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ALMOST PRIME IDEALS IN I'-SEMIRINGS
Hitesh Kumar Ranote

ABSTRACT. In this paper, we generalize the results of almost prime ideals in
a commutative ['—semiring which are analogues to the results of almost prime
ideals in commutative semirings. Further, we investigate the results regarding
k-ideals, k-closure and local I'—semirings. Finally, we prove a characterization
theorem for n-almost prime ideals in I'—semirings.

1. Introduction

The algebraic structure of a semiring, which is a common generalization of
a ring was first introduced by Vandiver [15] in 1934. But non-trivial examples of a
semiring appeared in the theory of commutative ideals of a ring studied by Dedekind
in the 19th century. Despite the great efforts of some mathematicians on semiring
theory in 1940, 1950 and early 1960, they were apparently not successful at drawing
the attention of mathematical society to consider semiring theory as a serious line
of mathematical research. Actually, it was in the late 1960 that semiring theory was
considered a more important topic for research when real applications were found
for semirings. Semirings are useful in the areas of theoretical computer science as
well as in the solutions of graph theory in particular for studying automata theory,
coding theory and formal languages. Semiring theory has many applications in
other branches. A natural example of a semiring that is not a ring is the set of
all non-negative integers under the usual addition and multiplication. In 1995,
Rao [8] first introduced the concept of a I'— semiring. The important reason for
the development of I'— semirings is a generalization of the results of rings, I'— rings,
semirings, semi-groups and ternary semirings. The set of all negative integers Z~
is not a semiring with respect to usual addition and multiplication, but Z~ forms
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a I'— semiring where I' = Z. However, the properties of ideals in semirings and
I'— semirings are somewhat different from the properties of the usual ring ideals.
In order to address these differences, the concept of k-ideals in a semiring was
introduced and considered by Torre [7] in 1965.

Bhatwadekar and Sharma [5] introduced the concept of almost prime ideals in
commutative rings with non-zero identity, which arises from the study of factor-
ization in Noetherian domains. Anderson and Smith [2] introduced the notion of
weakly prime ideals that arise from the study of factorization in commutative rings
with zero divisors. The concept of almost prime ideals over a commutative semiring
with identity is studied by Atani [3]. In this paper, we generalize these results in
almost prime ideals over a commutative I'— semiring with identity. Further, we
study the relationship between almost prime ideals and weakly prime ideals in I'—
semirings and provide several equivalent conditions for an ideal of a I'— semiring to
be almost prime, which are analogous to conditions for an ideal to be prime. This
study actually aims to generalize several findings about virtually prime ideals and
weakly prime ideals from commutative semirings to commutative I'— semirings.

2. Preliminaries

In this section, we examine some of the basic definitions and fundamental
concepts that are important to this paper. R represents a I'— semiring throughout
this paper.

DEFINITION 2.1.  [8] Let R and T’ be two additive commutative semigroups.
Then R is called a T'— semiring if there exists a mapping R X I' X R — R denoted
by xay for all z,y € R and o € T satisfying the following conditions:

(1) (z+y)az =zaz + yaz.
(2) z(a+ B)z = zaz + xfz.
(3) zaly+ z) = zay + zaz.
(4) (zay)Bz = za(yBz) for all x,y,z € R and a, B € T.

DEFINITION 2.2. [10] A T'— semiring R is said to have a zero element if
Oyvc=0=2a2v0 andx+0=2 =04z for allz € R and vy € T.

DEFINITION 2.3. [10] A T'— semiring R is said to have an identity element if
for all x € R, there exists a € ' such that lax = x = zal.

DEFINITION 2.4. [8] A T'— semiring R is said to be commutative if vy = yyx
for all z,y € R and for all v € T.

DEFINITION 2.5. [6] A T'— semiring R with a zero element is said to be right
(left) multiplicative cancellable if for all a,b,c € R and o € T' we have that a # 0,
aab = aac and baa = caa implies b = c.

DEFINITION 2.6. [10] An element x of a T'— semiring R is said to be multi-
plicative I'— idempotent if there exists v € I' such that x = xzyx. If every element
of R is multiplicative I'— idempotent then R is called multiplicative T'— idempotent
I'— semiring.
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DEFINITION 2.7. [6] A non empty subset I of R is said to be a left (right) ideal
of R if Iis sub semigroup of (R,+) and xay € I(yax € I) for ally € I,z € R and
a el If I is both a left and right ideal of R, then I is known to be an ideal of R.

DEFINITION 2.8. [6] An ideal I of a T— semiring R is called k-ideal if for
z,y € Rox+y el andy € I implies that x € 1.

DEFINITION 2.9. [11] A proper ideal M of a T'— semiring R is said to be
mazimal (resp. k-mazimal) ideal if there does not exist any other proper ideal (resp.
k-ideal) of R containing M properly.

DEFINITION 2.10. [6] Let R be a T'— semiring and J be an ideal of R. Then
the k-closure of J is denoted by cl(J) and defined by cl(J) ={x € R:x+j € J for
some j € J}.

DEFINITION 2.11. [6] Let R be a T'— semiring. An ideal P of R is a prime
ideal if for any two ideals A and B of R such that ATB C P implies that either
ACP orBCP.

DEFINITION 2.12. A I'— semiring R is said to be I'— semidomain if x,y € R
and o € T such that xay = 0, then either x =0 ory = 0.

REMARK 2.1. All through here, R will signify with “0” and “1” as zero and
identity element except if in any case expressed.

3. Almost prime ideals in a I'—semiring

In this section, we investigate the properties of almost prime ideals and
prove some results.

DEFINITION 3.1. Let R be a commutative I'— semiring. A proper ideal M of R
is said to be an n-almost prime (n > 2) ideal of R in which m € M orn € M and
a € T such that man € M — (MT)" M. In particular, the almost prime ideals
are just the 2-almost prime ideals.

EXAMPLE 3.1. Let R = (Z10,+10) be an additive commutative semigroup of
addition modulo 10 and T = {0,2,4}. Then R is a T'— semiring, since the function
RxT x R — R with (z,a,y) = (xay) usual under scalar multiplication of integers
is well defined and satisfied all the properties, where x,y € R,a € I'. Let M =
2710 =10,2,4,8} and let MT'M = {0,6}, then M — MT'M = {2,4,8}. As1,2€ R
and 4 € T such that 1.4.2 =8 € M — MI'M, where 2 € M. Therefore, M is an
almost prime ideal in R.

DEFINITION 3.2. [9] An ideal P of T'— semiring R is said to be a weakly prime
ideal if 0 # xzay € P, a € I" implies x € P ory € P.
Every prime ideal is weakly prime, but converse need not be true.

EXAMPLE 3.2. Let R = (Zg,+¢) be an additive commutative semigroup of ad-
dition modulo 6 and T' = {0,2,4}. Then R is a T'— semiring. If P = {0}, then it
is a weakly prime ideal by definition but it is not prime, since 1,3 € R and 2 € T’
such that 1.2.3 =0 € P, where neither 1 € P nor 3 € P
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DEFINITION 3.3. [6] Let R be a T'— semiring. An ideal J of R is said to be a

partitioning ideal (Q — ideal) if there exists a subset @ of R such that:
(1) R=U{g+J:q€@Q}.
(2) If 1,92 € Q, then (1 + J) N (g2 + J) # ¢ if and only if 1 = qo.

Let J be a Q-ideal of I'— semiring R and let R/J = {¢+ J : ¢ € Q}, then
R/J form a I'— semiring under the binary operations ®,® defined as follows:
((r+J)® (g2 +J)) = g3 + J, where g3 € Q is the unique element such that
g+@e+JCea+Jand (0 +J)©a® (g2 +J)) =qs+J, where g4 € Q is the
unique element such that qyage + J C g4 + J for all « € T'. This I'— semiring R/.J
is called the quotient I'— semiring of R by J [6].

LEMMA 3.1. [9] Let R be a I'— semiring.

(1) If an ideal of R is the union of two k-ideals, then it is equal to one of
them.

(2) Let J and K be ideals of R with J being a k-ideal and x € R. Then
(I:J)={reR:7TK CJ}, (0:x) and (J : z) are k-ideals of R.

THEOREM 3.1. Let R be a I'— semiring. Then every weakly prime k-ideal of R
is an almost prime ideal.

PrOOF. Let M be a weakly prime k-ideal of R. Assume that z,y € R and
a € I' such that zay € M — MT'M with « ¢ M. Obviously, MU (0: z) C (M : x).
Suppose z € (M : x). If zax # 0, then M is weakly prime, giving 2 € M. If
zax = 0, then we have z € (0 : ). Thus, M U (0 : ) = (M : x). Therefore by
Lemma 3.1 (i), either (M : ) = M or (M : z) = (0: z). Asy ¢ (0 : z) and
y € (M :z). Hence, y € M. O

THEOREM 3.2. [6] Let R be a commutative T'— semiring with zero element
and J be a Q-ideal in R. If a € Q and a + J is the zero in R/J, thena+ J = J.

THEOREM 3.3. Let R be a I'— semiring and J be a proper Q-ideal of R. Then
J is prime if and only if R/J is a T— semidomain.

PROOF. Let p be the unique element in Q such that p + J is the zero in R/J.
Let J be a prime ideal of R and p; + J and ps + J be elements of R/J in such
a way that (p1 +J) @ a ® (p2+J) = p+ J where p1,p2 € Q,a €. If p; € J,
then py € (p+J)N(p1 + J). Hence py +J = p+ J. Let p; ¢ J. Assume that
prape+J Cp+J,a €l sop+a=paps+bep+J=Jand gives praps € J for
some a,b € J. Since J is prime, py € J = p+ J . Therefore, ps € (p2+J)N(p+J)
and it follows that po+J = p+J. Hence, R/J is a I'— semidomain. Conversely, let
R/J be aI'— semidomain. Assume that z,y € R and «a € I" such that zay € J with
x ¢ J. Then by Theorem 3.2, we have zay € p+J andx ¢p+J =J. As Jis a
Q-ideal of R, then py,p2 € @ such that x+J C p1+J and y+J C pa+J. Therefore,
x=pi+iand y = ps+j for some i,j € J. Since z € p; +J and x ¢ p+J, we have
p1+J #p+J. It is easy to prove that zay € piaps + J. Let p3 be the unique
element in Q such that pyaps+J C ps+J. Since zay € (p+J)N(ps+J), we must
have p=ps and (p1 +J)©a® (p2+J)=p+J. Hencey € po+J=p+j=J,
as R/J is a I'— semidomain. Therefore, J is prime. t
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COROLLARY 3.1. Let R be a T'— semiring. Then {0} is prime if and only if R
is '— semidomain.

PRrROOF. It follows from Theorem 3.3, since {0} is a Q-ideal of R & R/{0} with

Q=R
O

DEFINITION 3.4. [6] Let R be a I'— semiring with non-zero identity. A non-
zero element x of R is said to be a semi-unit in R. If there exist r,s € R and
a, B €T such that 1 + rax = spx.

DEFINITION 3.5. [6] A T'— semiring R is said to be local T— semiring if and
only if R has a unique mazimal k-ideal.

Moreover, a is a semi-unit of R if and only if a lies outside each maximal k-ideal
of R ( [6], Lemma 4.9). Let I be a proper Q-ideal of a I'— semiring R, then there
exists a maximal k-ideal M of R with I C M ( [6], Theorem 4.4). The ideal {0}
is always weakly prime and hence almost prime by Theorem 3.1, but it is prime
if and only if R is a I'— semidomain by Corollary 3.1. Thus, weakly prime ideals
and almost prime ideals need not be prime ideals. Moreover, an idempotent ideal
I(I = ITI) is almost prime. We next give a non-trivial example of an almost prime
ideal which is not a prime.

EXAMPLE 3.3. Let (R, M) be a local T'— semiring with MT'M = 0. Let J be a
proper k-ideal of R such that 0 # zay € J,a € T'. Since MT'M = 0 and zay # 0,
either x or y does not lie in M. If x ¢ M, then x is a semi-unit. Thus, for some
r,s € R and o, 8 € T such that 1 + rax = spx. Therefore, (1 + rax)yy = (sfx)yy
implies that 1yy + (raz)yy = (spzx)yy. As J is a k-ideal of R, soy € J. Hence,
every proper k-ideal of J is weakly prime ideal and hence almost prime. While, if
J C M, J is not prime, since M is the unique prime k-ideal of R.

THEOREM 3.4. Let R be a I'— semiring. If J and K are k-ideals of R with
JI'K = JNK, then JTK is a k-ideal of R.

PrROOF. It is sufficient to show that JTK = cl(JTK). As, it is clear that
JI'K C c(JTK). We will now show the reverse inclusion. Assume that y €
c(JTK), then y 4+ j = k for some j, k € JTK. Therefore, ye JNK =JTK. O

THEOREM 3.5. Let J be a Q-ideal of R and M be a k-ideal of R such that
JCM. Then M/J={q+J:q€ MNQ} is a k-ideal of R/J.

PROOF. Let p be the unique element of Q such that p + J is the zero in R/J.
We first prove that p+J € M/J. Let v € M N Q such that z +J € M/J C R/J.
Then (x+J)®(p+J) = z+J where z+p+J C z+J implies that x+p+j =+ k
for some j,k € J. As M is a k-ideal of R, p € M N Q. Therefore, p+ J € M/J.
Let p1,p2 € M NQ such that py = pj + J,p2 = ph + J € M/J, then there exists
a unique element ps € Q) with p; + p2 = ps +J and p1 +p2 + J C ps + J. Thus,
p1+p2+1=p3+me M for some [, m € J. Hence, p3 € QN M, as M is a k-ideal
of R. Therefore, p1 + p2 € M/J. It is sufficient to prove that if r + J € R/J and
x+JeM/Jwherer € Qze MNQ, then (r+J)0ao(x+J)e M/J,aecl.
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There exists a unique element py € @ such that (r+J)0a®(x+J) =ps+J,a €T
and rar +J C pys+J so rax +a =ps +b € M for some a,b € J. Consequently,
ps € M NQ. Therefore, py +J € M/J. Thus, M/J is an ideal of R/J. Finally, let
y+JeM/Jand (y+J)@(z+J)=w+J € M/J where yw € MNQ,z € Q
andy+z+J Cw+J. Theny+z+c=w+de M for some ¢,d € J. Since M is
a k-ideal of R, thus w € M N Q. Therefore, w+ J € M/J. O

THEOREM 3.6. Let R be a I'— semiring. Then the following holds:.

(1) If I and J are k-ideals of R, then I + J is a k-ideal of R.
(2) An intersection of a family of k-ideals of R is a k-ideal.

PROOF. The proof is straightforward. O

THEOREM 3.7. Let J be a Q-ideal of R and M be an almost prime ideal of R
with J € M. If MTM is a k-ideal of R, then M/J is an almost prime ideal of
R/J.

PrOOF. By Theorem 3.5, M/J ={q+J:q € MNQ} is a k-ideal of R/J. By
Theorem 3.6, MT'M + J is a k-ideal of R. We first prove that (MT'M + J)/J =

(M/)T(M/J). Let z;,y; € M/J and a; € I such that Z = ijozjyj €

=1
(M/J)T(M/J). It is sufficient to prove that z;a,y; € (MTM +jJ)/J, for all
J( <j<n) AsJisa Q-ideal of R, z; = ¢; +J and y; = ¢} + J for some
qj, qg» € QN M. Then there is a unique element p € @) such that z;oy; = p+J
where qjozjq;—&—J C p+J. Consequently, qjaqu—i—l = p+k for some k,l € J. There-
fore, p € (MT'M+J)NQ and so zjo;y; € (MT'M+J)/J. Hence, (M/J)I'(M/J) C
(MTM+.J)/J. For the reverse inclusion, suppose that ¢+J € (MT'M~+J)/J, where

g€ (MTM+J)NQ. Then g = szozjijra for some z;,w; € M(1 < j<m)

Jj=1
and a € J. Since J is a Q-ideal of R and M is a k-ideal of R, then there exist

uj,v; € M N Q such that ¢ = Zujajvj + b, for some b € J,o; € I'. An inspec-

Jj=1
m

tion will show that ¢ + J = Z:(uJ +J)o0a; ©((v;+J) e (M/J)I(M/J). Let
j=1

my+J,me+J € R/J such that (m;+J)0a® (me+J) € (M/J)—(M/J)T(M/J),

where m1, ms € Q. Then there is a unique element ms € @ such that miamqo+J C

ms+J € M/J— (MTM + J)/J, so mg € M NQ. Hence, mamys € M and

miamg ¢ MT'M + J and then miamq ¢ MT'M. Hence, m; € M or my € M, as

M is an almost prime. Therefore, my +J € M/J or ma + J € M/J. O

DEFINITION 3.6. Let R be a I'— semiring and J be a Q-ideal of R. An element
x € R is called a zero divisor in R/J if there exists y € R— J and o € T such that
zay € J.

DEFINITION 3.7. An ideal J of a T'— semiring R is said to be an invertible ideal
if there is an ideal K of R such that JTK = R.
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Note that, if an ideal J of a I'— semiring R is invertible and JT'K = R, for
some ideal K of R, then K is unique and we denote that by J~'.

THEOREM 3.8. Let R be a I'— semiring and M be an n-almost prime Q-ideal
of R such that (MT)"~*M is a k-ideal. Then the following holds:

(1) If r € R is a zero dwisor in R/M then either r € M or ryT'M C
(ML)~ M.

(2) If for any ideal J of R, J C M and J consists of zero divisors on R/M,
then JD(MT)"~2M = (MT)"' M.

(3) If M is invertible, then M is a prime k-ideal of R.

ProOOF. (i) Let ras € M for some s € R — M and o € I'. Assume that
r ¢ M. As M is an n-almost prime, then ras € (MI)"" M. It is sufficient
to prove that ram € (MT)" 1M, for all m € M. Since every Q-ideal is a k-
ideal, so assume that m € M, then m + s ¢ M and ra(m + s) € M. Therefore,
ra(m + s) = ram +ras € (MT)""*M, as M is n-almost prime. It follows that,
ras € (MT)""'M, ram € (MT)""'M, since (MT)""1M is a k-ideal. Hence,
7TM C (MT)" M.

(ii) Let j € J and m € (MT)"2M. Tt is sufficient to show that jam €
(ML)~ M. Since j is a zero divisor in R/M, then by (i) either j € M or jTM C
(MT)"~'M. If j € M, then the result is obvious. Assume that jTM C (MT)"~1M.
Hence, jam € jL((MT)"=2M)) C jTM C (MT)"~'M, a € T.

(iii) Assume that n ¢ M and o € T such that man € M. If n € M, we
are done. So assume that n ¢ M, then m ¢ M and n ¢ M but man € M.
Thus, n is a zero divisor of R/M, then by (i), nM C (MT)"~1M. Since M is
invertible, nTMTN C ((MT)"~'M)T'N. Hence, RI'n C (MT)"~2M implies that
n € (MT)"~2M C M, which is a contradiction. Therefore, M is a prime k-ideal of
R. O

THEOREM 3.9. Let R be a local I'— semiring with a unique mazimal k-ideal M
and J be a Q-ideal of R such that MU'M C J C M and JU'J is a k-ideal. Then J
is an almost prime if and only if MTM = JT'J.

PROOF. Let J be an almost prime ideal. Since MT'M C J, then man €
MTM C J, for all m,n € M and « € I". Now, we will prove that man € JI'J. If
man ¢ JU'J, then J is an almost prime givesm € Jorn € J. Let m € J, thenn ¢ J
otherwise man € JI'J. As nan € MT'M C J, a € T, n is a zero divisor in R/J,
Then by Theorem 3.8, man € nI'J C JI'J, which is a contradiction. Therefore,
MT'M — JT'J. Conversely, suppose that MT'M = JI'J. Let m,n € R and a € T
such that man € J — JI'J. If m ¢ M, then it is a semi-unit in R, thus for some
r,s € R and 8,7 € T such that 14 rym = sfm. Hence, (1 + rym)an = (sfm)an
implies that lan + ryman = sfBman. Since J is a k-ideal, so n € J. Assume
that m,n € M and a € I'. In this case man € MI'M = JI'J, which is not true.
Therefore, J is almost prime. O

THEOREM 3.10. Let R be a commutative I'— semiring and x € R. Then
cl(RTaT'x) = cl(RTx)Tel(RTx). In particular, cl(RTx)Tel(RTx) is a k-ideal of R.
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PROOF. Let y € cl(RT'zI'z), then for some m,n € R and «, 3,7 € ' such that
y+mpBraxr = nyrax. Since mfrax, nyrar € cl(RT'z)I'(RT'z) C cl(RTz)Tcl(Rlx).
We have cl(RT'zT'z) C cl(RTx)T'cl(RTx). For the reverse inclusion, suppose that
k € cl(RT'z) and n € R such that | = nfkak € cl(RT'z)T'cl(RT'z). Then there are
elements u,v € R and a € I such that k + uax = vax so ndkvk + nékyuax +
nokyuazr+ndéuauyrar+noéuauyrar = névavyraxr+nducuyrax and ndkyuaxr+
ndkyuar+nduauyrar+ndvauyrar = ndvauwyrar+ndévauyzrar for some o, vy, 5 €
I'. Hence, nékyk+ndvauyrax+ndvauyrar = névavyrazr+nducuyraz for some
a,7,0 € I'. Therefore, x € cl(RT2lx). O

THEOREM 3.11. Let R be a cancellative I'— semiring and x € R. Then cl(RT'z)
is an almost prime if and only if cl(RTx) is a prime ideal of R.

PRrROOF. Let cl(RI'z) be almost prime and man € cl(RI'z) for some m,n € R
and o € T'. Assume that m ¢ cl(RT'z) and n ¢ cl(RT'z). Then cl(Rlz) is an
almost prime gives man € cl(RT'z)Tcl(RT'z), Thus, ma(n + x) € cl(RTx) and
m,n+x ¢ cl(Rlx), as it is a k-ideal of R. By Theorem 3.10, we have ma(n + z) €
cl(RTx)Tel(RTx) = cl(RTzl'x). Hence, max € cl(RTxlx), then for some k,l € R
and «, § € T" such that max + laxax = kfrax implies that m 4+ lax = kSx, which
is a contradiction. Thus, c/(RT'z) is a prime ideal of R. The converse is trivial. [

THEOREM 3.12. [9] Let Ry and Ry be T'y and Ty semirings respectively. If we
define:

(1) (z,9) + (z,w) = (z+ 2,y + w)
(2) (z,9)(, B)(2,w) = (zaz,ypw), for all (z,y), (2,w) € Ri xRz and (a, B) €
'y xT's. Then Ry X Ry is a I'y x I'y— semiring.

THEOREM 3.13. Let Ry and Ry be I' = T'y x I's— semirings. An ideal J of
R = Ry X Ry is an almost prime if and only if J satisfies one of the following
conditions:
(1) J = M; X Ry for some almost prime ideal My of Ry .
(2) J = Ry x My for some almost prime ideal My of Rs.
(3) J = My x My for some idempotent ideals My and Ms of Ry and Rs.

PROOF. Let M; be an ideal of Ry and M5 be an ideal of Ry such that J =
My x Ms is an almost prime ideal of R. So J # R. We prove this theorem in two
cases.
Case-I: Assume that My; = R,. It is sufficient to show that M; is an almost
prime ideal of R;. Let xay € My — M I'1 M, for some z,y € Ry, « € I'. Then
(x,)(e, B)(y,1) € (My — MiT'1My) x Ry = J — JI'J, a,p € T. Hence, J is an
almost prime gives either x € My or y € M;. Therefore, M; is an almost prime
ideal of R;. Similarly, if M; = Ry, then M5 is an almost prime ideal of Rs.
Case-II: Assume that My # R; and My # Re. If My # M T\ My, then = ¢
M;T1 M, for some x € M;. Thus (z,1)(«, 8)(1,0) = (zal,0) € J — JT'J = (M; —
erlMl) X MQ) U ((Ml X (M2 — MQFQMQ)), either 1 € M1 orl e MQ, which is
a contradiction. By a similar argument, we have My = MsI'M,. Conversely, let
M be an almost prime ideal of R; such that J = M; x Re. Now, we show that
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J is an almost prime ideal of R. Let (u1,us2),(v1,v2) € R and o, § € T such that
(uravy, ugfvg) € J — JI'J = (My — M T1 M) X Rs, so uyavy € My — MTy M.
Hence, M; is an almost prime gives either uy € M; or v; € M;. Therefore, either
(u1,u2) € J or (vy,v2) € J. Thus J is an almost prime. The similar reason is true
for J = Ry X My, where M> is an almost prime ideal of Ry. Finally, suppose that
J = My x My, where M, = M I'y My and My = MsI'sMy. Then J = JI'J. Hence
J is an almost prime. O

The characterizations of n-almost prime ideals are provided by the following
theorem.

THEOREM 3.14. Let R be a I'— semiring and M be a proper k-ideal of R, then
the following statements are equivalent:
(1) M is n-almost prime.
(2) Fore €e R— M, (M :2)=MU ((MD)" M : x).
(3) Forec e R—M, (M:x)=M or (M :z)=((MT)""'M : z).
(4) For an ideals J and K of R with JTK C M and JTK ¢ (MT)"~*M, then
JCM orKCM.

PrROOF. (i) implies (ii). Let m € (M : z) where x € R — M. Then max €
M,a € T. Assume that maz € (MT)""'M, then m € (MT)" M : z). If
max ¢ (MT)"~'M, then M is n-almost primes gives m € M. Thus, (M : z) C
MU ((MT)"=*M : x). For any ideal M, the reverse inclusion is true.

(ii) implies (iii). Follows from Lemma 3.1 (i).

(iii) implies (iv). Let J and K be two ideals of R such that JTK C .J. Suppose
J ¢ M and K ¢ M. Then there exists n € J — M such that n['K C M, so
K C (M :n), but K ¢ M. Then by (iii), we have (M : n) = (MT)""*M : n).
Therefore, K C ((MT)" M : n) implies that nI'K C ((MT)""'M : n). By
a similar way, z2I’K C (MT)""'M, for some z € K — M. Furthermore, naz €
(MD)"" M, for allm € JNM, 2 € KNM and o € I. Therefore, JTK C
(MF)"_lM which is a contradiction. Hence, J C M or K C M.

(iv) implies (i). Let m,n € R and a € T’ with man € M — (MT)""' M. Assume
that J = R['m and K = RT'n. Then JTK C M but JTK ¢ (MT)"~*M. By (iv),
either J C M or K C M. Thus, M is an n-almost prime ideal of R. [l
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