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APPLICATIONS OF SCHWARZ LEMMA FOR THE
CLASS M («, 6)

Biilent Nafi Ornek and Nurbanu Tugge Akca

ABSTRACT. We shall introduce the class of analytical functions known as
M (e, 0) and examine the various characteristics of the functions that belong
to this class.

1. Introduction
o0
Let S denote the class of functions h(z) = z + Y bp12PT! that are analytic
p=1

in the unit disk £ ={z : |z| < 1}. Also, let M (o, 0) be the subclass of S satisfying
the condition

(L.1) S (p+1+p+1—-20e7)) by <1—|1—2ae],
p=1

for some 0] < T,

following functions

and 0 < a < cosf. Let h(z) € M («,0) and think about the

—i0 ’
207" 1, f(2) = zh (z)7
f(2) h(z)
where f(z) =1+ baz + (2b3 — b%) 22+ (b% — 3bybs + 3b4) 254
Here, 9(z) is an analytic function in K and 9(0) = 2ae™* — 1. Now, let us
show that |¥(z)| < 1 for z € K. From the definition of ¥(z) and f(z), we have
20~ 2067 — f(2)  2ah(z) — 2l (2)
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106 ORNEK AND AKCA

If we substitute the value of the function h(z) and take its modulus, we obtain

) ) )
2c <z + 3 bp+12p+1> — etz (1 + > (p+ 1)bp+1zp>

p=1 p=1

9| = _
eifz (1 + > (p+ l)bp+1zp+1>

p=1

2067 — 14+ Y (2ae7 — (p+1)) byyq 2P
p=1

14+ Y (p+1)bpyqr2rtt
p=1

and

|1 — 20| + §1 lp+1—20e™| |bpg]|
p:

[9(2)] < ES
1=3 (p+1)[bpt]
p=1
From (1.1), we have
oo
|1 — 2ozefw| <1- Z (p—|— 1+ |p—|— 1-— 2aeii9|) |bpt1] -
p=1

If we use this expression in the above inequality, we find that |9(2)| < 1 for |z] < 1.

In this study, we will determine an upper bound for the second coefficient in
the Taylor expansion of the function h(z). In other words, we will find a value that
bounds this coefficient from above. Additionally, considering the non-zero zeros of
the function 1— ZZES)7 we will establish a different upper bound for this coefficient.

Now, let us consider the function.
Hz)— 0
1—3(0)¥(2)
Here, w(z) is an analytic function, w(0) = 0 and |w(z)| < 1 for z € K. Thus, the

function w(z) satisfies the conditions of the Schwarz lemma ( [5], p.329). Applying
the Schwarz lemma, we obtain

, 19/(0)
w'(0)]| = ————
WO = T

Also, we have [9(0)| = |2ac — €| and [¢'(0)| = 2a|f’(0)]. Therefore, we obtain
2a|f(0)]

1— 200 —ei®)?

<1

X

and
1-— |20¢fei9|2
!
{ —
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Since 1 — |20z—ei9|2 =1- (4a® —4dacosf+1) = dacosf — 40 = 4o (cos b — )
and |f/(0)] = |ba|, we take
|ba] < 2(cosh —a).

LEMMA 1.1. If h € M (a,0), then we have the inequality
|ba] < 2(cosh —a).

Now let us consider the following function, taking into account the non-zero
zeros of the function 1 — %S%
w(z)

O(z) = ———.

n
H Z—C;
1—¢c;z
i=1 ‘

Since w(z) function satisfies the conditions of the Schwarz lemma, we obtain
@(Z) _ 9 (z)—39(0) 1
1-9(0)9(2) 1—1 z-cy
i=1

T—¢;=2

N —2o¢67i9(b2z+(2b3—b§)z2+...) 1
o 1+bgz+(2b37b§)22+...7|172a619|2+(2o¢ei971)(b22+(2b37b§)z2+...) ﬁ z—c; ’
1-¢c;=z
i=1 v
O(z) _ 720&6719(b2+(2b37bg)z+...) 1
z 14by2+(2b5—b3)22+...— [1—20ei0|* +(2cei? —1) (ba 2+ (2b3—b3)22+...) 1 z=c;

20é|b2|
(1 —1- 2aei9\2) IT leil
i=1

|w'(0)] = <1

and
(1 -|1- 2aei0|2> ﬁ il
i=1

ba| <
|2| 2

=2(cosl — ) H lei] -
i=1

We thus obtain the following lemma.

LEMMA 1.2. Leth € M (a,0) and ¢y, ca, ..., ¢y, be zeros of the function 1— Z,};Eg)

in D that are different from zero. Then we have the inequality

|ba| < 2(cosf —a) [] lel -
i=1

A stronger upper bound for the coefficient by is achieved according to this

lemma when the zeros of the function 1 — Z}ZS) are taken into account. These two

lemmas are also derived from analytical functions within the unit disc.
To analyse the behaviour of the derivative of this function at the boundary of
the unit disc, the following lemma is required [10,15].
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LEMMA 1.3. Let g(z) be an analytic function in IC, g(0) = 0 and |g(2)| < 1 for
z € K. If g(z) extends continuously to boundary point 1 € OK = {z : |z| = 1}, and
if lg(1)] =1 and ¢g'(1) exists, then

2
1.2 g > ———
(1.2 90> o
and
(1.3) lg'(1)] > 1.
Moreover, the equality in (1.2) holds if and only if
z—T
9(2) = Zl —TZ

for some T € (—1,0]. Also, the equality in (1.3) holds if and only if g(z) = ze®.

Inequality (1.5) and its generalizations have significant applications in the geo-
metric theory of functions, and they remain active topics in the mathematics liter-
ature [1-4,6-13].

The following lemma, known as the Julia-Wolff lemma, is needed in the sequel
(see, [14]).

LEMMA 1.4 (Julia-Wolff lemma). Let g be an analytic function in K, g(0) =0
and g(K) C K. If, in addition, the function g has an angular limit g(1) at 1 € OK,
lg(1)| = 1, then the angular derivative ¢’ (1) exists and 1 < |¢'(1)| < oo.

COROLLARY 1.1. The analytic function g has a finite angular derivative ¢'(1)
if and only if ¢’ has the finite angular limit ¢’(1) at 1 € OK.

2. Main results

In this section, we discuss various versions of the boundary Schwarz lemma for
the class M (v, 0) class. Furthermore, we have obtained estimates for the modu-
lus of the angular derivative within a class of analytic functions on the unit disc,
assuming the existence of an angular limit at a boundary point.

THEOREM 2.1. Let h € M («, ). Assume that, for 1 € 0K, h has an angular
limit h(1) at the points 1, h'(1) = =2-h(1). Then we have the inequality

cos 6

() Jorze
P . L
e w((j) ~9(z) —9(0) 9(2) = 2000~ 1, f(e) = zh'(2)
C1-00w() T fle) 7 ©h(z)
If we take the derivative of the function w(z), we get
2
w'(z) = _1=POF _ﬂ(O)' 50" (2).
(1 0 ﬁ(z))
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Also, since B'(1) = Z25h(1), ¥(0) = 2ae™ =1, ¥(1) = e~ we have |w(1)| =

1. Therefore, w(z) function satisfies the conditions of Lemma 1.3. That is,

W90 1—[2ae~# —1)?
‘1_ 19(1)’ \1—(204619—1)6*2“” \f( )|
4o (cosb — ) |f’(1)| 2cos? 6 )]
(2a—20059) (000;9) " cosf—a .
Thus, we obtain
) s 0@
7] 2cos2 0
and
W@\ | cost—a
h(z) ) ._, 2cos26

O

The inequality (2.1) can be strengthened from below by taking into account,

by = hl;(o), the second coefficient of the expansion of the function h(z) = z+byz? +

THEOREM 2.2. Under the same assumptions as in Theorem 2.1, we have

2h(2) ! 1 2((:050—&)2
= ‘(fmz>>z_1 7 0s202(cos0—a) + b

PROOF. Let the function w(z) be as given above. From the Lemma 1.3, we
obtain

2 2cos? 6
— < W) = ——f'(1)].
oy SO = g )
Since
bs|
ol |
' (O)] 2(cosf — )’
we take
2 2cos? 6
14 o2l = cosh—a 7l
+ 2(cos 0—av)
and

1 2 (cosf — a)?
cos20 2 (cosf — o) + |ba|”

(W] =

O

The inequality (2.2) can be strengthened as below by taking into account bg =

w which is the coefficient in the expansion of the function h(z) = z + byz? +

bgz3 + ...
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THEOREM 2.3. Let h € M (a,0). Assume that, for 1 € OK, h has an angular
limit h(1) at the points 1, h'(1) = =25 h(1). Then we have the inequality
(2.3)

2l (2) )/
>
‘( h(Z) z=1
PROOF. Let the function w(z) be as given above and d(z) = z. By the maxi-
|

mum principle, for each z € K, we have the inequality |w(z)| < |d(2)|. Therefore,
we take

cosf — <1+ 2(2(cosf — a) — |ba])? )
2cos? 6 4(cosf — a)® — |b2|* + |2 (2b3 — b2) (cos @ — o) — bZeif| )

-~ w(z) l 9(z) — 9(0)
= e T (1 —Wﬂ(z))
o —20e" (bgz + (2b3 — b2)22 + )
T Z14boz4 (2b3 —b2)22 + .. — |1 — 2aei|? 4 (2aei® — 1) (boz + (265 — b2)22 + ...)

—2ae— 10 (bg + (2b3 — b2)z + )
14 boz + (2b3 — b2)22 + ... — |1 — 2aeif|? + (20ei® — 1) (baz + (2b3 — b2)22 + ...)

is an analytic function in K and |¢(z)| < 1 for z € K. In particular, we have

20(“)2‘ |b2|
2.4 $(0)] = =
(2.4) O = T aeiP = Teos6—a)

<1

and , -
2 (2bg — b3) (cos — o) — bse’
|9/ (0)] = ’ ( 3 2) 2) 2 ’
4 (cosf — «)
The auxiliary function
z)—¢(0
o) 9= 600
1—¢(0)¢(2)
is analytic in K, ¢(0) = 0, |p(z)] < 1 for |z] < 1 and |p(1)] = 1 for 1 € IK.

Moreover, since the expression 1;”(1()1 ) is a real number greater than or equal to 1

(see [3]) and A'(1) = =2 h(1) yields |w(1)] = 1, we take

cos

Lw'(1) _|1lw'(@)| _ w
w(1) _’ w(1) ‘_| (D]
From Lemma 1.3, we obtain
2 / 1- o)
T S OI=———"— ¢
o 1110(0)] ‘w’(l) B w(l)d’(l)‘
S o1-1e0)] [ d(1) (1)
_ 14100 ‘w(l) ' ‘w’(l) - d’(1)’
1—16(0)] [d(1) | |w(@) d(1)
< PO vl - e
~ 2(cosf — o) + |by] 2cos20 .,
~ 2(cos—a) — Ibzl <cos€ -« W= 1) :
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Since
|2(2b3—b3 ) (cos O —a)—b3e™®
GO = POl T irap
1—16(0) ol \?
|¢( )| 1- (2(c0520—a)
B |2 (2b3 — b3) (cosf — o) — b3e™|
4(cosh — a)® — |by|? ’
we obtain
2 2(cos 0— oc)-Hbzl (2cos 0 / | 1)
1+\2(253 b3)(cos 0—a)—b2et?] X 2(cos 0—a)—[ba] \ cosf—a ’
4(cos 0—a)2— |52\2
2(2(cos #—a)—|b2])? 2cos2 6 _
4(cos 0— a)2 [ba] +|2(2b3 bz)(cose a)— b2619| S cos 0—a |f( )| 1
and
/ cosf—a 2(2(0039—00_“72‘)2
‘f( ) Z 2cos20 (1 + 4((:05904)2|b22+|2(2b3b§)(cos«9a)b%ei9|) ’ o

If1- h ) have zeros different from z = 0, taking into account these zeros, the

( )
inequality (2.3) can be strengthened in another way. This is given by the following
Theorem.

THEOREM 2.4. Let h € M («,0) and c1,ca, ..., ¢y, be zeros of the function 1 —
Z,}ZL(S) in KC that are different from zero. Assume that, for 1 € 0K, h has an angular

limit h(1) at the points 1, h'(1) = =25 h(1). Then we have the inequality
zh/(2) !
’( h(z) )z:1

_|_

> cosf—a <1+ Z I—]el? (2 5)
Z 2cos?26 [1—c;]? ’
n 2
(2<cosefa> Tl lci|-1p21)
_ > — i=1
(((2(c0597o¢))i];[1|ci|> *\52|2)+i1;[1|ci‘

nooq_ e |2 )
2(cos 6 —av) (2b37b§+bz > ”%)717%619
i

i=1

PROOF. Let the function w(z) be as given above and ¢y, g, ..., ¢, be zeros of

the function 1 — ZZ(() in KC that are different from zero. Also, consider the function

n
Zci
=z
H 1—7¢;z
By the maximum principle for each z € IC, we have

[w(z)| <[T(2)].

Consider the function
s(z) = w2 = ( 9(2)—0(0) ) 1
T(z) 1=9(0)9(=) ), {] =

i=1 Y

- —20¢67i9(b2z+(2b3—b§)z2+...) 1
T 14boz+(2b5—b32) 22 4. —[1—-2aei®|*+(2ae?® — 1) (bo 2+ (2b5 —b3) 22 +...) , ﬁ r—c;
1-¢c;z
i=1 B
_ —20e™" (ba+(2b3—b3)2+...) 1
T 14baz+(205—b3)22+...—[1—20ei0|? +(2aei? —1) by 2+ (2b3—b3) 22 +...) =
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In particular, we have
2 1

s(0)] =

2(cosf —a) &

and
‘2 (cosf — a) (2[)3 — b3+ by ; I_CCZQ) — b2et?
(0] = — -
4 (cos — )" I] |eil
i=1
The auxiliary function
s(z) — 5(0)

re)=m ——
(2) 1 —5(0)s(z)
is analytic in IC, |r(z)| < 1 for |z| < 1 and r(0) = 0. For 1 € 9K, we take |r(1)] = 1.

From Lemma 1.3, we obtain

2y e Lo
I P T
L+ sO) oy
< ‘8(0)‘(|w (L) =Y (1)])
It can be seen that 1(0)]
oy — 15 O]
r'(0)] = 1500

and

2 no1-|e|? 2_i6
2(cos 0—a) | 2b3—ba+by 3. —rH— | —bje’
i=1 K
n
4(cos 0—a)2 [] ‘L1|
i=1

7 (0) = 2
1

% :
2(cos 0 —a n
el

n 2 )
2(00397a)<263 b3+bo Z #)7@619

- il;ll e (((Z(COS 0—a)) il;ll\ci\) *|b2|2>

Also,we have
=1+ Z |cl € K.

Therefore, we obtain

2
2(cos 2 2o 1-|eq]? 2.0
n (cos§—a) | 2b3—bZ+by > — ) —b3e
1+_H leil ,,j:l P :
i=1 ((<2<cose—a>>_nllci\> *|b2\2)
i=

N

2(cos f—a) il;ll\ci\ﬂbﬂ <2CO520 () =1 — Z 1- |C‘L|2>
[ ’

n 3 —
2(cos 0—a) ] les|—|ba] \ 3072
i=1
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n 2
<2(c050—a) I \ci|—|b2\>
((cxtcoso-an 11 |ci\) —|bz|2)+ [ fei
2 cos? @ 1 ‘Ct‘
\Cosea‘f()‘ leC‘Q

and so, we get inequahty (2.5). O

2(cos 6— a)<2b3 b24bs f; M)—bgew

o0
The relationship between the coefficients by and bg in the h(z) = 24 > byy12P T
p=1
function’s Maclaurin expansion is demonstrated in the following theorem.

THEOREM 2.5. Let h € M (a,0), 1— zgég) has no zeros in K except z =0 and
ba > 0. Then we have the inequality

(2.6) |2 (203 — b3) (cosd — o) — bgew! <4

(cosf — ) by In (2((:0:);—a)> ' '

PrOOF. Let by > 0 in the expression of the function h(z). Having in mind
(Z)
2)

the inequality (2.4) and the function 1 — has no zeros in K except z = 0, we

denote by In ¢(z) the analytic branch of the logarithm normed by the condition

In ¢(0) = In (2@(););_0[)) <0.

Ing¢(2) —Ing(0
(o) - () = ln6(0)
In ¢(2) + In¢(0)
is analytic in the unit disc K, |¢(2)| < 1 for z € K, ¢(0) = 0.
By Schwarz lemma, we obtain

The auxiliary function

’ [21n ¢(0)] ¢ (0) ‘
1 > |d(0)]=
z ol ‘1n¢(0)+1n¢(0)‘2 #(0)
- ¢’(0)’
2In¢(0) | $(0) |
|2(2b3—b§)(0059—a)_b§€i9
4(cos f—a)?

B b b
2In (2(0052«9704) ) 2(005207(1)

and

|2 (2b3 — b3) (cosf — @) — b%ei9| <4

(cos @ — @) by In (2(cosb;oz)> ’ '
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