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ABSTRACT. Let D be a vertex edge dominating set of G. If <V — D > is con-
nected, then D is called a complementary connected vertex edge dominating
set(ccved-set) of G. The complementary connected vertex edge domination
number Yecve(G) of G is the minimum cardinality of a ccved-set of G. Bounds
for this variant of vertex edge domination in terms of various graph theoretic
parameters are obtained. The graphs attaining these bounds are characterized
in some cases. Also graphs having ccved-numbers as 1,p — 1,p — 2,p — 3 are
characterized. Complementary connected vertex edge domination numbers for
some of the standard graphs are given.

1. Introduction and Preliminaries.

In this paper all our graphs will be finite, undirected and without loops or
multiple edges having p vertices and ¢ edges. Any undefined term in this paper,
may be found in Harary [1].

If in a graph G = (V, E), each vertex in V — D(D C V) is adjacent to a vertex
in D, then D is said to be a dominating set of G. The minimum cardinality of
a dominating set of G is said to be a domination number of G and is denoted by
v(G) [2]. If each edge in E — F is adjacent to an edge in F for some F' C E, then
F is said to be an edge domianting set of G. The edge domination number ~'(G)
is the cardinality of a minimum edge dominating set of G [2].

A set D of vertices in a graph G is said to vertex edge dominate G, if for each
edge in G one of the end vertices is from D or one of the end vertices is adjacent to a
vertex in D. The smallest cardinality of any such vertex edge dominating set is said
to be vertex edge domination number of G and is denoted by v,.(G) [3]. A vertex
edge dominating set D’ is said to be a minimal vertex edge dominating set of G if
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and only if there is no vertex edge dominating set D" of G such that D" C D’ [3].
If D is a vertex edge dominating set of G such that < D > is connected, then D is
said to be a connected vertex edge dominating set of G. The minimum cardinality
of a connected vertex edge dominating set of G is said to be the connected vertex
edge domination number of G and is denoted by Yepe(G) [5]. If D is a vertex edge
dominating set of G such that < D > is a tree, then D is said to be a complementary
tree vertex edge dominating set of G. The minimum cardinality of a complementary
tree vertex edge dominating set of GG is said to be the complementary tree vertex
edge domination number of G and is denoted by Vetve (G) [7]. If D is a vertex edge
dominating set such that V — D is not a vertex edge dominating set, then D is said
to be complementary nil vertex edge dominating set(cnved - set). The minimum
cardinality of the complementary nil vertex edge dominating set of G is said to be
complementary nil vertex edge domination number of G and is denoted by venye (G)
[8].

A graph G is said to be semi complete if and only if there is a path of length
two between any pair of vertices in G [4]. A graph G is said to be unicyclic if and
only if it has exactly one cycle. The friendship graph F}, is the graph obtained by
joining p copies of C3 to a common vertex. The clique number w(G) of a graph G
is the maximum size of the clique in G.

In this paper, we define a new variant of vertex edge domination namely com-
plementary connected vertex edge domination whose definition is as follows.

Let D be a vertex edge dominating set of G. Then D is said to be complemen-
tary connected vertex edge dominating set if and only if < V — D > is connected.
The complementary connected vertex edge domination number v.cpe (G) of G is the
cardinality of a minimum vertex edge domination number of G. By a Yeepe (G) — set
we mean a minimum complementary connected vertex edge dominating set.

Throughout this paper complementary connected vertex edge domination set
is abbreviated as ccved - set. Here after, we assume that G is a connected graph.

2. Main Results.

Now, we give the characterization result for a proper subset D of V' to be a
ccved-set.

THEOREM 2.1. A subset D of V' is a ccved - set for G if and only if the following
conditions hold:
(1) {zy € E(G) : atleast one of x,y isin D} is an edge dominating set of G.
(2) D is not a vertex cut in G.

PROOF. The proof is trivial. U

THEOREM 2.2. A ccved - set D of G is minimal if and only if for each v in D
one of the following conditions holds:
(1) For allu in V — D adjacent to v, N(u) (D = {v}.
(2) thereis an edge vive in E—F for which (N(v1)|JN(v2)) (D = {v},where
F = {zy € E(G) : atleast one of x,y is in D}.
(3) < (V—=D)U{v} > is disconnected.
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PROOF. Assume that D is a minimal ccved — set of G.

Suppose that there is a vertex v in D which does not satisfy any of the conditions.
By (i) and (ii) D — {v}(= D’) is a vertex edge dominating set for G. By (iii),
<V — D’ > is connected. This implies D’ is a ccved — set of G, contradicting our
assumption.

Conversely, suppose that D is a ccved — set and for each v in G, one of the
three conditions holds. Suppose D is not minimal ccved — set. Then, D — {v} is
a ccved — set. This implies, for all v in V' — D adjacent to v, N(u)(D # {v},a
contradiction to (i). If D —{v} is a ccved — set, then, there is no edge vive in E—F
for which (N(v1) U N(v2))(D = {v}. This implies a contradiction to (ii). Also,
since D — {v} is a ccved — set, <V — (D — {v}) > is connected, a contradiction to
(iif). O

PROPOSITION 2.1. For a graph G, 1 < Yeeve(G) < p—1.

PROOF. The proof follows from the fact that for a complete graph K both
the bounds hold. O

Note:
For characterizing the graphs having Yecve(G) = 1, we define a family F of
graphs as follows.
A graph G of order p > 4,§(G) > 2 is in F if and only if there is a vertex v in
G satisfying the following properties:
(1) Each edge in G lies on a n - cycle through v for some n < 4.
(2) Any pair of vertices lie on a cycle through v.

THEOREM 2.3. For a graph G with p 2 4,5(G) 2 2, Yeeve(G) = 1 if and only
ifGeF.

PROOF. Assume that Jeepe(G) = 1. Then, there is a v in G vertex edge
dominating the edges in G and G — v is connected.
Let v1v2 be an edge in G.
Case:1: v1 = v or v = v.
W.lg assume that v; = v. By our assumption deg(ve) > 2. So, there
is v3 in G such that vovs is an edge in G. If v3 is not adjacent to v or
to a vertex adjacent to v, then there is an edge which is not vertex edge
dominated by v, a contradiction to our assumption. Then in either case
vy lies on an n - cycle for some n < 4.
Case:2: vy # v,v9 # 0.
By the construction in Case:1, we get vyvo lies on an n - cycle for some
n < 4.
So, in any case (1) holds.
Let v1,vo be a pair of vertices in G.
Case:1: vivs is an edge in G.
By (1), v1, v lie on a cycle.
Case:2: v1vs is not an edge in G.
For G is connected and {v} is a ccved - set of G, through v there exists
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v; — v path of length atmost 4. For deg(v1),deg(ve) > 2, there exists
v3, vq such that vyvs, vouy are edges in G. If vg = vy, then we are through.
Suppose not. By (1), each of vjvz,vovy lie on a cycle through v. Since
G — {v} is connected, vy, v2 lie on a cycle through v.

Hence (2) holds.
Converse is clear. O

COROLLARY 2.1. For any complete bipartite graph K, »(m,n 2 2) , Yecve (EKmn) =

PRrROOF. The proof follows from the fact that in K, ,,(m,n > 2) any edge( pair
of vertices) lie on a cycle of length 4.
Also observe that Yecpe(Km,n) = 1 for m +n < 3. O

THEOREM 2.4. Yewe(G) =p — 1 if and only if G = Ko.

PROOF. Suppose that veee(G) = p — 1.

If diam(G) > 2, then V' — {v1,v2} is a ccved - set of G for an arbitrary edge
v1vg in G. This implies that Yeee(G) < p — 2, which is a contradiction to our
assumption. Hence diam(G) = 1.

= G= K, for somep > 2.

If p > 2, then Yeee(G) =1 # p — 1, a contradiction to our assumption. Hence
G =K.
The converse is clear. O

THEOREM 2.5. For a graph G, Yeee(G) = p—2 if and only if G = P3 or K3 or Py.

PROOF. Assume that y.ee(G) = p — 2.

Suppose that diam(G) > 4. Let < v1v9vs...v5vk+1 > be a diammetral path in
G. Clearly k > 4. Since < {vg,v3,v4} > is connected, V — {v1, vs, vg, ..., U U+1} iS
a ccved - set of cardinality p — 3 a contradiction. So, diam(G) < 3.

Suppose diam(G) = 3. Then there is a diammetral path of length 3, say
< v1v2v3v4 >. Assume that there is a vs in V — {v1, v, v3,v4} adjacent to one of
the vertices in {v1,ve,v3,v4}. If v5 is adjacent with vy or vy, then V —{vq, v3,v4} is
a ccved - set, a contradiction. If vs is adjacent to ve or v , then V —{wvq,vg,v5},V —
{vs,v4,v5} is a ceved - set respectively, a contradiction. Hence G =< vyvqv3v4 >=
Py.

Suppose that diam(G) = 2, by the above construcion we get that G = Ps.

Suppose that diam(G) = 1. Then G = k, for n > 2. Except for n =
3, Yeeve (G) # 3. Hence G = K.

The converse part is clear. O

COROLLARY 2.2. For a semi complete graph G, veeve(G) = p—2 if and only if
G =Ksj.

PRrROOF. Since K3 is the only semi complete graph among the class of graphs
having Yeeve (G) = p — 2, the proof follows. O
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Note: For a tree T, Yetve(T) = Yeeve(T)-
Now, we give the necessary and sufficient condition for a ccved - set to be a
ctved - set.

THEOREM 2.6. A ccved - set D of G is a ctved - set if and only if each cycle
in G has a vertex from D.

PROOF. The proof is trivial. O
THEOREM 2.7. For any spanning subgraph H of G, Yeeve(G) < Yeeve (H).

THEOREM 2.8. For any connected (p,q) graph G,
3
5(27-1- k— 1) —q < ’chve(G)~

where k is the number of edge disjoint cycles in <V — (Yeewe(G) — set) >.

PROOF. D be a Yeepe(G) — set. Then < V — D > has p — Veeve (G) vertices and
atleast p — Yeeve (G) — 1 + k edges. Let t be the number of edges having one end in
D and another in V' — D. Hence,

2[‘] - (p - '}/ccve(G) -1+ k)]

Z deg(v) +t

Yeeve(G)O(G) + ¢
Vccve(G) +p— 7ccve(G) —1+k
p+k—1

A\VARWV

This implies,
2q — 2P+ 2%eere(G) =2k +2 2 p+ k-1
Hence the result follows. O

THEOREM 2.9. Let G be a (p,q) graph,then

2q
cev <2 k—1)— ———.
where k is the number of cycles in <V — (Yeeve (G) — set) >.

Proor. By the construction in the above theorem,

2[q— (p_’chve(G) - 1+k)] = Zdeg(v) +t
veED

< AG eere (@) + 2AAG) = 1)(p— Yewne(G) — 1+ ),
This implies,
29 < —A(G)Veeve(G) + 2A(G) (p+ k — 1)

Hence the result follows. d

THEOREM 2.10. Let G be a (p, q) graph which has (w(G)+1)—regular spanning
subgraph, then

Yeeve(G) < p — w(G).

where w(QG) is the clique number of G.
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PROOF. Let S be the set of vertices such that < S > is complete and |S| =
w(@). By the hypothesis it follows that, V' — S is a ccved — set of G. Hence the
result follows.

Note: Since for a (p, q) graph G, (V — 5) U{v}ves is a ccved — set of G

Yeeve(G) <[V = 5]
< (V=9 +{v}
< p—w(G)+1.
Here < S > is complete and |S| = w(G). O

THEOREM 2.11. For a semi complete graph G with p > 3,
1 < ’YCC’UG(G> < p— 2.

PROOF. Since in a semi complete graph each edge lies on a triangle and also
every complete graph with atleast three vertices is semi complete, by the above
note the inequality follows. (|

Note:

(1) For a semi complete graph G having four vertices, Yeee(G) = p— 3 if and
only if G is a union of two triangles having a common edge.
(2) There is no semi complete graph with three, five vertices having, veeve (G) =

p—3.
THEOREM 2.12. G be a semi complete graph with p > 5, then Yeee(G) =p—3
if and only if G is isomorphic to

-~ S

~~~~~~~

PROOF. Assume that veee(G) = p— 3. This implies that there is a ccved - set
D C V of cardinality p — 3 and < V — D > is isomorphic to

=

Case:1l: <V — D > = P3(< v1v9v3 >).
Since G is semi complete v1v9,v9v3 lie on two different triangles, say <
V1V204 >, < V2U3Vs5 >.
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Subcase:a: v4 = wvs.
So, both the triangles have a common edge vov4(say). Since p > 5,
choose a vertex adjacent to vy say, vs. For, G is semi complete v4v5
lies on a triangle < vqvsvg >. If vg € {v1,v9,v3}, then D — {vs} is
a ccved - set of cardinality less than p — 3, a contradiction to our
assumption. If then the result is clear. Suppose not. We can find

V5 v3
- V4
G= v
Ve
Vi

a vertex say vy adjacent to either vs or vg. W.l.g assume that v; is
adjacent to vs. Since G is semi complete vyv7 is an edge in G. If then

V7 V3

\Z!
G = V5 V2
V6 Ve

the result is clear. Suppose not. If there is a vertex vg in G, then by
the semi completeness of G, v4vg is an edge in G. This implies that
V —{wv1,v2,v3,v4} is a ceved- set in G of cardinality 4(= p — 4), a
contradiction. Hence V' = {vy,vq,...,v7}.
Since none of vs, vg, v7 can be adjacent to one of vy, vo, v3, the result
holds.
Subcase:b: vy # vs.
Since p > 5, choose a vertex vg from V — {vy,v9,...,v5}. If vg is
adjacent to one of v1,ve,vs, then D — {vs}, D — {vy,vs5}, D — {vs} is
a ccved - set of G respectively, a contradiction to Yewe(G) = p — 3.
Since G is semi complete, vg is adjacent with vy and vs. Then,
D — {v4} or D — {vs} is a ccved - set of G, a contradiction. So,
V4 = VUs.
Case:2: <V —D > # Ps.
Then <V — D > = Kj3. By the construction as in the case:1, the result
follows.

The converse part is clear.
O

COROLLARY 2.3. G be a semi complete graph. Then veewe(G) = p — 3 if and
only if A< p<T,p#5.
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COROLLARY 2.4. For a semi complete graph G with Yeee(G) =p — 3,
3 < Vccve(G) + A(G) < 10.

PROOF. For a semi complete graph G, A(G) > 2 and veere(G) = 1. Also by
Theorem 2.12 | for a semi complete graph G with Yece(G) = p — 3, A(G) < 6.
Hence the result follows. O

Note: The bounds are sharp as the lower and upper bounds are attained in the
case of K3, Wy respectively.

THEOREM 2.13. G be a semi complete graph with p > 4. Then, Yeee(G) =1
if and only if G € F.

PROOF. Since for a semi complete graph §(G) > 2, by Theorem 2.3 the proof
follows. 0

THEOREM 2.14. Let G be a (p,q) graph with 6(G) > 3, g(G) # 3,then
A/cc’ueG < p—- A(G)

PROOF. Suppose that deg(v) = A(G) for some v € V. Then, (V — Nv]) is a
ccved — set of G. Hence the result. O

THEOREM 2.15. For a (p,q) graph G with 6(G) > 3,¢9(G) > 4,
'VCcve(G) < p—= k-3

where k is the diameter of G.

PROOF. Let u and v be two vertices with d(u,v) = k = diam(G). Let <
U = V1V3...V0k_1VkVUk+1 = U > be a diammetral path in G. Since each edge in
G is vertex edge dominated by a vertex in V — {v,va, ..., Vp41, U1, U1 }(Where
wivi(1 <4< k+1),u; & {v1,v2,...,041}) and < {v1,v9, ..., Vg1, U1, Ugt1} > 1S
connected, the former is a ccved — set in G. Hence,

'chve(G) < |V_ {UlaUQa-~-avk+lau1auk+1}|
< p—((k+1)+2)

p—k—3.

We make use of the following result in proving the next result. O

Theorem 1.[7] If both G and G are connected with p > 6, then
4<d+d<p+1
where d is the diameter of G.

COROLLARY 2.5. Suppose both G,G are connected with §(G),56(G) > 3 and
p =6, then

’YCC’UE(G) + ’chve(G) < 2p —10.
PrROOF. By Theorem 1.[6], the proof follows. O
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THEOREM 2.16. For a (p,q) graph G with 6(G) = 3, g(G)

WV

7,

2
’VCCUG(G) < b - gk -2

where k is the diameter of G.

PROOF. Let u and v be two vertices with d(u,v) = k = diam(G). Let
< U = V109...05-1VkVk4+1 = v > be a diammetral path in G. Since each edge in G
is vertex edge dominated by a vertex in V' — {v1, va, ..., Vg1, U1, Us, Uz, ..oy U1 (K =
3m), up(k = 3m+1),up_1(k = 3m+2) }(where u;v; (1 <i < k+1),u; ¢ {v1,v2,...,0641})
and {v1, Vo, vy Vg1, U1, Ud, U7, ..., U1 (kK = 3m), up(k = 3m+1), up—1(k = 3m+2)}
is connected, the former is a ccved — set in GG. Hence,

Yeeve (G) [V —{v1,v2, .oy Vg1, Ur, g, Ug, oy Upg1 (07 )ug (07) g —1 }

N

< pf(k+1)—(§+1)

4
_Zk—o.
P—3
0

THEOREM 2.17. If D is a ccved - set such that no two edges in <V — D >
are ve - dominated by the same vertex in D, then
2p—q—2

<
Vecve (G) X 9

THEOREM 2.18. For a graph G,
’YCC’UC(G) + ’YC'UQ(G) < p

PROOF. Let D be a Yewe(G) — set. By definition < V — D > is connected
and each edge in G is dominated by a vertex in V' — D. So, V — D is a connected
ve — dominating set of G. This implies,

che(G) < lV - D|
= Dp— "chve (G)

Hence the result follows. O

THEOREM 2.19. For any graph G, the following conditions are equivalent

(1) The set of all pendant vertices form a ccved — set.

(2) The set of all pendant edges in G form an edge dominating set for G.

(3) Each non pendant vertex is a support vertex or adjacent to a support
vertex.

PROOF. Suppose that (1) holds.

Take S = {uv : u or v is a pendant vertex}. Let e(= viv3) € E — S. By our
supposition there is atleast one pendant vertex(say,vs) adjacent to one of the end
vertices of e. W.l.g assume that viv3 € E. Since v3 is a pendant vertex, vivg € S.
Hence (2) holds.
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Suppose that (2) holds.

Let v; be a non pendant vertex which is neither a support vertex nor adja-
cent to a support vertex. Then there is a non pendant vertex(say ve) in V —
{support vertices of G} adjacent to vy. This implies v1v9 is not dominated by S,
a contradiction to our assumption. Hence (3) holds.

Suppose that (3) holds.

Let v1v2 be an arbitrary non pendant edge in G. By (3), either vy or vq is a
support vertex in G. Then, there is a pendant vertex vz such that vyvz or vavs is
an edge in G. This implies v1v2 is ve — dominated by vs. Hence (1) holds. O

COROLLARY 2.6. If a graph G satisfies any of the conditions mentioned in
Theorem 2.19, then
’chve(G) < m.
where m is the number of pendant vertices in G.

PRrROOF. By hypothesis, it follows that the set of all pendant vertices form a
ccved - set of G. Hence the result follows.
Furthermore, the bound is sharp as it is attained in the case of C,0K;, where
Cp o K is the corona of €}, and Kj.
O

COROLLARY 2.7. 7Yeepe(Cp o K1) = p.

PRrooF. Since in C}, o K7, each non pendant vertex is a support vertex, by
Theorem 2.19,
’chve(Cp o Kl) < p-
Also for any ved - set D with |D| < p, < V —D > is disconnected. Hence the result
follows. O

COROLLARY 2.8. If a graph G satisfies any of the conditions mentioned in
Theorem 2.19, then
7 (G) < m.

Furthermore, the bound is sharp as it is attained in the case of Ps.

PROOF. Since a graph satisfies any of the conditions mentioned in Theorem
2.19 has its pendant edges as its edge dominating set, hence the result follows.
Now we give the ccved — numbers of some standard graphs. O

THEOREM 2.20. (1) For any cycle C, with p > 4, Yeeve(G) = p — 3.
(2) For any complete graph K,(p = 2), Yeeve (Kp) = 1.
(3) For any wheel graph Wy, Yecve(Wp) = 1.
(4) For a friendship graph F,, Yeeve(Fp) = 2p — 1.

THEOREM 2.21. For a tree T having diameter atleast four, Yenve(T) < Yeeve(T).
Furthermore, equality holds if and only if diam(T) = 4.

PRrROOF. Since for a tree having diameter atleast four, every ccved-set is a
cnved-set the result follows. U
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THEOREM 2.22. For a unicyclic graph G with internal vertices having degree
atleast three,

chve(G) < p—n.

where n is the length of the cycle in G.
Furthermore, the bound is sharp as it is attained in the case of CpoK.

PRrROOF. By the hypothesis it is clear that each vertex in G is either a pendant
vertex or a vertex of degree 3. Also the set of all pendant edges in G form an edge
dominating set for G. Then by Theorem 2.19, the set of all pendant vertices form
a ccved - set for G. Hence the result follows. O

THEOREM 2.23. For a unicyclic graph G, Yeeve(G) = p —n if and only if G is
isomorphic to one of the following :

Un
Vi Vn
v ,——O--N v
P n-1 S V1
Vn-1¢” ~ 1 s Un-1 3 N
7/ - \
/ u \ / n
! u n-1u1 \ v puz W ‘*VZ
1ou7 V2 :

N vV
\‘o V3 V6.\_ _,J/ 3
LN W4 Ve V4
V5 4 5
nis odd nis even
PROOF. The proof is trivial. O
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