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ABSTRACT. In this paper, we define smart congruence and prove that smart
congruences on Semi Heyting Almost Distributive Lattice (SHADL) are de-
termined by filters and also show that smart congruences are congruence per-
mutable. We also define and characterize the weakly directly indecomposable
Semi Heyting Almost Distributive Lattice (SHADL) in terms of its Birkhoff
centre C(L).

1. Introduction

In [7], Sankappanavar introduced a new equational class SH of algebras, which
he called Semi-Heyting Algebras, as an abstraction of Heyting algebras. This vari-
ety includes Heyting algebras and share with them some rather strong properties.
For example, the variety of semi-Heyting algebras is arithmetical, semi-Heyting
algebras are pseudocomplemented distributive lattices and their congruences are
determined by filters. The concept of an Almost Distributive Lattice (ADL) was
introduced by U. M. Swamy and Rao G.C. [10] as a common abstraction to most
of the existing ring theoretic generalizations of a Boolean algebra on one hand and
the class of distributive lattices on the other. Rao G.C., Berhanu Assaye and M. V.
Ratna Mani [4], introduced the concept of a Heyting Almost Distributive Lattice
(HADL) as a generalization of a Heyting algebra. The concept of a Semi Heyting
Almost Distributive Lattice (SHADL) as a generalization of a Semi Heyting algebra
was introduced in our earlier paper [5]. In this paper, we define the concept of a
smart congruence and prove that the smart congruences on Semi Heyting Almost
Distributive Lattice (SHADL) are determined by filters and also we show that smart
congruences are permutable. We also define and characterize the weakly directly
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indecomposable Semi Heyting Almost Distributive Lattice (SHADL) in terms of
its Birkhoff centre C(L).

2. Preliminaries

In this section we give some important definitions and results that are
frequently used for ready reference.

DEFINITION 2.1. [10] An algebra (L,V, A,0) of type (2,2,0) is called ADL if

it satisfies the following axioms: for all z,y,z € L

(1) zv0==x

(2) 0ANz=0
3) (xvy)Az=(xA2z)V(yA=z)
(4) xA(yVvz)=(xAy)V(xAz)
(5) xV(yAz)=(xVy) A(zVz)
6) (zVy)Ay=y

DEFINITION 2.2. [10] Let L be a non-empty set. Fix xg € L. For any z,y € L,
define x Ay =y, xVy=xif x # x9,20 Ay = 29 and 2o Vy = y. Then (L, V, A, xg)
is an ADL and it is called a discrete ADL. Alternately, discrete ADL is defined as
an ADL (L, V, A, 0) in which every x(# 0) is maximal.

Let (L,V,A,0) be an ADL. For any z,y € L, define z < y if and only if
xr =1z Ay, or equivalently z V y = y, then < is a partial ordering on L.

Through out this section L stands for an ADL (L, V, A,0) unless other-
wise specified. In the following theorem some important fundamental properties of
an ADL are given.

THEOREM 2.1. [8] For any a,b,c € L, we have the following

)

) aANb=0bAa=a whenever a <b
) A is associative in L

) aANbAc=bAaAc

) (avb)Ac=(bVa)Ac

) aAnb<banda<aVbd
JaNha=aandaVa=a

)

DEFINITION 2.3. [8] A non-empty subset F' of an ADL L is said to be an filter
of L if it satisfies the following:
(1) a,be F=aAbeF
(2) ae FFreL=>xzVacF

THEOREM 2.2. [8] The set F(L) of all filters of L forms a distributive lattice
under set inclusion, in which the g.l.d and l.u.b of any filters F and G of L are
given respectively by FAG=F(\G and FVG ={xAy/ z € F and y € G}
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DEFINITION 2.4. [10] An equivalence relation 6 on an ADL is called a congru-
ence relation on L if (a Ac,bAd) € 0 and (aV ¢, bV d) € 0 for all (a,b), (¢,d) € 0

THEOREM 2.3. (Con(L),C) is a lattice in which for any 61,02 € Con(L), the
g.1.b and l.u.b are respectively given by 61 A 03 = 6, N O3 and
01V 02 = {(x,y) / there exists a finite sequence of elements
T = 20,21, 2n—1 =Y € L such that (z;,z;41) € 01 Uy for each 0 < i < n—2}

DEFINITION 2.5. [9] Let L be an ADL with maximal elements. Then the set
C(L) ={a € L / thereexists b € L 3 aAb=0 and aV b is maximal} is called
Birkhoff centre of L.

THEOREM 2.4. [9] Let L be an ADL with mazimal elements. Then C(L) is a
relatively complemented ADL under operations induced by those of L.

DEFINITION 2.6. [4] Let (L,V,A,0,m) be an ADL with a maximal element
m. Suppose — is a binary operation on L satisfying the following conditions for
all z,y,z € L.

1) z—xz=m

(2) @@=y Ay=y

B) zA(z—=y)=xzAyAm

) z=>yAz)=(@—=y A(x—2)
B) (zVy) = z=(@—=2)AN(y— 2)

Then (L, V, A, —,0,m) is called a Heyting Almost Distributive lattice (HADL).

DEFINITION 2.7. [7] An algebra (L,V,A,—,0,1) of type (2,2,2,0,0) is called
a Semi Heyting algebra if it satisfies the following:
(1) (L,V,A,0,1)is a lattice with 0, 1
2) zA(z—=y) =xAy
B)zAly—z)=zA(zAhy—=xA2)
(4) x - x=1 forallz,y,z€ L

THEOREM 2.5. [6] Let (L,V,A,—,0,m) be an SHADL. For x € L, define
x* = (x = 0) Am. Then x is a pseudocomplementation on L.

3. Smart Congruences

We begin with the following definition of SHADL given in [5].

DEFINITION 3.1. [5] Let (L,V,A,0,m) be an ADL with a maximal element m.
Suppose there exists a binary operation — on L satisfying the following conditions:
1) (x—=x)Am=m
(2) zA(z=y)=zAyAm
B)zAly—z)=zA(zAhy—=xA2)
4) (@—=y)Am=xzAm—-yAm forall z,y,z € L
Then (L,V,A,—,0,m) is a Semi Heyting ADL (SHADL).
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In the rest of this section L denotes a SHADL and F(L) denotes the
lattice of filters of L.
The following theorem which is taken from [5] will be used frequently in this paper.

THEOREM 3.1. [5] For any a,b,c,d,x € L we have the following

(1) m—a=aAm
(2) aAnbAmM<a—Db
3) (a—=b)Am<(a—aAb)Am
(4) arnm<la—= (b—anbd)]Am
(5) (a—=b)Ac=(aNc—=bAc)Ac
(6) (a/\b) (end)]Anz=[bAa)—= (dAc)Ax
(7) anm < [(a—b) = b Am.
In this Section we define smart congruence and prove that the Smart
Congruences on SHADL are determined by Filters.

DEFINITION 3.2. A Congruence 6 on an ADL L is called a Smart Congruence
if (xAm,yAm)eb=(z,y)€b.

We denote the set of all Smart Congruences on L by Cong(L) and we
can clearly observe that Cong(L) is a sublattice of Con(L) and also Cong(L) is
distributive.

DEFINITION 3.3. Let F' € F'(L). Define a binary relation 6(F) on L by
(z,y) €O(F)if x A f =yA f for some f € F

LEMMA 3.1. §(F) € Cong(L) and m/6(F) = F.

PrOOF. Assume that L is a SHADL.
Clearly 0(F) is reflexive and symmetric.
Let z,y,z € L such that (z,y) € 0(F) =z A fi =y A f1 for some f; € F
(y,2) €0(F) = y A fa =z A fy for some fy € F
Then xAfinfo=yANfinfo=finyANfa=finzAfa=2AfiANfaand fiNfr € F
and hence (z,z) € 0(F)
Therefore (F) is transitive. Thus 6(F) is an equivalence relation.
Now, let (z,y) € (F), (r,t) € 0(F). Then x A fi =y A fr and r A fo =t A fo for
some fi, fo € F.
Now, fiNfoe Fand zx AT ANfiANfo=r ANz ANfiNfo=rAyNfiAfo
=yANfiANTANfo=yNfiNtAfo=yAtA f1 A fo.
Thus (x A,y At) € O(F).
Now, (.’t\/?")/\fl/\fg:(ZL'/\fl/\fQ)\/(?”/\fl/\fg):(y/\fl/\fz)\/(t/\fl/\fz)
=(yVit)A fi A fo and hence (x Vr,y Vi) € 0(F).
Now, (ac — T)/\fl/\fg = finfaoN(z = T)Afo = fiNfaA(fihfahz — f]_/\fQ/\T)/\fQ
=fANfaN@AfiNfa—= T ANiNfa)ANfa=fiAfaA(YAfiAfa = ENFIAf2) A fa
=[N A(iNfaAy = finNfo AN 2= fiNfon(y = O N fa = (y = DA FLA fa
Thus (x — r,y — t) € (F). Therefore 8(F) € Con(L).
Now, if (x Am,y Am) € 0(F) = (x,y) € 0(F). Therefore (F) € Cong(L).
Now we prove that m/0(F) = F
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Let x € m/6(F). Then (x,m) € O(F). So that x A f = m A f for some f € F.

That is x A f = f and hence z V f = x. Thus x € F
On the other hand, if € F, then z Az = m A x and hence © € m/0(F).
Therefore m/0(F) = F

LEMMA 3.2. If F € F(L) and a,b € L, then (a,b) € 0(F) if f
(a—=b)AN(b—a)AmeF.

PROOF. Let (a Am,bAm) € §(F). Then
(aAm—=bAmbAM —bAM) € O(F)
= ((a—=b)Am,(b—b)Am) € d(F)
= ((a = b) Am,m) € (F). Similarly, ((b = a) Am,m) € 6(F).
Therefore ((a — b) A (b — a) Am,m) € 0(F)
=(a—=bAN0b—>a)Amem/0(F)=F.
Thus (a = b) A (b —a) Am € F.
Conversely, suppose (a = b)) A(b—a)AmeF
= (a—=bADb—a)Amem/O(F)
= ((a—=>b)A(b—a)Am,m) € O(F)
= (aAN(a—= b A(b—a)Am,aAm) € O(F)
= (aAbA(b—a)Am,aAm) € O(F)
= (aAbAm,aAm) € 0(F). Similarly, we get (a AbAm,bAm) € H(F).
Hence (a Am,bAm) € 0(F) = (a,b) € O(F).

THEOREM 3.2. Cong(L) = F(L).

PROOF. Let o : Cong(L) — F(L) defined by a(8) = m/0
It is enough if we show that « is onto and 6y C 0y <= «a(61) C a(62)
Let F' € F(L). Then 0(F) = {(x,y) € Lx L/x AN f =y A f for somef € F}.
So that 6(F) € Cong(L) and a(6(F)) = m/0(F) = F. Thus « is onto.
Let 61,6 € Cong(L). Suppose a(1) C a(f2) and (x,y) € 6;.
Then (zx Am,yAm) €0 = (xAm—>yAm,yAm—yAm) € b,
= ((z—=y)Am,(y—y)Am) € b
= ((r = y) Am,m) € 6,
= (r—=y)Amem/by Cm/o,
= ((z = y) Am,m) € by
= (zA(x—=y)Am,zAm) € Oy
= (zAyAm,z Am) € Os.
Similarly, (x Ay Am,y Am) € 5.
Thus (x Am,y A'm) € 05. Since 83 € Cong(L), we get (z,y) € O5.
Thus 61 C 0,. It can be routinely verified that 6, C 62 = «(61) C a(bs).
Therefore Cong(L) = F(L.)

Before going to the next theorem we need the following.

LEMMA 3.3. Let L be a SHADL and b,c € L. Then
[(c—=c)=0b] A[(b—c)=cA(cVD)AM=bAm.
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PROOF. Let b,c € L. Then [(¢ = ¢) =2 b A[(b—=¢) =] A(cVD)Am
=m—=bA[b—=c)=A(cvVD)AM=bAMA[b—¢c)—=c]A(cVd)Am
=bA(cVb)Am=bAm O

THEOREM 3.3. Cong(L) is a permutable sublattice of Con(L).

PROOF. Let 61,05 € Cong(L) and (a,b) € 01 o 0. Then there exists ¢ € L
such that (a,c) € 6; and (c,b) € 0.
Since (a,c) € 61, we get (c,a) € 6;. From this we get that the paries
((c=¢)—=b(a—=c)—=b),(b—=c)—c(b—c)—a)and
((c VvV b) Am,(aVb) Am) belong to 6.
Hence (((c = ¢) > b)) A((b—¢c) = c)A(cVb)Am,((a—c)—D)
A((b—c)—=a)A(aVb)Am) € b;.
Thus by above Lemma, we get that
bAm,((a—=c)—=b)A((b—c)—a)A(aVd)Am) e 0.
That is (b, ((a = ¢) = b) A((b—¢) = a) A (a VD)) € 6.
Similarly, since (¢,b) € 03, we get
(((a—=¢c)=b)A({(b—c)—=a)A(aVDb),a) € bs.
Hence (b,a) € 61 0 03 or (a,b) € 63 0 0;.
Therefore 1 0 65 C 05 0 ;. By, symmetry we also get that 65 0 6; C 61 0 05.
Thus 61 0 02 = 03 o0 0;. Therefore Cong(L) is congruence permutable. O

In the following theorem we give a set of conditions for Cong(L) to be congru-
ence permutable when L is an ADL.

THEOREM 3.4. Let L = (L,V,A\,m) be an ADL with a maximal element and
— be a binary operation such that the following conditions hold:
(1) m—=z=xAm
2 zAm<(z—=y)—y)Am
B) (x—=y)Am=zAm—yAm.
Then Cong(L) is permutable.

PrOOF. From (2), we have z A [(x = y) > y] Am =x Am.
Taking m in place of z, we get m A [(m = y) = y|Am=m
=[(m—oy) =yAm=m
=[yAm—=yAm=m
= (y = y) Am=m.
Hence, from the above theorem, it follows that Cong(L) is congruence permutable.
O

4. Weakly Directly Indecomposable SHADLs

In this section we define and characterize weakly directly indecom-
posable Semi Heyting ADLs. Throughout this section L stands for a SHADL. We
denote the center of L by C(L). Recall that C(L) is a relatively complemented
ADL. We begin with the following definition.

DEFINITION 4.1. Let T(L) = {a € L/a = 0 or a is a maximal element of L}.
Then T'(L) is a sub ADL of C(L).
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Let L be a SHADL and for a € L, write L, = ([ 0,a A m],V, A, =
0,aAm) where ¢ =% d = (¢ = d) AaAm for ¢,d € [0,a Am]. Then we have proved
in [6] that L, is a Semi Heyting algebra .

LEMMA 4.1. Let L be an SHADL and a € L. If L = L, then a is a maximal
element in L.

Now, we prove the following.

LEMMA 4.2. Let a € L. Then the function f, : L — L, defined by
fa(x) =2 AaANm is a homomorphism onto L,.

ProoOF. Define f, : L — L, by fo(z) = 2 Aa Am. Clearly we can verify that
fa(@ ANy) = fa(@) A fa(y), fa(z Vy) = fa(z) V foly), for 2,y € L.
Now, consider f,(x = y)=(x 2> y)ANaAm=(xAaAm—=>yAaAm)ANaAm
=zAaAm—="yNaAm= f(z) = fo(y).
Therefore f, is a homomorphism and clearly f, is onto. O

DEFINITION 4.2. Let L and L’ be two SHADLs. A homomorphism f : L — L'
is said to be weak isomorphism if f is onto and f(z) = f(y) =z Am=yAm

DEFINITION 4.3. An algebra A is said to be weakly directly indecomposable if
it is not weak isomorphic to the direct product of two non-trivial algebras of same
type as A.

LEMMA 4.3. Let L and L’ be two SHADLs. If ¢ : L — L’ is a weak isomor-
phism, then t is mazimal in L iff ¢(t) is mazimal in L'.

PROOF. Suppose t is maximal in L. Let y € L, then y = ¢(x) for some x € L.
Then, ¢(t) Ay = 6(t) A d(x) = 6(t A z) = Blz) = y
Therefore ¢(t) is maximal in L'.
Conversely, suppose that ¢(t) is maximal in L'.
Let x € L, then ¢(x) € L'. Now, ¢(t) A ¢(x) = ¢(x)
= o(tAx)=¢()=tAzAm=cAm=>tAzAmAz=cAmAz=tAx=x
Therefore t is maximal in L O

THEOREM 4.1. Let L be an SHADL. Then the following are equivalent:

(1) L is weakly directly indecomposable.
(2) ¢(L) =T(L)
(3) (ava*)Am < m for all elements a € L—T(L). Where a* = (a — 0) Am.

PrOOF. (1) = (2):
Suppose L is weakly directly indecomposable.
Let a € C(L). Then there exists b € L such that a Ab =0, a Vb is a maximal
element of L. Define h: L — L, X Ly by h(z) = (fa(x), fo(z)). By Lemma 4.2, we
get that h is a homomorphism. Now, let (z,y) € L, X Ly.
Then z < aAm. Sothat t A\b<aAmAb=aAb=0. Thus z Ab=0. Similarly
yAa=0.
Now 2V y € L and h(z V y) = (fa(z V y), oz V 1)
=({(xVy)AaAm,(zVy) ANbAm)
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=({(xANaAm)V(yAaAm),(xAbAmM)V (y ANbAm))

=@ AaAm,y NbAm)

= (2,y).

Therefore h is a surjective homomorphism.

Finally, let .,y € L and h(z) = h(y). Then (fa(x), f3(2)) = (fa(0), fo())-
Sothat tAaAm=yAaAmand xt AbDAm=yAbAm.

Since a V b is a maximal element of L, we get that

xAm=(aVb AxAm

=(anzAm)V (bAxAm)

=(@AaAm)V(xAbAm)

=(yAaAm)V(yAbAm)

=(anyAm)V (bAyAm)

=(aVbhAyAm

=yAm.

Therefore h is a weak isomorphism. Since L is weakly directly indecomposable, we
get that either L, = L or L, = L. Hence, we get that a is a maximal element of
L or b is a maximal element of L. Suppose b is a maximal element of L. Then
aANb=0=bANa=0=a=0.

Thus a = 0 or a is a maximal element of L. Thus a € T(L).

Hence C(L) =T(L).

(2) = (3):

Suppose C(L) = T(L). Suppose a € L — T(L). Clearly a A a* = 0. Suppose
(aV a*) Am =m. Then, for any z € L,

(avVa*)Az=(aVa*)AmAx

=mAzx

=z and

hence a V a* is a maximal element of L. So that a € C(L) = T(L). This is a
contradiction. Therefore (a V a*) Am < m.

Finally, we prove (3) = (1) :

Assume (3). Suppose L is not weakly directly indecomposable. Then there exist
two non-trivial SHADLs L, and L, and a weak isomorphism ¢ : L — L1 X Lo. Let
m1 and my denote the maximal elements of L1 and Ls. Choose a,b € L such that
¢(a) = (0,mz) and ¢(b) = (mq,0). Now

Bla Ab) = 6(a) A H(b)

= (O,TTLQ) A (ml, O)

= (0,0) and hence a A b= 0. Again,

b(a V' b) = ¢(a) V 4(b)

= (O,mz) Vv (ml, 0)

= (mq1,m2), a maximal element in Ly x Ls.

Therefore a V b is a maximal element in L by Lemma 4.3. Thus a € C(L).

If @ = 0, then ¢(a) = (0,0). Thus mz = 0. A contradiction since Ly is nontrivial.
If a is a maximal element of L, then b = a Ab = 0. Thus ¢(b) = (0,0). Hence
mq = 0. Which is again a contradiction since L is nontrivial.

Therefore a € L — T(L).

Now,aAb=0=bAm<a*Am
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= (aAm)V(bAmM) < (aAm)V (a* Am)

= (aVbd)Am< (aVa*)Am

=m< (aVa*)Am

= (aVa*)Am=m.

This is a contradiction since a € L — T'(L). Therefore L is weakly directly inde-
composable. O
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