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MAPS IN A MENGER SPACE
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ABSTRACT. In this paper, we claim that the comment of Sastry et.al[2] on
a result of Servet Kutukcu and Sushil Sharmal[5] is not true by pointing out
their non observation of a condition in the hypothesis of the result. Further,
the results of [5] are generalized and supported by examples.

1. Introduction

Survet Kutukcu and Sushil Sharma ([5]) established results in complete Menger
space using compatibility of type(P-1) or of type (P-2). Recently Sastry et.al ([2])
claimed that the main result of the above authors is not valid by means of an ex-
ample. We observed that the space considered in their example is not a Menger
space. Further, we generalized the results of [5] and exhibited supporting examples
to our claims.

2. Preliminaries

We follow the standard definitions and results given in [3]. In fact, we mainly
use the following results in the subsequent sections.

Result 2.1 ([3]). Let {x,}(n =0,1,2,...) be a sequence in a Menger space
(X, F, %), where * is continuous and z*x > x for all z € [0,1]. If thereisa k € (0,1)
such that

Fopanis (k) 2 Fo, o, (u)
for all w > 0 and n € N, then {z,} is a Cauchy sequence in X.
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Result 2.2 ([4]). Let (X, F,*) be a Menger space. If there is a k € (0,1) such
that

Fyy(ku) 2 Fy oy (u)
for all z,y € X and u > 0, then y = =x.

3. Main Results

Now, we state below the Theorem of [5].

THEOREM 3.1 ([5], Theorem 1). Let A, B, P, Q, S and T be self mappings
on a complete Menger space (X, F,x) with continuous t-norm * such that wxu > u
for all u € [0,1](i.e, % is the min t-norm), satisfying:
(3.1.1) P(X)C ST(X) and Q(X) C AB(X),
(3.1.2) there is a k € (0,1) such that
Fpa,qy(ku) >
FaBa,sTy(u)* Fpe ABa(u) * Foy s7y(u) % Fpe sTy(u) * Foy a2 ((2—a)u)
forallz,y e X, u>0 and a € (0,2);
(3.1.3) either P or AB is continuous;
(3.1.4) the pairs {P, AB} and {Q, ST} are both compatibility of type(P-1) or of
type(P-2);
(3.1.5) AB = BA, ST =TS, PB = BP, QT = TQ.
Then A, B, P, Q, S and T have a unique common fixed point in X. O

Further, they deduced the following, by taking A = B = S = T = Ix(the
identity mapping on X) in the above Theorem.

COROLLARY 3.1 ([5], Corollary 1). Let P and Q be self mappings on a complete
Menger space (X, F,*) with continuous t-norm x such that uxwu > u for all u €
[0,1](i.e, * is the min t-norm). There is a k € (0,1) such that

Fpa,qy(ku) 2 Fypy(u) * Fpgo(u) * Foyy(u) * Fpey(au) * Foyo((2 — a)u)
forallz,y € X, u>0 and a € (0,2).

Then P and Q have a unique common fized point in X. O

Sastry et.al ([2]) claimed that the above Corollary and hence the corresponding
above Theorem are not valid in view of the following;:

ExaMPLE 3.1. ([2], Example 2.3) Let X = Z*(the set of all positive integers)
and the function F' be defined as follows; for any m,n € Z™*,

[ 0 ifu< max{m,n},
Frnn(u) = { 1 if u > max{m,n}.

P and Q are defined on Z* by P(n) =n+ 1 and Q(n) =1 for all n € ZT. And *
is as in the statement of the Theorem.
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They stated that, even though the conditions given in the Corollary are all
satisfied, P and ) have no common fixed point. So they imposed the condition
that the Menger space has to be strict(i.e. Fy ,(u) is strictly increasing in u). They
forgot that primarily (X, F, *) is a Menger space. For that

Fom(u)=1,Yu >0 and Ym € Z;
but in their example

Fii(u)=1% u>1(but not for all u>0).

So their (X, F, x) is not a Menger space.

Hence imposing the condition that the Menger space is to be strict need not
be necessary for the validity of the Theorem and Corollary under consideration.

REMARK 3.1. In fact, if we take

0 ifug|m—n]
Fonn (1) { 1 ifu>m-—n|,
then (X, F, x) is a Menger space.
For the same P and @, the inequality stated in the Theorem is not satisfied. So,
having a common fixed point for P and @ does not arise.

Now, we prove the following generalization of that Theorem & Corollary and
consequently our results generalized that of [5] and as well as [2].

THEOREM 3.2. Let A, B, P, Q, S and T be self mappings on a complete

Menger space (X, F,*) where % is the min t-norm and satisfying:

(3.2.1) P(X)C ST(X) and Q(X) C AB(X),

(3.2.2) thereis a k € (0,1) such that

Fp  (ku) >

FXPLBx,STy (u) *FFI’,ABI (u) *Fény,STy (’LL) *FP%STy (au) * FQy,ABx((2 - O[)U)
for all z,y € X, for all w > 0, for all « € (0,2) and for some positive
mteger m;
( ) either P(X) or Q(X) is a complete subspace of X;
(3.2.4) The pairs {Q, ST} and {P, AB} are weakly compatible;
( ) ST =TS and AB = BA;

(3.2.6) 7ether QT =TQ or QS = SQ” and "either AP = PA or BP = PB”.
Then A, B, P, Q, S and T have a unique common fixed point in X.

Proof: Let zp € X. By (3.2.1) there exist sequences {z,} and {y,} in X such
that

Pxyy = STxon11 = yon(say)

and Qxani1 = ABTon 12 = yonti1(say), for n=0,1,2,...
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Taking z = z2,(n > 1),y = Topy1, o« = 1 — ¢ with ¢ € (0,1) in (3.2.2) and
using the properties
Fan—lvy2n+1 ((1 + q)u) 2 Fy2n,—17y2n (u) * Fy2n7y2n+1 (qu)a
Fyy yon (au) =1 and Fyor 1 yom (u) > FyT;L,L,l,yzn (u),

we get that
Em (ku) = F)"

Yon Y2n+1 Yon—1,Y2n (u) * F:;Zn,yzn+1 (u) * Fys yonin (qu).

As t-norm is continuous and F is left continuous, as ¢ — 1 — 0, we get that
F?Eruy27L+1 (ku) 2 F?;Zlnfl)yzn (u) * F£7L7y2n+1 (’U,)

(ku) = Fypy s yan (W) % Fyypn, s ().
Similarly, taking @ = Zan 42,y = Tant1, = 1+ ¢ with ¢ € (0,1) in (3.2.2), we
get that

= F,

Y2n,Y2n+1

F

Y2n+1,Y2n+2 (ku) > Fy2n»y2n+l (u) * Fy2n+1 sY2n+2 (u)'

Thus for all positive integers n, we have

Fyynia (ku) = Fy,_, 4, (u) * Fyynia (u).
Consequently, Fy, 4, () > Fy, _, y, (k7'0) % Fy, . (k7 ).

By repeated application of the above inequality and using the associative property
of the t-norm, we get that

Fynvyn+1 (U) 2 Fyn_l,yn (kilu) * Fynvynﬁ—l (kilu)

for any positive integer .

Since Fy, 4., (k7'u) — 1 as | — oo (as k~'u — 0),
we get that

Fyn,yyn+1 (u) 2 Fyn—17yn(k71u)
that is Fy, .., (ku) > Fy,_, 4. (u), for all positive integer n.

Now, by Result (2.1), follows that {y,} is a Cauchy sequence in X. So, there is a
z € X such that y, — z as n — oo. Further, the subsequences {y2,} and {y2,41}
of {yn} are such that

Yon = Pxop = STTopt1 — 2

and  Yopt1 = QTany1 = ABxopio — 2, as n — 00

Case 1: Let P(X) be a complete subspace of X. So, follows that z € P(X).
Since P(X) C ST(X), there is a v € X such that STv = z.
Taking ¢ = 9,y = v and a = 1 in (3.2.2), we get that

Fopnqulku) = FZ o () S u(w) % FUGy () * Fyy, () % Fy,,, 2 (u).

Now, as n — oo,we get that

Flgo(ku) = FI (u) % FIg, (u) * Fllg, (u) * Fz qu(u) * Fr gu(u) = FIl, (u).

z
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By Result(2.2), we get that Qu =z = STw.
Since {Q, ST} is weakly compatible, follows that QSTv = STQu; i.e, Qz = STz.
Taking = 9,y = z and a« = 1 in (3.2.2), we get that

;Z,I,Qz(ku) 2 Fyn;n_l,ygn (U) * ;;Ln_l,Qz (U) *F(:?nz,Qz (u) *Fy2n—1»Qz (u) *Fy2n—17Qz (’LL)

Now, as n — oo,we get that
;TLQz(ku) 2 Fzrtlz(u) * ZLQz(u) * 1« FZsz(u) * FZ7QZ(U) 2 FZLQZ (U)

By the Result(2.2), we get that Qz = z = STz.

Suppose QT = TQ. So, we have QTz = TQz = Tz and since ST = TS,
STTz=TSTz="Tz.

Taking = za,,y =Tz and a = 1 in (3.2.2), we get that

F qrs(ku) >
F;Zn_l,STTz(U) * Fﬁn,y%,l (u) * FénTz,STTz (u) * Fy,, s772(1) * FQT2 45, (1)
i.e,

F;Zn,,TZ(ku) > Fz;zn_l,Tz (U) * F$n7y2n71 (u) * FTWZ,TZ (u) * Fyzn,TZ (’LL) * FTZgy2n—1 (u)

Now, as n — oco,we get that
Flp (ku) = Flp, (u) * FI7(u) % F7% p, (u) x Frorz(w) * Fre s (u) 2 F'po(u).

By the Result(2.2), we get that Tz = 2. = Sz =2. Thus Qz =Sz =Tz = z.

Similarly, if QS = SQ; taking ¢ = z9,,y = Sz and @ = 1 in (3.2.2) and
using the property ST = TS, we first get that Sz = z and then Tz = z. Thus
Qz=852=Tz =z

Since Q(X) C AB(X), there is a w € X such that ABw = z.

Taking * = w,y = xap+1 and a =1 in (3.2.2), we get that

F;nw,an+1 (ku) 2 an,lygn (u) * Flgnw,z(u) * Fy’n;n_'_l,yQH (u) * FPw7y2n (u) * Fy2n+1,z(u)'

Now, as n — co,we get that

Fgy o (ku) = F7 (u) * Fpp, (u) * F7 (u) % Fpu,2(u) * F 2 (u) 2 Fp, (u).

Follows Fpy, .(ku) > Fpy, ,(u) and this is true for all u > 0.
Hence, by Result (2.2), Pw = z. Thus ABw = Pw = z.
Since {P, AB} is weakly compatible, ABPw = PABw; i.e,ABz = Pz.

Similarly, by taking z = z,y = 2,41 and @ = 1 in (3.2.2),we get that
Fp, .(ku) > Fp, .(u) and this is true for all v > 0. = Pz = z. Thus ABz =
Pz =z

Suppose that AP = PA. Since AB = BA, we have PAz = APz = Az and
ABAz = AABz = Az.

Taking x = Az, y = x9,41 and a = 1 in (3.2.2), we get that
F;lnz,ygn_'_l (ku) 2 F.:Xlz,ygn (U) * F;lnz,AZ (u) * F"lj’;‘n_‘_l,yzn (u) * FAZ/!JQW, (U) * Fy2n+17AZ (u)
Now, as n — co,we get that
FL o(ku) 2 FYL L (u) * FIL a0 (u) 5 FT () % Faz 2 (u) x Fr a2 (u) 2 FYL L (u).

= Fa, ,(ku) > Fa, .(u) and this is true for all u > 0. So Az = 2.
Since AB = BA and ABz = z, follow that Bz = z. Thus Az = Bz = Pz = 2.
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Similarly, if BP = PB; taking x = Bz,y = %241 and a = 1 in (3.2.2) and
using the property AB = BA, we first get that Bz = 2z then Az = z. Thus
Az=Bz=Pz==z Hence, Az=Bz=Pz2=Qz=85Sz=Tz=z.

Case 2: Suppose Q(X) is complete subspace of X.

As in case 1, we first get that Az = Bz = Pz = z and then Qz = Sz =Tz = 2.
Hence,Az=Bz=Pz=Qz=52=Tz=z.

Uniqueness follows from the fact that, if 2’ is another common fixed point, then
we get that F, /(ku) > F, /(u) is true for all u > 0 and this is a contradiction.

Now, taking A = B = S = T = Ix in the above Theorem, we have the
following:

COROLLARY 3.2. Let P, Q be self mappings on a complete Menger space
(X, F, *) where % is a continuous triangular norm with uxu > u for all u € [0,1],
satisfying:

(3.2.) there is a constant k € (0,1) such that

for all x,y € X, for all w > 0, for all a € (0,2) and for some positive
integer m, and
(3.2.1i) either P(X) or Q(X) is a complete subspace of X.

Then P and @ have a unique common fized point in X.
K.P.R.Sastry et.al ([2]) proved the following:

THEOREM 3.3 ([2], Theorem 2.6). Let P, Q, R and C be self mappings on a
complete Menger space (X, F,*) where * is the min t-norm, satisfying:
(3.3.1) P(X) C R(X) and Q(X) C C(X),
(3.3.2) there is a k € (0,1) such that
pr7Qy(ku) Z FCa:,Ry (u) *FPx,C:c (U) *FQ%Ry (u) *prvRy(Qu) *FQ%C:C(QU)
for all z,y € X, for all u > 0, for all « € (0,2).
(3.3.3) either P or C is continuous;
(3.3.4) The pairs {P,C} and {Q, R} are both compatible of type (Py) or type (Pz)
Then P, Q, R and C' have a unique common fized point in X.

COROLLARY 3.3 ([2], Corollary 2.7). Let A, B, P, @, S and T be self mappings
of a complete strict Menger space (X, F,*) where % is the min t-norm, satisfying:
(3.31) P(X) CST(X) and Q(X) C AB(X),
(3.3.i1) there is a k € (0,1) such that

Fpe qy(ku) = Fapz sTy(u) * Fpe apz () * FQy 57y (u) * Fpe 57y (2u) * FQy A2 (2u)

forallz,ye X, u>0

(3.3.iii) either P or AB is continuous;

(3.3.1v) The pairs {P,ST} and {Q, AB} are both compatible of type (P1) or type
(P2)
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(3.3.v) AB=BA, ST=TS,PB=BP and TQ = QT.
Then A, B,P, Q, S and T have a unique common fixed point in X.

REMARK 3.2. (1.a) The inequality (3.1.2) of Theorem 3.1 is obtained by
taking m = 1 in our Theorem 3.2.

(1.b) The condition (3.1.3) of Theorem 3.1 is replaced by a realistic one in our
Theorem 3.2. In fact, the result can also be obtained if our condition is
replaced by their condition.

(1.c) The condition (3.1.4) of Theorem 3.1 is replaced by weaker conditions
given in (3.2.5) and (3.2.6) in our Theorem 3.2.

Hence, we can regard that our Theorem 3.2 is a generalization of their
Theorem [2].

(2) As the R.H.S in the inequality given in Theorem 3.2 of (3.2.2)(with m=1)
< the R.H.S of the inequality given in Corollary 3.3( Corollary 2.7 of
[2]), follow that our Theorem is generalization of the above Corollary
3.3(Corollary 2.7 of [2]).

(3) Denoting R = ST and C = AB in our Theorem 3.2., we can conclude
that our Theorem 3.2 is a generalization of Theorem 3.3(Theorem 2.6 of
[2]).

(4) In Theorem 3.3(Theorem 2.6 of [2]), they assumed that either P or C is
continuous. In example 3.2, we show that the result in valid even if they
are not continuous.

(5) As our Theorem is valid in a complete Menger space, it solves the open
problem 2.11 of [2]. ”Is the Theorem valid if (X, F, *) is not necessary
strict?”. (We proved in the affirmative).

We conclude our paper, with the following examples in support of our Theorem.
EXAMPLE 3.2. (X, F,«) is a Menger space, where X = [0,10) with the usual
metric and F : R — [0, 1] is defined by

U
F:c,y(u) =

u+ |z —yl
for all z,y € R, u > 0 and = is the min t-norm, i.e, a * b = min{a,b} for all
a,be0,1].
Let A, B, P, Q, S and T be the self maps on X, defined by
0 ifz<0,
A(x)—{ 2 ifz>09.
0 ifz <9,
P@){l if 2> 9.
Bx=Sr=Tx=xand Qz =0, for all z € X.
Then, clearly A, B, P, Q, S and T satisfy the hypothesis of Theorem(3.2) with
ke[ 1)C(0,1).
For, when x > 9,

At = ()" = ()"
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and

e = (—or—5) < (75)

So, in (3.2.2), L.H.S > R.H.S when { < 2, that is k > 1.
Clearly 0 is the unique common fixed point of A, B, P, @, S and T.

EXAMPLE 3.3. (X, F,x) is a Menger space, where X = [0,10) with the usual
metric and F : R — [0, 1] is defined by

u

F -
u+ |z -yl

zy(u) =
for all z,y € R, u > 0 and # is the min t-norm, i.e, a x b = min{a,b} for all
a,be0,1].

Let A, B, P, Q, S and T be the self maps on X, defined by

0 ifz<9,
P@){l if 2 > 9.

Ax:x%,Bx:Sm:Tx:xandezOforallxeX.

Then, clearly A, B, P, Q, S and T satisfy the hypothesis of Theorem(3.2) with
ke[3,1)C(0,1).

For, when x > 9,

and

u m u m
Fiseae) = (o) < (a59) -
So, in (3.2.2), L.H.S > R.H.S when % < 2, that is k > %
Clearly 0 is the unique common fixed point of A, B, P, ), S and T.

ExaMPLE 3.4. (R, F,x) is a Menger space, where R is the set of all reals with
usual metric and F' is as in example (3.1). Let A, B, P, @, S and T be self maps
on R defined by

0 ifx<2,
P@y_{l if & > 2.
0 ifx<2,
A) { z2 ifz>2.

Qr =0, Bt = Te = = and St = 22 for all z € R. It can be shows that
k€ [%, 1) € (0,1) serves the purpose and 0 is the unique common fixed point.
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