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WEAK SEMI COMPATIBILITY
AND FIXED POINT THEOREMS

A S Saluja, Mukesh Kumar Jain, and Pankaj Kumar Jhade

ABSTRACT. The aim of the present paper is to introduce the notion of weak
semi compatibility and obtain fixed point theorems by employing the new
notion. The new notion is the proper generalization of semi compatibility
and is applicable to compatible and commuting type mappings. Our result
generalizes several fixed point theorems.

1. Introduction and Preliminaries

In 1995, authors [5] introduced the concept of semi compatibility and obtained
the first result that established a situation in which a collection of mappings has
a fixed point. They defined a pair of self maps (S,T) to be semi compatible if
(a) Sz =Tz = STx =TSz and
(b) hm Sz, = hm Tx, =z, for some x € X, implies hm STx, = Tz holds.

B. Slng and S. Jam [16] observe that (b)implies(a). Hence they defined the semi
compatibility by condition (b) only.

Let (X,d) be a metric space and let f and g be two maps from (X,d) into
itself. f and g are commuting maps if fgr = gfz for all x in X.
To generalize the notion of commuting maps, Sessa[15] introduced the concept
of weakly commuting maps. He defines f and g to be weakly commuting if
d(fgz,gfz) < d(fx,gz) for all z € X.
Obviously, commuting maps are weakly commuting but the converse is not true.
In 1986, Jungck[10] gave more generalized commuting and weakly commuting maps
called compatible maps. f and g are called compatible if

(1.1) Jim d(fgrn, gfrn) =0
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Whenever {z,} is a sequence in Xsuch that nll)n;o fr, = 7}1—>Holo gz, = t, for some
t € X. Clearly, weakly commuting maps are compatible, But the implication is not
reversible (see [10]).

Afterward, the same author with Murthy and Cho [8] made another generalization
of weakly commuting maps by introducing the concept of compatible maps of type
(A). Previous f and g are said to be compatible of type (A) if in place of (1.1) we
have two following conditions:

nli_{r;od(fgxn,ggxn) =0 and nli_{rgod(gfxn,ffxn) =0
It is clear to see that weakly commuting maps are compatible type (A), from [8] it
follows that the implication is not reversible.

Two self mappings f and g of a metric space (X,d) are called R- weakly
commuting [13] at a point x in X if d(fgx,gfx) < Rd(fx,gz), for someR > 0.
The two self maps f and gof a metric space (X, d) are called R—weakly commuting
of type (Ay) [14] if there exist some positive real number R such that d (f fz, gfz) <
Rd(fx,gz) for all z in X.

The two self maps f and g of a metric space (X, d) are called R— weakly commuting
of type (Ay) [14] if there exist some positive real number R such that d (fgz, ggz) <
Rd (fx,gx) for all z in X.It may be noted that compatible mappings f and g can
be R—weakly commuting of type (Af) and (A4y).

Pant, Bisht and Arora [12] introduced a notion of weak reciprocal continuity as
follows,

Two self mappings f and g of metric space (X, d) will be called weakly reciprocally
continuous if lim fgx,, = ftor limgfx, = gt, whenever {z,} is a sequence in X
such that lim fz, = lim gx,, = t for some tin X.

We now generalize the semi compatibility by introducing the notion of weak semi
compatibility as follows:

DEFINITION 1.1. Two self mappings f and g of a metric space (X,d) will be
called weakly semi compatible mappings if lim fgz, = gt or lim gfz, = ft,
n— 00 n—00

whenever {z,} is a sequence in X such that lim fz,, = lim gz, =t for some tin
X n—oo n—oo

ExAMPLE 1.1. Let X = [0,1] and d be the usual metric onX. Define f, g :
X — X by

fr =z forall z € [0,1]

g = {(1) ,x€(0,1]

,x=0

Taking {x,} = 1/n, since lim fx,, = limgx, =0
also

(1.2) lim fgx, = lim f(0) = 0 # ¢ (0)

(1.3) limgfx, =limg (z,) =limg (1/n> =0=f(0)
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Equation (1.2) and (1.3) shows that maps f and gare weak semi compatible.
Also here maps f and g have no common fixed point.

EXAMPLE 1.2. Let X = [1,2] and d be the usual metric on X. Define f,g
X — X by
fr==z, x€]ll,2]
gr = {:262’ iﬁ(lj]

Taking{z,} =1+ 1/n, since

lim fz,, = lim (z,) = lim (1 + 1/n) =1

2
lim gz, = [limz,]* = [lim (1 + 1/n)} =1

Now

(1.4) lim fga, = lim f [z,])* = {Iimf (1 + I/TL)}Q = {lim (1 + 1/,1)}2 =1+#g(1)

2
(15)  limgfo, =limg (w,) =limg (141, ) = [tim (14 1,)| = 1= £ (1)

Equation (1.4) and (1.5) shows that maps f and g are weak semi compatible.
Also here maps f and g have no common fixed point.

ExXAMPLE 1.3. Let X = [0,1] and d be the usual metric onX. Define f,g
X — Xby

xz €[0,1]

z,
0, =0
1, z€(0,1]

Taking {z,} = 1/71

lim fz,, = lim (z,) = lim (1/71) =0
lim gx,, =0

Now
(1.6) lim fgx, =lim f (0) =0 =g (0)
(1.7) lim g fa, = lim g (z,) = lim g (1/n) =14 f(0)

Equation (1.6) and (1.7) shows that maps f and g are weak semi compatible.
Also here maps f&ghave two common fixed point that are 0 and 1.

Now we see more definitions which will be helpful to improve this result.

DEFINITION 1.2. Let X be a set, f and g are self maps of X. A point z in X is
called coincidence point of f andg iff fz = gx. We shall call w = fz = gz a point
of coincidence of f and g

DEFINITION 1.3. [11] Two self maps f and g of a set X are occasionally weakly
compatible (owc)iff there is a point = in X which is coincidence point of f and g
at which f and g commute.
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LEMMA 1.1. [9] Let X be a set, f and g are owc self maps on X. If f and g
have a unique point of coincidence,w := fxr = gx, then w is the unique common
fixed point of f and g.

DEFINITION 1.4. Let X be a set. A symmetric on X is a mappingd : X x X —
[0, 00) such that
d(z,y) =0iff x =y, and d (z,y) = d(y,z) for z,y € X.

THEOREM 1.1. Let X be a set with a symmetric d.Suppose that f and g are
owc self maps of X satisfying

(1.8) d(fz, fy) = ad(gz, gy) + bd (gz, fz) + cd (g9y, fy)

Where a,c > 1, b € R such that a+b+c > 1.Then f and g have a unique common
fixed point.

PROOF. Since the maps are owc, there exist a point x such that fxr = gx and
fgx = gfx. Substituting (1.8) with y = gx gives

d(fx, fgr) > ad(gz,gfx) + bd(gz, fr) + cd(9fx, fgr) = ad (g, fgz).

Thus 0 > (a — 1)d(fz, fgx), which implies fz is a fixed point of f. But, Since
gfxr = fgx, fxis also a fixed point of g.
Suppose that p and ¢ are common fixed point of f andg. Substituting in (1.8)

d(p,q) = d(fp, fq) > ad (gp, gq) + bd (gp, fp) + cd (9q, fq) = ad (p,q),
which implies that p = q. O

LEMMA 1.2. [11] If A and S are weakly compatible ,then they are owc ,but
following result shows that converse is not true.

EXAMPLE 1.4. Let X = [1,00) with the usual metric . Define 4,5 : X — X
by:Az = 3z — 2 and Sz = x?. We have Ax = Sz iff =1 or x = 2 and AS (2) #
SA(2).

Therefore A and S are owc but they are not weak compatible.

LEMMA 1.3. [4] If f and g are compatible of type (A) then they are owc ,but
converse is not true in general. He gave following example,

EXAMPLE 1.5. Let X = [0, co)with the usual metric. Define f,g: X — X by,
4 if z€[0,1)
f.’L‘ T 2zt if z€[l,00)
)3 if x€[0,1)
IT=V % if ecll,o0)
We have f(1) =g (1) =1 & fg(1) =gf (1) =1; that is fand g are owc. Now con-
sider z, =1+ 1/71 for n € {1,2,3...} we have lim fz,, = limz} = 1 and lim gz,, =
lim 1/:54 =1 .But limd (fgx,,g9x,) =1 # 0, Hence f and g are not compatible of

type (A).
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2. Main Results

THEOREM 2.1. Let f and g be weakly semi compatible self mappings of a com-
plete metric space (X,d) such that

(a) f(X)Cg(X)
(0) d(fz,fy) > ad(gz,gy) + bd (fz, gx) + cd (fy, gy)
a>1,c>1,b€ R Such thata+b+c>1.

If (f,9) is continuous and weak compatible pair, then f and g have common
fixed point inX.

Proor. Stepi:
Let xg be any point inX. Since f(X) C g (X), there exist 1 € X such that
fr1 = grg = yo. Similarly we can have a sequence

(2.1) fTni1 = g0 = yn.

Now by (b)
d (fxna fanrl) > ad (gmn, g$n+1) + bd (fxnv gxn) +cd (fanrl,ganrl)
d (ynfla yn) 2 ad (yn7 yn+1) + bd (ynfh yn) + cd (yn7 yn+1)
d (Yn, Yn+1) < %d(yn—layn)

Since ifc’ =k<1l (a+b+c>1)

(2.2) d(Yn, Yn+1) < kd (Yn—1,Yn)

Similarly we can obtain d (y,—1,¥n) < kd (Yn—2,Yn—1)-
Therefore by (2.2) we have d (Y, Ynt1) < k2d (Yn_2,Yn_1). By same way we can
have

(2.3) d (Yn, Yn+1) < k"d (yo,y1)

Now we will show that {y,} is a Cauchy sequence. For any integer p > 0, we get

d (ynv yn-&-p) <d (yna yn—H) +d (yn+17 yvt+2) +..+d (y7z+p—1a yn+p) )
Now by (2.3)

d (Yn, Yntp) < k" (yo,y1) + k"1 (yo, y1) + ... + k"2 (yo, 1)
d(Yns Ynp) K" [L+E+E> +E + .+ k7 d(yo, 1)

d (yn7 yn-‘rp) < %d (y()? yl)

Since k < 1 then taking limit n — oo we have d(yn,yYn+p) — 0.Therefore {y,}
is a Cauchy sequence. Since X is complete, there exist a point ¢ in Xsuch that
{yn} — tas n — oo moreover y,, = frp41 = ga, — ¢t fort € X.

Step2:

Since f and g are weakly semi compatible mappings therefore

limgfx, = ft, or lim fgx, = gt.

Case 1- whenlimgfx, = ft. Since f (X) C ¢ (X) then there exist a point u € X
such that ft = gu. Since f is continuous mapping then lim f fa,, = ft. Now by (b)
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A(f fn, fu) > ad (9 fn, gu) + bd (f fn, gfn) + cd (fu, gu).

Now limiting n — oo we have, d (ft, fu) > ad (ft, gu) + bd (ft, ft) + cd (fu, gu)
d(gu, fu) > cd (fu, gu).Since ¢ > 1 therefore fu = gu.Again since (f, g) is a weak
compatible pair thereforefu = gu = fgu = gfu, or

fgu=gfu= ffu= ggu. Now by using (b) we have

d(ffu, fu) = ad(gfu, gu) +bd (f fu,gfu) + cd (fu, gu)

d(ffu, fu) = ad (f fu, fu)
Since a > 1 therefore ffu = fu or ffu= gfu= fu. So fu is common fixed point
of f and g.
Case 2 - when lim fgz,, = gt.Since g is continuous mapping therefore lim ggz,, =

gt.
Now by using (b) we have

d(fgzn, ft) 2 ad(g9g2n, gt) + bd (fgn, ggan) + cd (ft, gt)
d(gt, ft) > ad (gt, gt) + bd (g1, gt) + cd (ft, gt)
d(gt, ft) > cd (ft, gt)
Since ¢ > 1, therefore ft = gt. Since (f,g) is weak compatible pair therefore
ft=gt= fgt =gftor fgt = gft = fft = ggt. Now by using (b) we have,

d(fft, ft) = ad(gft,gt) +bd (f ft,gft) + cd (ft, gt)

d(fft, ft) = ad (fft, ft). Since a > 1 thereforef ft = ft or fft = gft = ft or ft
is common fixed point of f and g. O

EXAMPLE 2.1. Let 2,y € X (z > y) and X = [1, 10] and d be the usual metric
on X. Define f,g: X — X as follows
fr=1lifx=1&x>band fr=4if 1 <z <5,
gr = lif = 1,92 = 5if 1 <z < b,and ga = Thsif x > 5.

Ifz, =1,

lim fx,, = lim gz, = 1. Also lim fgz, =lim f (1) =1=g¢(1)
And limgfz, =limg (1) =1= f(1)

But whenz, =2 + l/n,

1
lim fz,, = land lim gx,, = lim <2+2/” = 10r lim fz,, = limgz, =1

1
Moreover lim fgz, = lim f <2+2/n> = lim f (1 + 1/271) =4#g(1)

And limgfz, =limg(1l) = 1 = f (1) therefore (f,g) is weakly semi compatible.
Also pair (f, g) is continuous and weak compatible at x = 1.

Moreover pair (f,g) satisfy equal to condition of (b) if z,y =1

Also if fo = 4& go = 5 for z,y € (1,5] when @ > 1,b = =2 & ¢ = 2, pair
(f, g) satisfies again equal to condition of (b). Now finally if fo =1 & g = /pfor
x,y > 5.The left hand side of given inequality yields d (fz, fy) = |fx — fy| = Oand
right hand side gives

ad (9, gy) + bd (fz,gx) + cd (fy, gy)
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izl
4’2 a3 +si-2

=>4<g—%>—4(§—1>+3(%—1):1—%(negative)

Therefore pair (f, g) satisfy greater than condition of (b)when a = 4,0 = —4&c =
3, and 1 is common fixed point of f & g.

COROLLARY 2.1. Let X be a set, and d be the symmetric on X. Let maps f and
g satisfy all the conditions of theorem (2.1). Since pair (f,g) is weak compatible
pair then by lemma (1.2) pair (f,g) will be owc and therefore the conclusion of
theorem (2.1) follows from the theorem (1.1).

THEOREM 2.2. Let f and g be weakly semi compatible self mappings of a com-
plete metric space (X, d) satisfy conditions (a) and (b). If maps f & g are commute
at their coincidence point and compatible of type (A). Then f and g have common
fixed point inX.

PROOF. Stepl of this theorem is same as theorem (1.1). Now from step 2, since
fand gare weak semi compatible mappings thereforelim g fz,, = ft orlim fgz, = gt.
Case 1- when limgfx, = ft. Since f (X) C g (X) then there exist a point u € X
such that ft = gu.

Since pair (f, g) is compatible of type (A), then limd (¢ fxy, f fx,) = 0. This yields
lim f fx,, = ft. Now by (b),

d(ffan, fu) 2 ad(gfxn, gu)+bd (f frn,gfx,)+ed (fu, gu) , since ¢ > land taking
limitn — oothis Yields fu = gu.

Now by using (b)

d(f fu, fu) > ad(gfu, gu) +bd (f fu, gfu) + cd (fu, gu)

d(ffu, fu) = ad (fgu, fu) +b(ffu, fgu) + c(fu, gu)

d(ffu, fu) = ad (f fu, fu)
Since a > 1 thereforef fu = fu. Alsogfu = fgu = ffu = fu. So fu is common
fixed point of f and g.
Case 2 - when lim fgz,, = gt.Since pair of maps (f, g) is a compatible of type (A).
This yields lim d (fgx,, ggz,) = 0 implies lim ggx,, = gt. Now by using (b)

d(fgzn, ft) Z ad(ggzn, gt) + bd (fgn, ggzn) + cd (ft, gt)
Since ¢ > 1 and Limiting n — oo yields gt = ft.

Now by (b)
d(fft, ft) = ad(gft, gt) +bd (f ft,gft) + cd (ft, gt)
d(fft, ft) = ad(fgt, ft) +bd (fft, fgt) + cd (ft, gt)
d(fft, ft) = ad(fft, ft)

Since a > 1 yields fft = ft. Also gft = fgt = fft = ft or fft = gft = ft,
therefore ft is common fixed point of f & g. (|

EXAMPLE 2.2. Let 2,y € X (z > y)and X = [1,10] and d be the usual metric
on X. Define f,g: X — X as follows
fr=1lifx=1&xr>5and fr=5if 1 <z <5,
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gr=1ifx=1gr=>5if 1 <z <5,and gx = Thif x > 5.
Ifz, =1,

lim fz, = limgz, =1 Also lim fgz,, = limgfz, =1
But whenz, =2 + l/n7

1
lim fz,, = land lim gx,, = lim <2+2/” = 10r lim fz,, = limgx, =1

1
Moreover lim fgz, = lim f <2+2/77“> = lim f (1 + 1/271) =5#g(1)

And limgfz, =limg(1l) = 1 = f (1) therefore (f,g) is weakly semi compatible.
Also at x = 1&z € (1,5], f and g are commute.

Since lim f fa,, =lim f (1) =1 & limgfz, =limg (1) =1

therefore

(2.4) lim f f, = lim g fz,
Also lim ggx,, = lim g (¥n/9) = lim g (1 + 1/2n) =5
and lim fgz, = lim f (1 + 1/2n) =5

Therefore
(2.5) lim ggz,, = lim fgx,,.

Equation (2.4) and (2.5) shows that pair (f, g)is compatible of type (A).
Moreover pair (f,g) satisfy equal to condition if x,y = 1Also if fr =4 & gx =5
for z,y € (1,5] when a > 1,b = —2 & ¢ = 2, pair (f, g)satisfies again equal to
condition of (b). Now finally if fo =1 & gz = T/pfor x,y > 5.The left hand side of
given inequality yields d (fx, fy) = |fx — fy| = Oand right hand side gives

ad (gx, gy) + bd (fz, gzx) + cd (fy, gy)

r oy T Y

R

2 2 2+3 2
:4<g_%>_4(g—1)+3(%—1):1—%(negative)

Therefore pair (f, g) satisfy greater than condition of (b) when a = 4,0 = —4&c =
3, and 1 and 5 are two common fixed point off & g¢.

COROLLARY 2.2. Let X be a set, and d be the symmetric on X. Let maps f
and g satisfy all the conditions of theorem (2.1). Since pair (f,g) is compatible of
type (A). then by lemma (1.2) pair (f,g) will be owe and therefore the conclusion
of theorem (2.2) follows from the theorem (1.1).

THEOREM 2.3. Let f and g be weakly semi compatible self mappings of a com-
plete metric space (X, d) satisfy conditions (a) and (b). If mapping f is continuous
and pair (f,g) is R-weakly commuting of type (Ay). Then f and g have common
fixed point in X.

PROOF. Stepl of this theorem is same as theorem (2.1). Now from step 2, since
fand gare weak semi compatible mappings therefore lim g fx,, = ft orlim fgx, =

gt.
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Case 1- when limgfx, = ft. Since f(X) C g(X) then there exist a point
u € Xsuch that ft = gu. Since f is continuous mapping thenlim f fz,, = ft.

Now by (b)

A(f fn fu) > ad (gfn, gu) + bd (ff2n, gf2a) + cd (fu,gu) , since ¢ > 1 and
taking limitn — oo this yields fu = gu.

Since pair (f, g) is R-weakly compatible map of type (Ay), this yields

d(fgu,ggu) < Rd(fu,gu) Implies fgu = ggu. Orfgu = gfu = ffu = ggu.Now
by (b)

d(ffu, fu) = ad(gfu,gu) + bd (f fu,gfu) + cd (fu,gu) ,since a > 1 this yields
ffu= fu.

Therefore ffu = gfu = fu and so fuis common fixed point of f and g.

Case 2 - when lim fgz, = gt.Since (f,g) is pair of R-weakly commuting of type
(Ay).This yields d(fgzn, g9z,) < Rd(fzn,gz,). Taking limit n — oo we have
limd (fgxn, ggry,) < 0 implies lim ggz,, = gt. Now by (b)

d(fgzn, ft) = ad(ggzn, gt) + bd (fg2n, g97,) + cd (ft, gt) limiting n — oo when
¢ > 1 this yields ft = gt. Since pair (f, g) is R-weakly commuting of type (Ay)this
yields

d(fgt,ggt) < Rd(ft,gt) implies fgt = ggtor fgt = gft = fft = ggt.Now by using
(b)

d(fft, ft) = ad(gft,gt) + bd (fft,gft) + cd (ft,gt) Since a > 1, then it yields
fft=ft. Orfft=gft= ft, and so ft is common fixed point of f and g. O

EXAMPLE 2.3. Let 2,y € X (z > y) and X = [1,10] and d be the usual metric
on X. Define f,g: X — X as follows
fr=1lifxa=1&xr>5and fr=5if 1 <z <5,
ge=1ifz=1gr=>5if 1 <z <5,and gx = zif x > 5.
If z, =1, lim fx,, = limgz, = 1. Also lim fgx, = limgfz, = 1. But when
Ty =1+ 1/n’
lim fx,, =1 and lim gz,, = lim (1 + 1/n) =1 or lim fz,, = limgx, = 1. Moreover

lim fgx,, = lim f (1—|— 1/n) =5# g(1). And limgfx, = limg(1) =1 = f(1)
therefore (f, g) are weakly semi compatible maps.

Moreover at * = 1&1 < x < 5 maps f&g satisfy R-weakly commuting of type
(Af).

Also when = > 5, maps f&g satisty R-weakly commuting of type (Ay), that is
d(fgx,g9x) < Rd(fxz,gzr) when R = 1. Moreover pair (f,g) satisfy equal to
condition of (b) if x,y = 1 and =,y € (1,5] when ¢ > 1,¢ > 1 & b € R. Now
finally if fx =1 & gz = x for z,y > 5. The left hand side of given inequality yields
d(fz, fy) = |fr — fy| = 0 and right hand side gives

ad (gz,gy) + bd (fz, gx) + cd (fy, 9y)
3(z—y)—3(x—1)+2(y—1) = 1—y(negative)

And therefore pair (f,g) satisfies greater than condition of (b) when a = 3,b =
—3&c = 2. Also 1 &5 are two common fixed point of f&g.
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THEOREM 2.4. Let f and g be weakly semi compatible self mappings of a com-
plete metric space(X, d)satisfy conditions (a) and (b).
If mapping g is continuous and pair(f, g)is R-weakly commuting of type(A,). Then
fand ghave common fized point inX.

PROOF. Step 1 of this theorem is same as theorem (2.1). Now from step
2, since f and g are weak semi compatible mappings thereforelim gfz, = ft or
lim fgx, = gt.

Case 1- when limgfz, = ft. Since f(X) C g(X) then there exist a point
u € X such that ft = gu. Since pair (f,g) is R—weakly commuting of type
(Ay),this yields d (f fxn,9fxn) < Rd(fz,,gx,). Now limiting n — oo we have
limd (f fan, gfx,) <0 implies lim f fz,, = limgfx, = lim f fz,, = ft. Now by (b)
we have,

d(ffrn, fu) = ad(gfn, gu) + bd (f fn, gftn) + cd (fu, gu),

since ¢ > 1 and taking limit n — oo this yields fu = gu. Again since pair (f,g)
is R— weakly commuting of type (Ag), this yields d (ffu, gfu) < Rd(fu, gu) =
gfu=ffuor fgu=gfu=ffu=ggu.
Now by (b),d (f fu, fu) > ad(gfu,gu) + bd (f fu,gfu) + c¢d (fu,gu), since a > 1
this yields f fu = fu. Therefore f fu = gfu = fu and so fu is common fixed point
of f&g.

Case 2-when lim fgx, = gt. Since map g is continuous, therefore lim ggx,, =
gt. By (b)
d(fgzn, ft) = ad (ggxn, gt) + bd (fgz,, g9xn) + cd (ft, gt) . limiting n — oo when
¢ > 1 this yields ft = gt. Since pair (f, g) is R-weakly commuting of type (A,) this
yields
d(fft,gft) < Rd(ft,gt) implies gft = fftor fgt = gft = fft = ggt. Now by

using (b)
d(fft, ft) = ad(gft,gt) + bd (fft,gft) + cd(ft,gt) Since a > 1, then it yields
fft=ftor fft=gft= ft, and so ftis common fixed point of f and g. O

EXAMPLE 2.4. Let 2,y € X (z > y) and X = [1,10] and d be the usual metric
on X. Define f,g: X — X as follows
fr=1lifza=1&xr>5and fr=5if 1 <z <5,
ge=1lifz=1gr=5ifl<z<band gr=x+1if x > 5.

Ifz, =1,
lim fz,, = limgz, =1 Also lim fgz,, = limgfz, =1
But when z,, = 1/717

lim {2, = land lim gz, = lim (1 n 1/n) —10r lim fx,, = lim gz, = 1

Moreover lim fgx,, = lim f (1 + 1/n) =5+#g¢(1)

And limgfx, =limg(1l) =1 = f(1) therefore (f,g) are weakly semi compatible
maps.

Moreover at © = 1&1 < x < 5 maps f&g satisfy R-weakly commuting of type

(Ag)-
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Also when = > 5, maps f&g satisfy R-weakly commuting of type (Ay), that is
d(gfx, ffr) < Rd(fx,gz), when R > 0. Moreover pair (f,g) satisfy equal to
condition of (b) if z,y =1 and z,y € (1,5] whena > 1,¢ > 1 & b € R. Now finally
if fr=1&gr=x+1for xz,y > 5.
The left hand side of given inequality yields d (fz, fy) = |fz — fy| = 0 and right
hand side gives

ad (9z, gy) + bd (fz, gz) + cd (fy, gy)

3(x —y) — 4z + 3y = —x (negative)
Therefore (f,g) satisfy greater than condition of (b)when a = 3,b = —4,¢ = 3.
And 1&5 are two common fixed point of f&g.

THEOREM 2.5. Let f and g be weakly semi compatible self mappings of a com-
plete metric space(X, d)satisfy conditions (a) and (b).

If pair (f,g) is R-weakly commuting maps. Then f and g have common fixed
point inX .

PROOF. Step 1 of this theorem is same as theorem (2.1). Now from step 2,
since f and g are weak semi compatible mappings therefore limgfxz, = ft or
lim fgx, = gt.

Case 1- when lim gfx,, = ft. Since f(X) C ¢g(X) then there exist a point u € X
such that ft = gu. Since pair (f,g) is R— weakly commuting maps, this yields
d(gfxn, fgrn) < Rd(fxn,gx,). Now limiting n — oo we have

limd (fgzn,gfrn) <0
implies
lim fgx, =limgfz, = lim fgz, = ft.

Also equation (2.1) of theorem (2.1) yields ffz,+1 = fgx, = ftas n — co. Now,
by using (b), we have

d(ffon, fu) > ad(gfzn, gu) + bd (f frn, gfzn) + cd (fu, gu)

since ¢ > 1 and taking limit n — oo, we get fu = gu. Since pair (f,g)is
R—weakly commuting pair, this yields d(fgu,gfu) < Rd(fu,gu) this implies
fgu = gfuor fgu = gfu = ffu = ggu. Again, by (b), we have, d (ffu, fu) >
ad (gfu,gu) + bd (f fu,gfu) + cd(fu,gu). Since a > 1,this yields ffu = fu or
ffu=gfu= fu. Therefore fu is common fixed point of f and g.

Case 2-when lim fgx,, = gt. Since pair(f, g) is pair of R—weakly commuting map,
this yields d (g fzn, fgx,) < Rd (fzn, gz,).
Now limiting n — oo we have limd (fgx,, gfz,) < 0 implies

lim fgx, =limgfz, = limgfz, = gt.

Now by equation (2.1) of theorem (2.1), yields gfxn+1 = g9z, = gt as n — co.

Now by (b) we have d(fgzn, ft) > ad(ggzn,gt) + bd (fgrn, ggzn) + cd (ft, gt)
limiting » — oo when ¢ > 1 this yields ft = gt. Since pair (f,g) is R—weakly
commuting maps, this yields d (fgt, gft) < Rd (ft,gt) = d(fgt,gft) < O0or fgt =
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gft. Then fgt = gft = fft = ggt. Again, by (b), d(fft, ft) > ad(gft,gt) +
bd (fft,gft)+cd(ft,gt). Since a > 1, then it yields fft = ft. Or fft = gft = ft,
and so ft is common fixed point of f and g¢. O

EXAMPLE 2.5. Let 2,y € X (z > y) and X = [1, 10] and d be the usual metric
onX. Define f,g: X — X as follows
fr=1lifxe=1&xr>5and fr=6if 1 <z <5,
ge=1lifz=1gr=5ifl<z<b5and gr=cxifx >5.

If z, = 1, then lim fz, = lim gz, = 1. Also lim fgz, = limgfz, = 1.

But, when z, =1+ l/n,

lim {2, = land lim gz, = lim (1 + 1/n) —10r lim fx,, = lim gz, = 1

Moreover lim fgx,, = lim f (1 + 1/n) =6+#g(1)

And limgfz, =limg (1) =1 = f (1), therefore (f, g) are weakly semi compat-
ible maps. Moreover at x = 1,1 < & < 5 and = > 5 maps f&g satisfy R-weakly
commutativity, that is d (fgx,gfz) < Rd(fx,gz) when R > 0. Moreover pair
(f, g) satisfy equal to condition of (b)when z,y = 1.

Also, if fox = 6& gx =5 for x,y € (1,5] when a > 1,b = —2 & ¢ = 2, pair
(f, g) satisfies again equal to condition of (b). Now finally if fo =1 & gz = %)y for
x,y > 5. The left hand side of given inequality yields d (fz, fy) = |fx — fy] =0
and right hand side gives

ad (gz,gy) + bd (fz, gx) + cd (fy, gy)
3(x—y)—3(x—1)+ (y—1) = 1 —y (negative)

And therefore pair (f,g) satisfies greater than condition of (b) when a = 3,b =
—3&c = 2. Also 1 is a common fixed point off and g.
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