of finitely dual quasi-regular relations
and give a characterization of that relations. For that we need the concept of finite
extension of a relation. That notion and belonging notation we borrow from articles
[1] and [2]. For any set X, let X(<ω) = {F ⊆ X : F is finite and nonempty }.

Definition 3.1. ([1], Definition 3.3; [2], Definition 3.4) Let α be a binary
relation on a set X. Define a binary relation α(<ω) on X(<ω), called the finite
extension of α, by



FINITELY DUAL QUASI-REGULAR RELATIONS 167

(∀F,G ∈ X(<ω))((F,G) ∈ α(<ω) ⇐⇒ G ⊆ Fα).

From Definition 3.1, we immediately obtain that

(∀F,G ∈ X(<ω))((F,G) ∈ (αC)(<ω) ⇐⇒ G ⊆ FαC).

Now, we can introduce concept of finitely dual quasi-regular relation.

Definition 3.2. A binary relation α on a set X is called finitely dual quasi-
regular if there exists a relation β(<ω) on X(<ω) such that

α(<ω) = α(<ω) ◦ β(<ω) ◦ (αC)(<ω).

Although it is seems, in accordance with Definition 2.2, it would be better to
call a relation α on X to be finitely dual quasi-regular if its a finite extension to
X(<ω) is a dually quasi-regular relation, we will not use that option. That concept
is different from our concept given by Definition 3.2.

Now we give an essential characterization of finitely dual quasi-regular relations.

Theorem 3.1. A binary relation α on a set X is a finitely dual quasi-regular
relation if and only if for all F,G ∈ X(<ω), if G ⊆ Fα, then there are U, V ∈
X(<ω), such that
(i) U ⊆ FαC , G ⊆ V α, and
(ii) for all S, T ∈ X(<ω), if U ⊆ SαC and T ⊆ V α, then T ⊆ Sα.

Proof. (1) Let α be a relation on X such that for F,G ∈ X(<ω) with G ⊆ Fα
there are U, V ∈ X(<ω) such that conditions (i) and (ii) hold. Define a binary
relation β(<ω) ⊆ X(<ω) ×X(<ω) by

(A,B) ∈ β(<ω) ⇐⇒ (∀S, T ∈ X(<ω))((A ⊆ SαC ∧ T ∩Bα ̸= ∅) =⇒ T ∩ Sα ̸= ∅).

First, check that (a) α(<ω) ◦ β(<ω) ◦ (αC)(<ω) ⊆ α(<ω) holds. For all H,W ∈
X(<ω), if (H,W ) ∈ α(<ω) ◦ β(<ω) ◦ (αC)(<ω), then there are A,B ∈ X(<ω) with
(H,A) ∈ (αC)(<ω), (A,B) ∈ β(<ω) and (B,W ) ∈ α(<ω). Then A ⊆ HαC and
W ⊆ Bα. For all w ∈ W , let S = H, T = {w}. Then A ⊆ SαC and B ∩ αT ̸= ∅
because w ∈ Bα. Since (A,B) ∈ β(<ω), we have that A ⊆ SαC ∧ T ∩ Bα ̸= ∅
implies T ∩Sα ̸= ∅. Hence, w ∈ Sα, i.e. W ⊆ Sα. So, we have (H,W ) = (S,W ) ∈
α(<ω). Therefore, we have α(<ω) ◦ β(<ω) ◦ (αC)(<ω) ⊆ α(<ω).

The second, check that (b) α(<ω) ⊆ α(<ω) ◦ β(<ω) ◦ (αC)(<ω) holds. For all
H,W ∈ X(<ω), if (H,W ) ∈ α(<ω) (i.e., W ⊆ Hα), then there are A,B ∈ X(<ω)

such that
(i’) A ⊆ HαC , W ⊆ Bα, and
(ii’) for all S, T ∈ X(<ω), if A ⊆ SαC and T ⊆ Bα, then T ⊆ Sα.

Now, we have to show that (A,B) ∈ β(<ω). Let for all (C,D) ∈ (X(<ω))2 be
the following A ⊆ CαC and D ∩ Bα ̸= ∅ hold. From D ∩ Bα ̸= ∅ follows that
there exists an element d ∈ D ∩Bα (̸= ∅). So, d ∈ D and d ∈ Bα. Put S = C and
T = {d}. Then, by (ii’), we have

(A ⊆ SαC ∧ T = {d} ⊆ Bα) =⇒ {d} = T ⊆ Sα,
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i.e. D ∩ Sα ̸= ∅. Therefore, (A,B) ∈ β(<ω) by definition of β(<ω). Finally, from
(H,A) ∈ (αC)(<ω), (A,B) ∈ β(<ω) and (B,W ) ∈ α(<ω) follows that (H,W ) ∈
α(<ω) ◦ β(<ω) ◦ (αC)(<ω).

By assertions (a) and (b), finally we have α(<ω) = α(<ω) ◦ β(<ω) ◦ (αC)(<ω).

(2) Let α is a finitely dual quasi-regular relation. Then there is a binary
relation β(ω) ⊆ X(<ω) × X(<ω) such that α(<ω) ◦ β(<ω) ◦ (αC)(<ω) = α(<ω). So,
for all (F,G) ∈ (X(<ω))2, if G ⊆ Fα, i.e., (F,G) ∈ α(<ω), we have (F,G) ∈
(αC)(<ω) ◦ β(<ω) ◦ α(<ω). Whence there is a pair (U, V ) ∈ (X(<ω))2 such that
(F,U) ∈ (αC)(<ω), (U, V ) ∈ β(<ω) and (V,G) ∈ α(<ω), i.e., U ⊆ FαC , G ⊆ V α.
Hence we get the condition (i). Now we check the condition (ii). For all (S, T ) ∈
(X(<ω))2, if U ⊆ SαC and T ⊆ V α, i.e., (S,U) ∈ (αC)(<ω) and (V, T ) ∈ α(<ω), then
by (U, V ) ∈ β(<ω), we have (S, T ) ∈ α(<ω) ◦ β(<ω) ◦ (αC)(<ω), i.e., (S, T ) ∈ α(<ω).
Hence T ⊆ Sα. �

If we put F = {x} and G = {y} in the previous theorem, we give the following
corollary.

Corollary 3.1. Let α be a relation on set X. Then α is a finitely dual quasi-
regular relation in X if and only if for all elements x, y ∈ X such that (x, y) ∈ α
there are finite non-empty subsets U and V of X such that

(10) (∀u ∈ U)((x, u) ∈ αC) ∧ (∃v ∈ V )((v, y) ∈ α); and

(20) for all S ∈ X(<ω) and t ∈ X holds

(U ⊆ SαC ∧ t ∈ V α) =⇒ t ∈ Sα.

Proof. (a) Let α be a finitely dual quasi-regular relation in X and let x, y be
elements of X such that (x, y) ∈ α. If we put F = {x} and G = {y} in Theorem
3.1 then there exist finite subsets U and V of X such that conditions (10) and (20)
hold.

(b) Opposite, let x, y ∈ X such that (x, y) ∈ α be there are finite non-empty
subsets U and V of X such that conditions (10) and (20) hold. Define binary
relation β(<ω) ⊆ X(<ω) ×X(<ω) by

(A,B) ∈ β(<ω) ⇐⇒ (∀S ∈ X(<ω))(∀t ∈ X)((A ⊆ SαC ∧ t ∈ Bα) =⇒ t ∈ Sα).

The proof that the equality α(<ω) ◦ β(<ω) ◦ (αC)(<ω) = α(<ω) holds is the same as
in the Theorem 3.1. So, the relation α is a finitely dual quasi-regular. �

References

[1] Guanghao Jiang and Luoshan Xu: Conjugative relations and applications. Semigroup Forum,
80 (1) (2010), 85-91.

[2] Guanghao Jiang and Luoshan Xu: Dually normal relations on sets and applications; Semi-
group Forum, 85(1)(2012), 75-80.

[3] J.M.Howie: An introduction to semigroup theory; Academic Press, 1976.

[4] D.A.Romano: Quasi-regular relations - a new class of relations on sets; Publications de
l’Institut Mathematique, 93(107)(2013), 127-132.

Received by editors 20.11.2014; Available online 14.09.2015.



FINITELY DUAL QUASI-REGULAR RELATIONS 169

Faculty of Education, East Sarajevo University, b.b, Semberski Ratari Street,
76300 Bijeljina, Bosnia and Herzegovina

E-mail address: bato49@hotmail.com


