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Nonexistence of positive solutions for a system of
higher-order nonlinear boundary value problems

Sabbavarapu Nageswara Rao

ABSTRACT. We determine intervals for two eigenvalues for which there exists
no positive solution of a system of nonlinear higher-order ordinary differential
equations
(=)™ ul™ = Xf(¢,u(t), v(t)) = 0, t € [a,b],
(=)™ = pug(t, u(t),v(t)) = 0, t € [a,b],
subject to the two-point boundary conditions

u® (@) =ulPP () =0, 0<i<m—1

v (a) = v (b) =0, 0<j<n—1,

where A\, > 0, m,n € N.

1. Introduction

Boundary value problem (BVPs) play a major role in many fields of engineer-
ing design and manufacturing. Major established industries such as automobile,
aerospace, chemical, pharmaceutical, petroleum, electronics and communications,
as well as emerging technologies such as nanotechnology and biotechnology rely on
the BVPs to simulate complex phenomena at different scales for design and man-
ufactures of high-technology products. In these applied settings, positive solutions
are meaningful [1, 5]. Due to their important role in both theory and applications,
the BVPs have generated a great deal of interest in recent years.

In the last decades, nonlocal boundary value problems for ordinary differential
or difference equations\system have become a rapidly growing area of research.
Several phenomena in engineering, physics, and life sciences can be modelled in
this way. These problems have been studied by many authors by using different
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methods, such as fixed point theorems in cones, the Leray-Schauder continuation
theorem, nonlinear alternatives of Leray-Schauder and coincidence degree theory.

In this paper, we consider the system of nonlinear higher-order ordinary differ-
ential equations

(—1)™u®™ = Af(t,u(t), v(t) = 0, ¢ € [a,b],

1.1
-y (=10 = pg(t, u(t), v(t)) = 0, ¢ € [a,0],

satisfying the two-point boundary conditions
u®)(a) = u®)(b) =0, 0

<
1.2 : :
(1.2) v®)(q) = v (b) = 0, 0 < j

where A\, u >0, m,n € N.

The aim of this paper, we establish intervals for the eigenvalues A and p such
that there exists no positive solutions of problem (1.1)-(1.2). By a positive solution
of (1.1)-(1.2) we mean a pair of function (u,v) € C™([a,b]) x C™([a,b]) satisfying
(1.1) and (1.2) with u(¢) > 0, v(t) > 0 for all t € [a,b] and (u,v) # (0.0). The exis-
tence of positive solutions for the above problem was investigated in [24] by using
the Guo-Krasnosel’skii fixed point theorem. Some particular cases of the problem
from [24] have been studied in [9, 11, 18, 22, 23].

The following assumptions are made to establish our results:
(A1) The functions f, g € C[la,b] x [0,00) x [0, 00), [0, 00)],
(A2) The limits

’ b, - tu,
T L 0 P S A | G0
utv=0t ey UF U utv=0t 4 yfap) U+ U
fi= o LGB0 gy gy S
ut+v—0+ t—[a,b] U+ V utv—0+ t—[a,b] U+ V
’ tu, : t,u,
f;o - lim Sup M7 g;o - lim sup M7
Utv=00y g p) U +v utv—00 g p U + v
foo = lim inf M, gi.= lim inf M7

utv—00 t—[a,b] U+ V u+v—00 t—fa,b] U+ V

exist.
The rest of the paper is organized as follows. In Section 2, we present some

preliminaries and lemmas that will be used to prove our main results. In Section
3, we will consider the conditions of the nonexistence of a positive solution.

2. Preliminary results

In this section, we present some notations and lemmas that will be to prove
our results. Here we consider the Banach space C[a, b] x Cla,b] equipped with the
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standard norm

[ (w,v) |=]lwll + | v|= max [u(t) |+ max [v(t) |, (u,v) € Cla,b] x C[a,b].
t€la,b] t€la,b]

Let G,,(t, s) be the Green’s function of a homogeneous boundary value problem:
(=1)"w®(t) =0, t € [a,b]
w® (a) =w®)(b) =0, 0<i<n—1.

By induction, the Green’s function G,,(¢,s) can be expressed as (see [1])

b
(2.1) Gi(t,s) = / G(t,u)Gi—1(u,s)du, 2 < i< n,
where
(ma)lbos) <t <s<b
o o b—a ) Xlx5Sx 0O
(2.2) Gi(t,s) =Glt,s) = { T )
It is clear that
(2.3) Gn(t,s) >0, (t,s) € (a,b) x (a,b).
LEMMA 2.1. [23] For any (t,s) € [a,b] X [a, b],
b—a\"1(s—a)(b—s)
o e < (L) 00
Proor. For (t,s) € [a,b] X [a,b], it is clear from (2.2) that
(2.5) G(t,s) < W

i.e (2.4) is true for n = 1. Assume that (2.4) holds for n = k(k > 1). Then, for
(t,s) € [a,b] x [a,b], it follows from (2.1), (2.3) and (2.5) that

b
Grn(t,s) = / Gt w)Gr(u, 5)du
< /ab (u—a)(b—u) (b—a)’“l (s—a)(b—s)du

b—a 6 b—a

B (b—a)k(s—a)(b—s)
N 6 b—a
Thus (2.4) is true for n = k + 1. O

LEMMA 2.2. Let § € (a, %F2), then for all (t,s) € [5,b— 0] x [a,b], we have

(s—a)(b—ys)
b—a

where 0 < 6,,(8) < 1 is a constant given by

(2.6) Galt,s) = 0,(5)

6 n—1
>
> (b_ a) 0,,(6) Jnax Gnl(t,s),

0 (8) =

n—1
(6—a)" 46% — 6b6% + 6abd — 3ab® + b*
6(b—a)
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PrRoOOF. For (t,s) € [§,b— §] X [a,b], from (2.2) we find
(t—a)o-s)

G(t,s) =9 (-
b—a ) S

5—a)(b—s
(2.7) 2{ (ooos)

s
t

IN N

N

S

b—a
(Sfa)g)b_*a(b*‘s))’ s g t

> (5—@)(5—@)(1)—5).
b—a

Hence (2.6) is true for n = 1. Suppose now that (2.6) holds for n = k(k > 1). Then,
using (2.1), (2.3) and (2.7), we get for (¢,s) € [§,b— d] X [a, b]

b
Gt s) = / Gt u) G (u, 5)du

b—4d
> / G(t,u)Gg(u, s)du
b

5 —a)u—a)b—u), (s —a)(b—s)
2/6 — 6(6) "= —du

(s —a)(b—s)
b—a '

= 041(9)

So, (2.6) is true for n =k + 1.
In Lemma 2.2, let

/6 ™1 3atby (1168 +27a® — 5lab® + 45a%0)"
=) () = g
/6 \n1 Ba+by (1167 +27a® — 5lab® + 45a%0)"

m = (m) "( 4 ) - 26n—4(p — q)n—2 ’
7 = min{ym; Yn}-

According to Lemma 2.1 and Lemma 2.2, one obviously has 0 < v < 1.
It is well know that the system (1.1)-(1.2) is equivalent to the equation
u(t) = A [L Gty s) f (s, u(s),v(s))ds, a<t<b,

v(t) = uf; Gn(t,s)g(s,u(s),v(s))ds, a<t<b.

For A, ;o > 0, we define the operators Qx, Q, : Cla,b] x Cla,b] — Cla, b] as
b
Qalw.0)(0) = [ Cult.)1(s,ul).0()ds, a<t<h,

b
Quu,v)(t) = u/ Gr(t,8)g(s,u(s),v(s))ds, a<t<b,
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and an operator @ : Cla, b] x C[a,b] = Cla,b] x C[a,b] as

(2.8) Q(uv) = (@x(1,0), Qu(w, ), (u,) € Cla,b] x Cla,].

It is clear that the existence of a positive solution to the system (1.1)-(1.2) is
equivalent to the existence of a fixed point of @ in Cla,b] x C|a, b).
We define a cone k in Cla, b] x C[a,b] by

K= {(u,v) . Ola,b] % Cla,b] : u(t) =0, v(t) >0,

min_ (u(t) + () > 7 | (@) | }.

te [30,:17 , atfﬁb]

LEMMA 2.3. Q : k — Kk is completely continuous.

PROOF. Since the proof of the completely continuous is standard, we need only
to prove Q(k) = k.
In fact, for any (t,s) € [34EL, 413b] 4 b], we have

Qx(u, 0)(1) + Qulu, v)(t)
—)\/ G (t, 8)f(s,u(s), ()ds—l—,u/ Gn(t,8)g(s,u(s),v(s))ds

m(?’a:b)( trél%]/ G, 8)f (5, u(s), v(s))ds

+ pby, (3@2—())(() tlélg)g/ Gn(t,$)g(s,u(s),v(s))ds

= Ym | Qx(w,0) [ +m || Quw, ) [Z 7 || Q(u,v) |,

hence,
te[%fg?#][%(u, v)(t) + Qu(u, v) ()] = 7 [| Q(u,v) || -
Therefore, Q(k) C k. O

3. Main Results

In this section, we give some sufficient conditions for the nonexistence of positive
solution to the BVP (1.1)-(1.2).

THEOREM 3.1. Assume that (A1) — (A2) hold. If f§, 1%, 95,95 < oo, then
there exists positive constants o, o such that for every X € (0, \g) and p € (0, uo),
the boundary value problem (1.1)-(1.2) has no positive solution.

PROOF. Since fj, f3, < oo, we deduce that there exist ML Ml”,m, rll >0,r1 <
r/l such that

M (u+v), Vuv=0, utvel0,r]
>0

M, (u+v),¥Y u,v =0, utv € [r,o0).
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ri<ut+v<r;  utv
flt,u,v) < My(u+wv), VY u,v > 0. Since g§, g5, < oo, we deduce that there exist
Mé;M;,T27T/2 > 0,79 < r; such that

We consider M; = max{MLMf,max / f(t’“’v)} > 0. Then, we obtain

g(t,u,v) < My(u+v), Vu,v =0, u+tv € 0,79
g(t,u,v) < My (u+v),¥V u,0 20, u+v € [ry,00).
We consider My = max{Mé,M;,maxr <utosr) g(iﬁ;)v)} > 0. Then, we obtain

9(t,u,v) < Ma(u+v), ¥ u,v > 0. We define g = 5375 and o = 53755, where

_[(b—-a m " (s—a)(b—s)
B—( 6 > /a ﬁdsand
o (z)a)"_l/b(s@(bé;)ds,

6 a b—a

We shall show that for every A € (0,\¢) and p € (0, uo), the problem (1.1)-(1.2)
has no positive solution.

Let A € (0,A) and u € (0, pig). We suppose that (1.1)-(1.2) has a positive
solution (u(t),v(t)),t € [a,b]. Then, we have

u(t) = Qx(u,v)(t /G (t,8)f(s,u(s),v(s))ds
S)\( a)m 1/ab mf(s,u(s),v(s))ds

6 b—a
< A(b;“)mfl /b WMl(u(s) +o(s))ds
e (P [ o as

=AM B || (u,v) ||, ¥t € [a,b].

Therefore, we conclude

1
[l AMLB | (u,0) [|< AoMiB || (u,0) 1= 5 || (w,0) || -
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In a similar manner,
b
o) = Qula,0)(6) = [ Gt 5)1 (s, u(s),0(s))ds
—a\n! [P (s—a)(b—s
<u(50)" [ s, ols))as
—a\n! [P (s—a)(b—s
<u(5)" [ O ) + ot

6 b—a
—a\n1 [P (s—a)(b—s
< (U5 [EEEED o as

::U’MQD H (U,U) Ha Vite [avb]'

Therefore, we conclude

1
v IS pM2D || (u,v) [|< poMaD || (w,0) |I= 5 || (uw,0) |-

Hence, || (u,v) =]l u [ + [ v [[< 5 | (w,0) || +5 I (w,v) [=]| (u,v) [, which
is a contradiction. So, the boundary value problem (1.1)-(1.2) has no positive
solution. g

THEOREM 3.2. Assume that (A1) — (A2) hold.
(i) If fi, fio > 0, then there exists a positive constant Xo such that for every X > Ao
and p > 0, the boundary value problem (1.1)-(1.2) has no positive solution.
(ii) If g4, g., > 0, then there exists a positive constant ip such that for every u > jio
and A > 0, the boundary value problem (1.1)-(1.2) has no positive solution.

(i) If f3, fi, g8, 95, > 0, then there exist positive constants \g and Lo such that for

every X > N and p > jio, the boundary value problem (1.1)-(1.2) has no positive
solution.

PROOF. (i) Since f&, fi > 0, we deduce that there exist m),m},rs,ry >
0,73 < 5 such that

ft,u,v)

>m , u+wv € 0,r3]
F(tu,v) > mit(utv),¥ u,v

Hu+wv), Yu,o=0
>0, utve [r;,oo).

We introduce m; = min {m;7m;’,minr3<u+vgré f(zf{)v)} > 0. Then, we obtain
ft,u,v) = my(u+v), Vu,v >0 We define \g = lelA > 0, where
Ao 11% — 11a® + 33a?b — 33ab? <3a+b)
N 96(b — a) "\ 4 )

We shall show that for every A > Ao and g > 0 the problem (1.1)-(1.2) has no
positive solution.
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Let A > X\ and u > 0. We suppose that (1.1)-(1.2) has a positive solution
(u(t),v(t)),t € [a,b]. Then, we obtain

b
u(t) = Qalw,0)(0) =X [ (1,57 (5. u(s), ()i

a+3b

20 (50) [ e e o) v
> A@m(ga: b) /&:1})% Wﬂh(u(s) +v(s))ds
> )\mlem(ga:b) /j Wv I (u,v) || ds
113 — 1122(4é i?,z)?b — 33ab? Hm(?’a: b)/\vml | (w0) |
= ymiA | (u,0) |-

Therefore, we deduce

[l ll> u(t) > yma A | (u,0) 1> Aoyma A || (u,0) [|=]] (u,0) || -
and so,|| (u,v) ||[=||w ]| + || v ||=]] v ||>] (u,v) ||, which is a contradiction. There-

fore, the boundary value problem (1.1)-(1.2) has no positive solution.

(i) Since gi), g’ > 0, we deduce that there exist may,my, 74,7y > 0,74 < 7
such that

20, u+tv€[0,ry
>0, ut+ve [r;,oo).

’ 1"
; - mi : g(tu,v) ;
We introduce mgo = min {m27m2,mlnr4<u+v<d P > (0. Then, we obtain

1
ymoC

g(t,u,v) = ma(u+v), ¥V u,v = 0. We define fip = > 0, where

116% — 11a® b — 33ab?
C b a® + 33a°b — 33ab en(3a+b).
96(b — a) 4

We shall show that for every p > fip and A > 0 the problem (1.1)-(1.2) has no
positive solution.
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Let p > pip and A > 0. We suppose that (1.1)-(1.2) has a positive solution
(u(t),v(t)),t € [a,b]. Then, we obtain
b

o(t) = Qulu,v)(t) = / Go(t,3)g(s, u(s), v(s))ds

a

a+3b
3a+b T (s—a)(b—ys)
> = a)v=s)
200 (M) [ e (o) v)s
a+3b
3a+b T (s—a)(b—ys)
>
> Men( - )/+ s (u(s) + v(s))ds
a+3b
3a+b T (s—a)b—ys)
> 2aTo s=a)b=5s)
> (M7 [ e e s
_110° — 11a® + 33a®b — 33(1620 (3a + b) | (w0) |
- 96(b — a) n 4 wymsa u, v
= pymaC || (u,v) || -

Therefore, we deduce
[ vz o) = pym2C || (u,v) [|> fioym2C || (u,v) [|=]| (u,v) || -

and so,|| (u,v) ||[=||wl| + || v |=] v ||>] (u,v) ||, which is a contradiction. There-
fore, the boundary value problem (1.1)-(1.2) has no positive solution.

(ii7) Because f¢, fi, g8, 9., > 0, we deduce as above, that there exist mq,ma >
0 such that

ftu,v) = my(u+v), glt,u,v) = mo(u+v),Vu,v>0.

= 1 >\~0 z 1 ,LZO
(- By ().
0 2ymi A g ) MG Ho 2ymsoC' 2

We define

Then for every A > Ag and p > io, the problem (1.1)-(1.2) has no positive solution.

Indeed, let A > Ao and g > 4ip. We suppose that (1.1)-(1.2) has a positive
solution (u(t),v(t)),t € [a,b]. Then in a similar manner as above, we deduce

[ u[|Z Ayma A| (u,0) ||, | v [[Z pymaeC || (u,0) |,

and so,
I (w, o) I =llwll+ vl

z MymiA | (u,v) || +pym2C | (u,0) ||
> doymiA || (u,0) || +HgymaC || (u,0) |

1
=5 I w o) [ +35 I (w,v) =] (u,0)

which is a contradiction. Therefore, the boundary value problem (1.1)-(1.2) has no
positive solution. (]
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