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A STUDY ON A HARMONIC UNIVALENT FUNCTIONS
IN TERMS OF Q DIFFERENCE OPERATOR

Adnan Canbulat, Fethiye Miige Sakar, and Bilal Seker

ABSTRACT. We introduce and investigate g-analogue of a new subclass of har-
monic univalent functions defined by subordination. We first obtained a co-
efficient characterization of these functions. We give necessary and sufficient
convolution conditions, distortion bounds, compactness and extreme points
for this subclass of harmonic univalent functions with negative coefficients.

1. Introduction

Let H denote the class of continuous complex-valued harmonic functions which
are harmonic in the open unit disk U = {z: 2 € C and |z| < 1} and let A be the
subclass of H consisting of functions which are analytic in U. A function harmonic
in U may be written as f = h + g, where h and g are analytic in U. We call the h
analytic part and g co-analytic part of f. A necessary and sufficient condition for
f to be locally univalent and sense-preserving in U is that |¢'(2)| < |h/(2)| (see [5]).
To this end, without loss of generality, we may write

(1.1) h(z)=z+ Z anz" and  g(z) = Z bp2".
n=2 n=1

Let HS denote the class of functions f = h + g which are harmonic, univalent
and sense-preserving in U for which h(0) = A (0) —1 = 0 = g(0). One shows easily
that the sense-preserving property implies that |b1| < 1. The subclass of consist
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of all functions in which have the additional property b; = 0. Clunie and Sheil-
Small [5] investigated the class HS as well as its geometric subclasses and obtained
some coefficient bounds. Since then, there have been several related papers on HS
and its subclasses [1], [8], [13], [14], [16], [19].

We recollect here the g-difference operator that was used in geometric function
theory and in several areas of science. We give basic definitions and properties about
the g-difference operator that are used in this study (for details see [4] and [10]).
For 0 < ¢ < 1, we defined the g-integer [n], by

n

l—gq

[n]q = 1—g

Notice that if ¢ — 17, than [n], = n.

In 1990, Ismail et. al. [9] used g-calculus, in the theory of analytic univalent

functions by defining a class of complex valued functions that are analytic on the

open unit disk U with the normalizations f(0) = 0, ' (0) = 1 and |f(q2)| < |f(2)]

for every ¢ € (0,1). Motivated by these authors, several researches used the theory

of analytic and harmonic univalent functions and g-calculus; for example see [1]

and [2]. The g-difference operator of analytic functions h and g given by (1.1) are
by definiton, given as follows [10]

(n=1,2,3,..).

Oyh(z) =

’

h(z)—h(qz
kel (5
h (0) ;2=0

and

’

g (0) ;2 =0.
Thus, for the function h and g of the form (1.1), we have

9(z)=9(ez) ., £0
9q9(2) = { (L0

Ogh(z) =1+ Z[n]qanz"_l
n=2

and
(1.2) 049(2) = Z[n]qbnz"_l.

Let fe HS, forv e Ng=NUO, N=1,23,...n>1land0<qg<1,

Dgf(z) = f(2) = h(z) + g(=

~—

(1.3) Dy f(2) = Dgh(z) — Dyg(2) = 204h(z) — 2049(2),
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Dy f(z) = Dgh(z) + (=1)"Dgg(2)

= 204(Dy ™ h(2)) + (=1)"204(Dg ™ g(2)),

where
Dyh(z) =z + Z[n]ganz”, Dyg(z) = Z[n]gbnz”
n=2 n=1

We note that

(i) limy,1- DY f(2) = D f(2) = 2+ Y, _,n"a,z"  for f€ S (see [15]).
(ii) img_1- Dy f(2) = D"h(2) + (=1)"Dvg(z) for f € HS,
where

DYh(z) =z+ Y . on’anz™ and DVg(z) =Y oo n’b,z"  (see [13]).

A harmonic function f = h 4+ g defined by (1.1) is said to be g-harmonic,
locally univalent and sense-preserving in U denoted by HJS,, if and only if the
second dilatation w, hards requirement

(%g(Z)
where 0 < ¢ < 1 and z € U. Note that as ¢ = 17, HS, reduces to family HS
(see [1] and [12]).

We also let the subclass T'H S, consist of harmonic functions f = h+g in HS,
so that h and g are the form

<1

(1.4) h(z)=z— Z lan|z"  and g(z) = (-1)" Z |bn]2".

We say that an analytic function f is subordinate to an analytic function F
and write f < F' if there are complex valued function w which maps U into oneself
with w(0) = 0 such that f(z) = F(w(z)).

Furthermore, if the function F is univalent in U, then we have the following
equivalence:

f(z) < F(2) & f(0)=F(0) and f(U)cC F(U).
Denote by HSy (), 6, A, B) the subclass of H.S, consisting of functions f of the
form (1) that satisfy the condition

Dyt f(z) 1+Az  _ 1+[A+(B- Az
WD) 3D + (1= wonps) V5B T~ 1+ Bz ’

where 0 <6< 1,0< A< 1,0<g<land —-B<A<B<KL
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Finally, we let THS}(\,0,A,B) = HS/(\,0,A, B)(NTHS,. By suitably spe-
cializing the parameters, the classes HSy (A, 9, A, B) reduces to the various sub-
classes of harmonic univalent functions given below:

* HS”(O §,A,B) = HS}(5,A, B) (see [19]),

* (‘1’(0 0,A4,B) =Sy (y q, A, B) (see [16]),

* Sg(() 0,4, B) = 5%(q, A, B) (see [16] and [18]),

*x HS}(0,0,A, B) = CHy(A, B) (see [16]),

*x HSY(0,0,(1+q)a—1,q) = H)(a) for 0 < a < 1 (see [12]),

* HSY(0,0,(1+q)a—1,q) = St (@) for 0 < a <1 (see [2]),

* HS}(0,0,(1+q)a—1,q) = qu(a) for 0 < a <1 (see [1]),

*x HSY(0,6,A,B) = SH(v,6,A, B) for ¢ — 17 (see [3]),

*x  HSY(0,0, A, B) SH(v,A,B) for ¢ — 1~ (see [8]),

* SS(O 0,A,B) = S3(A, B) for ¢ — 1~ (see [11] and [12]),

* HS(0,0,A B) CH(A,B) for ¢ — 1~ (see [8]),

*x HSY(0,0,(1+q)a—1,q) = H"(a) for 0 < a < 1 and ¢ — 17 (see [13]),

* HSP(0,0 ( ga—1,q) = Si(a) for 0 < a < 1 and ¢ — 17 (see [11]
and [14]),

* HS0,0,(14+qa—1,q) = Sg(a) for 0<a<1landq— 1" (see [11]
and [14]),

x HSY(0,0,—1,q) = H¥(0) for ¢ — 17 (see [13]),

* HSP(0,0,—1,q) = S} for g =17 (see [17]),

* HSl(O 0,—1,q) = Cqg for ¢ — 1~ (see [17]).

By techniques and methodology used by Dziok (see [6] and [7]), Dziok et al.
(see [8]), in this paper we find necessary and sufficient conditions, distortion bounds,
compactness and extreme points for the above defined class THS} (A, 6, A, B).

2. Main results

For functions f; and fo € HS, of the form

oo oo
(2.1) fi() =24 anz"+ > bajz (€U j=1,2),
n=2 n=1

we define the Hadamard product of f; and f5 by

(f1* f2)(z —z+Zan1an2z +an1bn22 (z €U).

Firstly we will give necessary and suﬂiment conditions for harmonic function

in HS/(X,0,A, B).
THEOREM 2.1. Let f € HS,. Then f € HS; (), 6, A, B) if and only if

Dif(2)xO(z¢) #0, (C€C,[(]=1,2z€U\{0}),
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where
oy (B=A)A=0)Cz+ (1= N{1+ (M —1)¢}e2?
O = a0
{2+ [A+ B+ (B-A)C—2M1+ (M - 1)¢}7 — (1 - ) {1+ (M - 1)¢} ¢2°}
(1-2)(1-qz) ’

where M =14+ A+ (B — A)d.

Proor. Let f € HS,;. Then f € HSY(X,0, A, B) if and only if (1.5) holds or
equivalently

(2.2)
Dyttf(2) 1+ (M -1)¢ _
vy ey R e (CeC ¢l =1,z U\{0)).
Now for
Dy () = Dyf )+ (72 + 75
and
lﬁﬂﬂ”:DU@”<aauwf‘uauwQ

the inequality (2.2) yields

(1+BODFT f(2) = {1+ (M = 1)CHADF T f(2) + (1 = \) Dy f(2)}

= DYh(z) * {(1+ BO = M1+ (M = )¢} rmpyir—gzy — (1= N1+ (M = )¢} 25 }
~(=1)"Dgg(x) * {1+ BO = M1+ (M = )¢} r=yfir—gzy + (1 = V{1 + (M - )¢} 25 }

=Dgf(2) *O(z¢) # 0,
where M =1+ A+ (B — A)d. O
Now we derive a sufficient coefficient bound for the class HS}' (), 6, A, B).

THEOREM 2.2. Let f be of the form (1.1). f —-B< A< B<1,0<d<1 and
0<A<1

(2.3) D (@nlan| + Unlbn]) < 2(B = A)(1 - 6),
n=1

where

(2.4) @, = [n]Y {[nlq(1 + B — AM) — (1 — \) M}

and
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(2.5) = [n]y {In]g(1+ B = AM) + (1 - A\)M},
where M = 1—|—A—|—( )(5 then f is harmonic, sense-preserving, locally univalent
in U and f € HS) (A, B).

PROOF. Since

[Dgh(2)| = 1= [n]glanl|z|"""
o [y {[n]g(1+ B — AM) — (1 - \)M}
> 1 ‘nz::z (B—A)(1-0) il

> i [n]y {[n]g(1+ B —AM) + (1 - A\)M}

(B—A)(1-0) i

- i [n]y {[nlg(1+ B —AM) + (1 = A\)M}

bn anl
2 (B=A)1-90) [bn |2
> [nlglball=" " > |Dag (=),
n=2

it follows that f € HS;. On the other hand, f € HS[ (A, 9, A, B) if and only if
there exists a complex valued function w; w(0) =0, |w(z)| <1 =z € U so that

Dyt f(z)  Muw(z)
AD{H f(z) + (1= N)Drf(2) 1+ Bu(z)

or equivalently

(1 =MDy f(2) — Dy f(2))
{B =AM} Dy f(2) = (1 = )M Dy f (=)

Substituting for Dyh(z) and D,g(z) in (2.6), we obtain

(2.6)

(1= (DY f(2) = Dy ()| — [{B = AM} Dy f(2) — (1 = NMD} £(2)|
SRS ot mq([ Hla = Danz" — (1 - A1) S5, [0l (g + 127
(B = A)(1—8)z + 522, [nly {In]yB — AM — (1— \)M} 42"
(1) 5 )y ) B — AM + (1~ \)M} 27|

<D ohly g—1 IanIIZ\"JrZ lg +D)bn|2]"

n=2

—(B—A)(1—5)+Zf:2[ﬂ]q{(3 AM)[nlg — (B = AM)} |ax||2["



A STUDY ON A HARMONIC UNIVALENT FUNCTIONS 7
+Z {(B = AM)[n]q + (B = AM)} [bn][2]"

M{Z‘I’ |an||2|" 1+Z‘I’ bl |2]" " — (B )(1—5)} <0,
WhereM:1+A+(B—A)5.

The harmonic function

(2.7) f(z) :Z+Z (B_ABI) n "—i—z (B - A 5)ynz",
=2

where

0o oo
Dolzal +) lyal =1
n=1 n=1

shows that the coefficient bound given by (2.3) is sharp. The functions of the form
(2.7) are in HS} (), 0, A, B) because

= D, v, >
2(2(B—A)(1—5)|a"+2(B—A)( y 1o |) > (] + lyal) = 1.

n=1

Next we show that the bound (2.3) is also necessary for THS[ (A, 0, A, B).

THEOREM 2.3. Let f = h+ g with h and g of the form (1.4). Then f €
THSY (A 6, A, B) if and only if the condition (2.3) holds.

ProOOF. From Theorem 2.2, we only need to show that f ¢ THS} (), 6, A, B) if
condition (2.3)does not hold. We note that a necessary and sufficient condition for
J = h+g given by (1.4) to be in THS} (), 0, A, B) is that the coefficient condition
(2.3) to be fulfilled. Equivalently, we must have

(1 =MDy f(2) — Dy f(2))

<1,
B —=AMD; ' f(2) = (1 = N)MD¥ f(z)
where M =14+ A+ (B — A)d. For z =r < 1, we get
(2.8)
=0 {E a1 (nlg=Dlan v~ 4552 ]} (nlg+ D) bn "1 } N

(B=A)(1=0)F25 5 [l {(B=AM)[nlq— (1= M Jlan 77— 1 =558 [n]7 {(B=AM)[nlg+(1=2)M} by [r7—T

If condition (2.3) does not hold, then condition (2.8) does not hold for r suffi-
ciently close to 1. Thus there exists zg = ro in (0,1) for which the quotient (2.8)
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is greater than 1. This contradicts the required condition for f € THSY (), 0, A, B)
and so the proof is complete.
d
THEOREM 2.4. Let f € THSY(X,0,A, B). Then for |z| =r <1 we have
(B—A)Y(1-6)—[2+ A+ B+ (B — A)d]|b] .2
Rl {{l+B-AM1+A+([B-A)}lq+(B—A)1-6)}

F2) < L+ foulyr +
and
B—-A)(1-6)—[24+ A+ B+ (B—-A)]|b
f(2)2(1—|b1|)7‘— ( )( ) [ ( ) ]| 1| T2
Rl {{1+B—-A1+A+(B—A)}q+ (B-A)(1-94)}

PRrROOF. We only proof the right hand inequality. The proof for the left hand
inequality is similiar and will be omitted. Let f € THS] (A4, A, B). Taking
absolute value of f we get

@) < @+ b))+ Y (lan] + [ba])r"
n=2

S A+ b + grrareamrarE-ana G- aa=a7 2enz(lan] + [ba))r"

(B—A)(1—6)—[2+ A+ B+ (B— A)||b ,

S G T B AT A4 (B Aa+ (B A1)

THEOREM 2.5. Set

hi(z) = z, hn(2) =2 — Wz", (n=2,3,...)
and
gn(2) =2+(—1)”W2”, (n=1,2,..).

Then f € THSY (X, 0, A, B) if and only if it can be expressed as

oo

[(2) = 3 @aha(2) + yuga(2),

n=1
where x, > 0, Y, = 0 and >0~ | (zn + yn) = 1. In particular, the extreme points
of THS} (X, 0, A, B) are {hy} and {gn}.

PROOF. Suppose

f(z) = Z(xnhn(z) + Yngn(2))

n=1

@y

n=2 n=1

= Z(wn—f—yn)z—z wxnzn_'_(_l)y Z W%E“.
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Then

> @ulanl + > Uplba| = (B - A)(1 -6 an (B—A)(1-0 Zyn
n=2 n=1

=(B-A)1 -6 -z)<(B-4)
and so f € THS[ (A, 0, A, B). Conversely, if f € THS] (A, 0, A, B), then
(1-

(B—A) (B—A)(1-9)
< -— 7 < -— ‘" 7
lan| < . and |br| < T, ,
b,
Tp = m‘an‘ (n = 2,3)
and
v,

Then note by Theorem 2.3, 0 < z, § 1 and 0<y, <1 (n=1,2,...). We define

oo 00
x1:1_2$n_zyn
n=2 n=1

and note that by Theorem 2.3, x; > 0. Consequently, we obtain

=Y (@nhn(2) + Yyngn(2))

n=1
as required.
U

Now we show that THSy (), 6, A, B) is closed under convex combinations of its
members.

THEOREM 2.6. The class THS[ (X, 0, A, B) is closed under convex combination.
ProOOF. For j =1,2,3,... let f; € THS; (), 6, A, B), where f; is given by
f](z) =Zz—- Z |a’n1 |zn + Z |bn1 |7"
n=2 n=1
Then by (2.3),
(Prlan,| +Wnlby,|) <2(B - A)(1-9).

1
0 < Aj < 1, convex combination of f; may be written as

o0

ZAjfj(z = Z ZM% (—1)”2 ZAj|bnj| 7.
: e

n=1 \j=1
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Then by (2.3),

STHE Y Nlan, |+ 2> Nlba, || = DX (D @alan, |+ Ualbs|
n=1 j=1 j=1 j=1 n=1
<2AB-A)1-63 A
j=1
=2(B—A)(1-19).
This is condition required by (2.3) and so Z]o; A;jfi(z) € THSY(A,0,A, B).

O
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