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SYMMETRIC BI-DERIVATIONS ON d-ALGEBRAS

Iskandar Nasirov and Damla Yilmaz

ABSTRACT. In this paper, we introduce the notions of symmetric bi-derivations
of d-algebras, along with the associated sets Kers(Y) and Fizs(Y). We inves-
tigate several of their properties and provide illustrative examples and coun-
terexamples to support our findings.

1. Introduction

Two important classes of logic algebras, BCK algebras and BCI algebras, were
introduced in 1960s [5], [6] and extensively investigated by many authors. It is
known that BCK-algebras form a proper subclass of BCI-algebras. One of the
generalizations of BCK-algebras, d-algebras, was presented by Neggers and Kim
[13]. The notions of d-subalgebra, d-ideal and some related concepts defined and
relations among them investigated by Neggers, Jun and Kim [14].

The notion of derivation was given by Posner who established two very striking
results on derivations in prime rings [17]. Many types of derivations on BCK-BCI-
algebras and d-algebras provide a field of study for many researchers (see [1], [2],
[3], [7], 8], [9], [19]). The notion of symmetric bi-derivation was introduced by
Maksa (see [11]). For symmetric bi-derivations on lattices, some types of algebras
and types of rings can refer to [4], [10], [12], [15], [16], [18], [20].

Based on the previous results, it is natural to ask whether it is possible to define
symmetric bi-derivations in d-algebras. This paper presents the notions of (1, r)-
symmetric bi-derivations and (r, l1)-symmetric bi-derivations on d-algebras. Some
different properties provided by symmetric bi-derivations are given with examples
and counterexamples.
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2. Preliminaries

In this section, we recall some definitions and properties that are usefull for
developing the our main results. For information used in this section, see [2], [8],
[13], [14].

DEFINITION 2.1. A non-empty set T = (T;%,0) of type (2,0) is called a d-
algebra if for all v,w € T the following conditions hold:

(H)v*xv=0

(2) 0xv=0

(3) v*w =0 and w*v =0 implies v = w.

DEFINITION 2.2. Suppose T = (Y;%,0) be a d-algebra and ) # ® C Y. If

vxw € ® whenever v,w € O, then ® is called a d-subalgebra of Y. Moreover, ® is
called a d-ideal of Y if it satisfies the following:

(1) v+we ®and w € & imply v e P
(2) v e ®and w e T imply v*w € P, that is, Px T C P.

LEMMA 2.1. If @ is a d-ideal of a d-algebra Y, then 0 € ®.

DEFINITION 2.3. Let Y be a d-algebra andv € Y. Define vxY = {v*w|w € T}.
If for anyv € T, v+ Y = {v,0}, then Y is called an edge d-algebra.

LEMMA 2.2. If T is an edge d-algebra, then v 0 =wv for anyv € Y.
LEMMA 2.3. If Y is an edge d-algebra, then (v (vxw))*w = 0 for allv,w € T.

REMARK 2.1. Let Y be a d-algebra and v,w € T. We write v Aw = w * (w*v).
Moreover, T is called a commutative d-algebra if v Aw =w A v for all v,w € T.

DEFINITION 2.4. Let T be a d-algebra. A map g : T — Y is a left-right
derivation (briefly, (I,r)-derivation) of T, if it satisfies g(v * w) = (g(v) xw) A (v *
g(w)) for all v,w € Y. If g satisfies g(v *x w) = (v * glw)) A (g(v) xw) for all
v,w € Y, then g is a right-left derivation (briefly, (r,l)-deriwation) of Y. If g is
both a (l,r)-derivation and (r,l)-derivation, then g is a derivation of Y.

3. Symmetric bi-derivations on d-algebras
DEFINITION 3.1. Let T be a d-algebra. A mapping A : T x T — T is called
symmetric if A(v,w) = A(w,v) holds for all v,w € Y.

DEFINITION 3.2. Let T be a d-algebra and 6 : T — Y be a mapping defined
by 6(v) = A(v,v). Then § is called the trace of A, where A : T x YT — T is a
symmetric mapping.

DEFINITION 3.3. Let T be a d-algebra and A : T x T — T be a symmetric
mapping. If A satisfies the identity

Alvxw,n) = (A(v,n) *w) A (vx Alw,n))
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for all v,w,n € T, then A is called left-right symmetric bi-derivation (briefly (I,r)-
symmetric bi-derivation). If A satisfies the identity

Avxw,n) = (v Alw,n)) A (Av, 1) *w)

for allv,w,n € T, then A is called right-left symmetric bi-derivation (briefly (r,l)-
symmetric bi-derivation). Moreover, A is symmetric bi-derivation if A is both
(L,r)-symmetric bi-derivation and (r,l)-symmetric bi-derivation. It is clear that the
definitions of (I,r)-symmetric bi-derivation and (r,l)-symmetric bi-derivation coin-
cide if T is commutative d-algebra.

The existence of the symmetric bi-derivations of d-algebras is showed by the
following examples.

EXAMPLE 3.1. Consider a commutative d-algebra T = {0,v,w} with the fol-
lowing Cayley table:

gle|lolo
c|lololc
o|lo|lole

(a,b) = (w,w) .

U7
0, otherwise

*
0
v
w
Define a mapping A : T x T — Y by
A(a,b) = {

Then it can be checked that A is a symmetric bi-derivation.

EXAMPLE 3.2. Let Y = {0,1,2,3,4,5} be a d-algebra in which the operation is
defined as follows:

DY x| W N OO
TN W N OO+
W= OO O N
W OO Ooo|w
[ B =) Hev) Nevl Nenl Naw] TSN
OO OO O O Ot

*
0
1
2
3
4
5
by

Define a map A: T x T = 7T

3, (vw)=(44)

Aw,w)=14 5 (v,w)=(55) .

0, otherwise
Although A is a (r,1)-symmetric bi-derivation, it is not a (I,r)-symmetric bi-derivation.
The reason is explained below:

A(4x0,4) = (4%xA(0,4)) A (A(4,4) x0)
= 4A3
3
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and
A(4x0,4) = (A(4,4)%0) A (4%A(0,4))
= 3AN4
2.

PROPOSITION 3.1. Let Y be a d-algebra and A be a (1,r)-symmetric bi-derivation
on Y. Then A(0,v) =0 for allv e T.

PRroOOF. For all v € T, we have

A0,0) = A(0*v,v)

= (A(0,v) *v) A (0% d(v))
(A(0,v) xv) A D
= 0% (0 (A(0,v) *v))
= 0.

O

The same result is achieved for (r,l)-symmetric bi-derivations when T is an
edge d-algebra.

PROPOSITION 3.2. Let T be an edge d-algebra and A be a (r,l)-symmetric bi-
derivation on Y. Thus A(0,v) =0 for allv e Y.

PROOF. Since A is a (r,])-symmetric bi-derivation, we have

A0,v) = A(0x*xv,v)
= (0%d(v)) A (A(0,v) xv)
= 0A(A(0,v) xv)
(A(0,v) xv) * ((A(0,v) xv) % 0)
(A(0,v) xv) * (A(0,v) *v)
0.

O

PROPOSITION 3.3. Let T be an edge d-algebra and A be a (r,l)-symmetric bi-
derivation on Y. Thus for all v,w,n €Y
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PrROOF. (1) Let v,w € T. Using Proposition 3.2, we have
Alv,w) = A(v*0,w)
= (v*xA(0,w)) A (A(v,w) *0)
= (v*x0)ANA(v,w)
= vAA(v,w).
(2) Since ¢ is the trace of A, the proof is obtained from (1).
(3) Let v,w € Y. By using (1) and Lemma 2.3, we get
Alv,w) = vAA(v,w)
= A(v,w)* (A(v,w) *v)
and
Alv,w) xv = (A(v,w) * (A(v,w) xv)) xv = 0.

Therefore, A(v,w) < v for all v,w € T.

(4) It can be easily obtained from (3).

(5) By using (4) and (2), we have 6(0) = 0A6(0) = 0. Hence, we get §(0(v)*v) =
5(0)=0forallveT.

(6) Let v,w,n € Y. Then, we get

Awxw,m) = (vxAw,n) A (Alv,n)
= (A(v,n) *xw) * ((A(v,n)

* W)
xw) * (v Alw,m)))
and
A(vxw,n) * (v Alw,n))
[(A(v,m) *w) = ((A(v,n) *w) * (v* Alw,n)))] * (v* Aw,n))
0.

Therefore, we get A(v *w,n) < v* A(w,n) for all v,w,n € T, as required.
(7) Let v,w € T. By using (1), we have

A(d(v),w) = d(v) ANA(d(v),w)
= A(S(v),w) * (A(6(v),w) * d(v))
and
A(S(v),w) ¥ 6(v) = (A(0(v),w) * (A(0(v),w) * 6(v))) * 6 (v)
= 0.
U

PROPOSITION 3.4. Let T be an edge d-algebra and A be a (I,r)-symmetric bi-
derivation on Y. Then, for all v,w,n e T

(1) A(v,w) = A(v,w) Av

(2) 6(v) =d(v) Av
(3) A(v*xw,n) < A(v,n) *w.
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PROOF. (1) Let v,w € Y. Using Proposition 3.1, we get
Alv,w) = A(v*0,w)

(A(v,w) *0) A (v* A(0,w))

= A(v,w)Av.

(2) Since ¢ is the trace of A, the proof is obtained from (1).
(3) Let v,w,n € Y. Hence, we get

A(vxw,n) = (Av,n)xw) A (v Alw,n))
= (vxAw,n) * (v Alw,n)) * (Av, ) *w))

and so
A(v*xw,n) * (A(v,n) *w)
= [(wxAw,n)) * ((v* Alw,n)) * (A(v,n) *w))] * (A(v,7) *w)
= 0.
It implies that A(v *w,n) < A(v,n) *w for all v,w,n € T. O

EXAMPLE 3.3. Let T = {0,v,w,n} be a d-algebra in which the operation is
defined as follows:

3|glc|o|*
ElEIc|OIO
glg|ooc
g|lo|c|o|E
S I=E=1E=1]

Let A: T x YT —=7T by

0, otherwise

Az, ) { v, (z,y)=(n.n)

It is easy to check that A is both a (I,r) symmetric bi-derivation and a (r,l) sym-
metric bi-derivation on Y. We remark that Y is not an edge d-algebra. On the other
hand, 5(n) =v£dmAn=vAn=w and A0,7) =0£ A0, An=0A7n=w.
Therefore, in Proposition 3.3 and Proposition 3.4 the condition of edge cannot be
omitted.

PROPOSITION 3.5. Let T be an edge d-algebra and A be a (r,1)-symmetric bi-
derivation on Y. If there exists v € T such that v < A(w,n) for allw,n € Y, then
v <w.

PROOF. Assume that there exists v € T such that v < A(w,n) for allw,n € Y.
By Proposition 3.3(1), we get v < A(w,n) * (A(w,n) *w) and v * w < (A(w,n) *
(A(w,n) *w)) * w which implies that v * w = 0. Thus, we have v < w. O

DEFINITION 3.4. Let Y be a d-algebra and B be a non-empty subset of Y. Then,

B is said to be A-invariant if
A(B,B) C B, where A(B,B) = { A(w1,ws2)| w1, w2 € B}.
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PROPOSITION 3.6. Let A be a (r,l)-symmetric bi-derivation of an edge d-algebra
Y. Then, every d-ideal B of T is A-invariant.

PRrROOF. Let n € A(B, B). Thus, we have n = A(wy,ws) for some wy,wy € B.
By Proposition 3.3(3), we get A(wy,ws) < wy and 80 A(wy,ws)*w; = 0. Since Bisa
d-ideal and wy € B, we have A(w1,ws) =1 € B. Thus, we obtain A(B,B) C B. O

DEFINITION 3.5. Let T be a d-algebra and A be a (L,r)-(or (r,0)-)symmetric
bi-derivation of Y. For a fixed element v € Y, we define a map §, : T — 1 by
dy(w) = A(v,w) for allw e Y.

THEOREM 3.1. Let T be a d-algebra and A be a (I,r)-(resp. (r,1)-)symmetric
bi-derivation of Y. Then, the map 6, defined in Definition 3.5 is a (I,r)-(resp.
(r,1)-) derivation of T for allv e Y.

ProOOF. For all w,n € T, we have

du(wxn) = A(v,w=*n)
(A(v,w) xn) A (w s Av, 7))
= (0u(w) xn) A (w*6u(n)).

O

DEFINITION 3.6. Let T be a d-algebra and A be a (L,r)-(or (r,1)-)symmetric
bi-derivation of T and § be the trace of A. We define a subset Kers(T) of T by
Kers(T) ={v € T|§(v) =0}.

THEOREM 3.2. Let Y be an edge d-algebra and A be a (I,r)-(or (1,1)-)symmetric
bi-derivation of T and 0 be the trace of A. Then Kers(Y) is a d-subalgebra of Y.

PRrROOF. Since §(0) = 0, we have 0 € Kers(T) and so Kers(Y) # 0. Let
v,w € Kers(Y). Thus, we have d(v) = d(w) = 0. By using the definition of
(Lir)-symmetric bi-derivation, we have

dvxw) = Alv*rw,v*w)
= (A, v*w)*w) A (v*Aw,v*w))
[((0(v) *w) A (U * A(v,w))) * W]
Alv * (A(w,v) *w) A (v *§(w)))]
= 0A[v* ((Aw,v) *w) Av]
= 0.
Therefore, Kers(T) is a d-subalgebra of T. O

EXAMPLE 3.4. T = {0,v,w,n} be a d-algebra in which the operation is defined
as follows:

3|elc|o|*
3I|elc|olo
ole|o|lole
s |ololole
olo|c|ols
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Define a map A: T x YT — T by

Alz.y) { () = (n,m)

0, otherwise

Then we can see that A is a both (r,0)- and (I,r)-symmetric bi-derivation and
Kers(T) = {0,v,w}. Since nxv € Kers(Y) and v € Kers(Y) but n ¢ Kers(Y),
we have Kers(T) is not a d-ideal.

THEOREM 3.3. Let A be a (r,l)-(resp. (l,r)-)symmetric bi-derivation of d-
algebra (resp. edge d-algebra) T and 0 be the trace of A. Ifv € T andw € Kers(Y),
then v Aw € Kers(T) (resp. wAv e Kers(Y)).

PROOF. Suppose that A is a (r,])-symmetric bi-derivation of Y. Let v € T
and w € Kers(Y). Then, we have §(w) = 0 and

SvAw) = AWAw,vAw)

AV Aw,w* (wWxv

(w*x A(vAw,w*v (A(w,v Aw) * (w *v))
(A(w,w * (w*v)) * (wW*v))

A
N
A((w * Alw,w *xv)) A (§(w) * (w*0))) * (w*v)]
A

)
)
(wx A(v Aw,w xv))
)
)

(
(w*x A(vAw,w*v
(

= (wWxAWWAw,wxv)) A0
0.
Therefore, we get v Aw € Kers(Y) for all v € T and w € Kers(Y). O

EXAMPLE 3.5. T = {0,v,w,n} be a d-algebra (not an edge d-algebra) in which
the operation is defined as follows:

I ||| *
SEESE RS E=1k=
Slg|olole
clo|lolols
olole ol

Define a map A: T x YT =T by

A(x,y) _ { m, (‘T7y) = (77777> )

0, otherwise

Then we can see that A is a both (r,0)- and (I,r)-symmetric bi-derivation. In the
conditions of Theorem 3.3 for (I,r)-symmetric bi-derivations, the edge condition
cannot be removed. Becausen € Y and w € Kers(Y) but wAn=mn¢ Kers(T).

DEFINITION 3.7. Let A be a (l,r)-(or (1,1)-) symmetric bi-derivation of a d-
algebra Y. For a fived elementn € T, we define a set Fiza(T) = {v € T| A(v,n) = v}.

PROPOSITION 3.7. Let A be a (I,r)-(or (r,l)-)symmetric bi-derivation on an
edge d-algebra Y. Then Fixa(Y) is a d-subalgebra of Y.
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PROOF. Since A(0,n) = 0, we get 0 € Fiza(T) and so Fiza(Y) # 0. Let
v,w € Fiza(T). Thus,

Alvxw,n) = (Av,n)*w) A (v Alw,n))
= (v*w)A(v*xw)
= vxw.
Therefore, v *w € Fiza(T) and so Fiza(Y) is a d-subalgebra of Y. O

EXAMPLE 3.6. T = {0,v,w,n} be a d-algebra in which the operation is defined
as follows:

IS || *
I(g|c|olo
I|E [
o|olc|ole
OO O O3

Define a map A: T x YT — 7T by

Az, y) :{ w, (z,y) € {(w,n),(n,w)} |

0, otherwise

Then we can see that A is a (r,l)-symmetric bi-derivation but it is not a (I,r)-
symmetric bi-derivation. Because

A xv,w) = (0 A(v,w)) A (Al w) xv) =nrw=w
and

A v,w) = (Al w) xv) A (0 Av,w)) = wxn =1.
Moreover, and Fiza(YT) = {0,w}. Since nxw € Fiza(Y) and w € Fiza(T) but
n ¢ Fiza(Y), we have Fiza(Y) is not a d-ideal.

PROPOSITION 3.8. Let A be a (I,r)-(or (r,l)-)symmetric bi-derivation on an
edge d-algebra Y. If v,w € Fiza(Y), then v Aw € Fiza(T).

PROOF. Let v,w € Fixa(Y). Hence, we get

AlvAw,m) = A(wx*(wxv),n)
= (A(w,n) * (w*v)) A (w* A(w*v,n))
= (wx(w*xv)A(w* ((A(w,n) xv) A (w* A(v,n))
= WAWA (W (wxv)A(w=xv)))
= (WAW)A@VAwW)

VA w.
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