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PADOVAN POLYNOMIALS MATRIX

Orhan Digkaya and Hamza Menken

ABSTRACT. In this paper, we explore the Padovan numbers and polynomials,
and define the Padovan polynomials matrix. We obtain its Binet-like formula
and a sum formula. Subsequently, we derive the Padovan polynomials matrix
series. Additionally, we establish the generating and exponential generating
functions for the Padovan polynomials matrix.

1. Introduction

Special number sequences play an important role in mathematics and the ap-
plied sciences. Moreover, some special number sequences, such as Fibonacci, Lu-
cas, Pell, Jacobsthal, Padovan and Perrin sequences have many applications in art,
music, photography, architecture, painting, engineering, geometryi, and others. Al-
most all applications are related to the golden and plastic ratios. It is well-known
that the golden ratio is defined as the limit of the ratio of two consecutive Fibonacci
numbers, and equals to

1+5
2

~ 1.618034.

It finds applications in engineering, physics, architecture, arts, and more. Similarly,
the ratio of two consecutive Padovan or Perrin numbers approaches

1 1 /23 41 1 [23
Sy s = oy~ 13241
\/2+6 3+\/2 6\ 3 & 13HIS,

which is called the plastic ratio. The plastic ratio is discovered by Dom Hans
van der Laan (1904-1991) in 1928 shortly after he had abandoned his architectural
studies, differs from ratios like the golden ratio in several fundamental ways. He
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described applications to architecture and illustrated the use of the plastic number
in many buildings. Furthermore, the plastic number is the unique real root of the
characteristic equation of the Padovan numbers sequence

t—t—1=0.
If its roots are denoted by «, 8 and  then the following equalities can be derived
at+pf+y=0,

af+ay+pfy=—1,
afy=1.

More information for Padovan numbers is available in [2-5,17-19,22], and for the
plastic constant in [6,15,24].
Kili¢ and Stanica [11] considered k sequences of generalized order—k linear re-
currences with arbitrary initial conditions and coefficients, and they gave their
generalized Binet formulae and generating functions. They also obtained a new
matrix method to derive explicit formulas for the sums of terms of the k sequences.
We note that the Padovan sequence and its generalizations can be derived with a
generalized k—order linear recurrence sequence G, — 2521 Gn—; = 0. Here, we
only focus on the Padovan numbers.
The Padovan sequence {P,}, -, is defined by the third order recurrence

Pn+3:Pn+1+Pn

with the initial conditions Py = 1, P, = 0 and P, = 1. The first few values of this
sequence are given as follows

n|-2[-110]1|2|3[4|5|6|7(8[9]|10]11|12]13
P,lO|O0O 1|01 ]|1]1|2|2[3|4|5| 7|9 ]12]|16

Moreover, the Binet-like formula for the Padovan sequence is

(L.1) P, =aa™ + 06" + A"
where,
B By +1 b ay+1 . af+1
(a=B)a—7) (B—a)(B—=") (v—a)(vy—B)
From [17,22], the following relations are valid
(12) P, 3= Py% - Pn+1Pn717
(13) Pn - P?n—lpn—m + P7n+1Pn—’rn+1 + P7rLPrL—m+2-

In [17], the Padovan numbers have the @) p—matrix

Qr =

—_ o O
=
O = O



PADOVAN POLYNOMIALS MATRIX 501

such that

Pn—S Pn—l Pn—2
eré = P, P, P,
Pnfl Pn+1 Pn

By using (1.2) and (1.3), the determinant of the Padovan matrix above gives
an identity as follows

P, 3P, 3+P, 1Py o+ P, 0P 1=1

That is, the determinant of Q' is 1. It is denoted by |Q%| = 1.

The Fibonacci polynomials are considered, and some investigations are given by
Hoggatt and Bicknell in [8]. Machenry [14] provided the generalized Fibonacci
and Lucas polynomials and some connections with some multiplicative arithmetic
functions. Various studies on Fibonacci polynomials can be found in [1,9,20,21].
The Padovan polynomials sequence {P,(z)},,-, is defined (see [7,10,16,23]) by a
third order recurrence

Pris(z) = 2Ppga(z) 4+ Po(2)

with the initial conditions Py(x) = 1, Pi(xz) = 0 and P(x) = z. To simplify
notation, take P,(x) = P,. The first few values of this sequence are given as
follows

n [-2/-1|101(2[3| 415 6 7 8
Pololof1]lolzl1lz®]2c]2a%+1]322 |2+ 3z

The recurrence above involves the characteristic equation
w—azp—1=0.
If its roots are denoted by «, B, and -, then the following equalities can be derived

am+6m+71:0>

0z By + Ve + BoVe = —1,

amﬁm'}’z =1

The Binet-like formula for the Padovan polynomial sequence is

(1.4) P = 4507 + bo + ol
where,
o BaVe + - OgVe + T o QpfBe + T
Ay — b - , Cp =

(0 — Ba) (e — 'Vx), ‘ (Be — ) (Be — Ve) (Vo — ) (Ve — 51)
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2. Main results
In the present work, we have obtained the following main results.
ProrosiTION 2.1. Let P, be n-th Padovan polynomial. Then,
(2.1) P_p_3="Pr = Ppi1Pn_1.
PROOF. We establish this using principle of mathematical induction. Since,
PE-PP1=1-0="P_3
P —PoPo=0—z="P_4
P: P3P =2>-0="P_5

The result is true when n = 0, 1, 2. Suppose it is true for all positive integers n < k.
Then,

Pii1 — PrwoPr = 2?PE_y + 22Pr1Pr—2 + Pi_y — 2*PiPr2 — 2PrPr_s
—TPr1Pr—2 — Pr_1Pr_3
=2?P_j_o —a2P_p +P_j_1
=2?P_p_ o+ TP_p—3 —2P_p_3 — 2P_p + P_p_1
=aP_p —aP_p_3 —aP_p+P_r_1
=P_pa
Thus, by the strong version of principle of mathematical induction, the formula

holds for all positive integers n > 3. (]

We utilize the following relation, as provided in [17].
(22) P =Pun-1Pn—m + Pm-{—lpn—m-i-l =+ Pmpn—m-i-Q
It is well known from [23] that the generating function for the Padovan polynomials
is

- 1

n _
ant Tl — g2 — 437
n=0

Now, we establish the exponential generating function for the Padovan polynomials
as follows:

THEOREM 2.1. The exponential generating function for the Padovan polyno-
mials s

o0

P

Ep = E —7 t" = age®st + byePet 4 c elet
— nl

PRrROOF. We know that

oo n
(%
eazt — § : x tn’
n!
n=1

it _ NP

st T 4n

et = T,
n=1
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&0 n
et = Z RER
n!
n=1

Let’s multiply each side of the first equation by a,, the second equation by b, and
the third equation by ¢, . By adding all equalities above side by side, we obtain
the following equality.

agt Bzt Yol = a,wOé;L +b$ﬁg —|—Ca;’}/g n o__ = & n
aze**" 4+ bye’*" 4+ cpe —zjl o t —z:ln!t.
O
THEOREM 2.2. The series for the Padovan polynomials is
0 ,Pn t2
Sp@) =D it = Fo ot
n=0
PROOF. Let
—~ Pn _Po, Pi P2 P,
n=0

be series of the Padovan polynomials. Multiply this function every side by 3 such
as

t3Sp(z) = Pot> + Pit+Po+ -+ tng +...
and that is multiplied every side with —xt such as
Plx PQ(E Pn{E
—xtS = —P e
2tSp () 0T T e m
and that is multiplied every side with —1 negative such as
Po  P1 P2 P,

Then, we write
(t3 —xt — 1)5’73(.7;) = P()?f2 + Pit + Py — Pox + (7)3 — Pix — 7)0) %
— o+ (Pay2 = Po — Poo1) i + .-

Now using values of the Padovan polynomials and P,, 12 — Ppx — Pp_1 = 0. So, we
obtain
12
S ==
P = s

Thus, the proof is completed. U

By employing analogous methods outlined in [3], we can demonstrate the fol-
lowing result.

THEOREM 2.3. The partial sum of the Padovan Polynomials sequence is

Z,Pi:,Pn+2+,Pn+l+’Pn*1, TLZO

; X
1=0
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ProoFr. We know that
Pn - flpn72 + ,Pn73

So, applying to the identity above, we deduce that

Ps = aP1 + Po,
Py =aPr+ Pr,
Ps = aP3 + Pa,

Pn—2 = Z‘Pn_4 + Pn—5a
,Pnfl = (L{PnfB + ,Pn747
Pn = :L',Pn72 + ’Pn73~

Summing the both of sides of the identities above, we obtain
Prn—2+Pn1+Pn=a(P1+ P2+ Ps+...4 Pooa + Png+ Pnz) + Po + P1 + P2.
O

3. Padovan polynomials matrix

We explore the properties of the Padovan polynomials in connection with the
Padovan polynomials matrix formula. Thus, we aim to derive new relations for
the Padovan polynomials matrices. The Padovan polynomials matrix, denoted as
Qp(x), is generated by a 3rd-order matrix.

0 1 0
Qp(l‘): 0 0 1
1 = O

and the n-th powers of @ p(z) polynomials matrix is given

,Pnf?) ,Pnfl ,Pn72
(31) Q}})({E) = Pn—Q Pn Pn—l
Pn—l Pn—i—l Pn

In the books by Koshy [12,13], various properties of the Fibonacci numbers are
presented. In this work, we extend similar properties to the Padovan polynomials.

PRroOPOSITION 3.1. The relations are valid:
L |Q%(z) + zQp(x) + I| = 8.
2. If |QP(:C) - :uI| =0, then m= a.’I)mB.’L'?’YII:
3. 1Qp ()] = 1.

PRrOOF.
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1.
1 = O 0 = O 1 0 0
Q¥ (%) +2Qp(x) + 1 = 0 1 +{0 0 z|+]|0 10
z 22 1 x 22 0 0 0 1
2 2z 0 1 = 0
= 0 2 2x | =210 1 =z |.
2r 22® 2 x z2 1
So,
Qb(z) +2Qp(x) + 1| =8
2.
-1 0 ,
Qp(z)—pIl=| 0 —p 1 |=p°—2zu—1=0.
1 T =i

3. By using (2.1) and (2.2). We have

'Pn73 Pnfl 'Pn72
Pn—2 Pn Pn—l = ,Pnfi},anfS + Pn71P7n72 + ,Pn72’an71 =1L
Pn—l Pn+1 Pn

THEOREM 3.1. The Binet-like formula for the sequence Q% (x) is

(3.2) Qp(z) = Ay Qg Oty + bz&ﬂ: + Cm'ﬁc'yz» nz=0

where 3 1 2 3 1 2 3 1 2
o oyt o B2 Bt Ba 0 P e

ax=| o> 1 o [ Be=| 87 1 B |andya=| v 1 ot |
05;1 Qg 1 /8:;1 ﬁz 1 V;l Yz 1

&
=

PRrROOF. From the definition of n-th Padovan polynomials matrix Q% (
(3.1) and Binet-like formula for the n-th Padovan polynomials P, in (1.4
write

~—

, we

Pn—?; Pn— 1 Pn—2
Qp(x)=| Po—2  Pn  Pa-
Pn—l Pn+1 Pn

or
o B2 Bit Ba® 07 P
Qp(x) =az| oz 1 az' |ai+be| B2 1 B2° |Bite| w0 1 %t |
a;l Qg 1 ﬁ:zl Bz 1 7;1 Yz 1

Hence, we have
Qp(z) = Az Qg 0ty + bz&ﬁg + Cz'ﬁ')/:
Thus, the proof is completed. O
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THEOREM 3.2. The generating function for the sequence Q% (x) is

. t2 1 t
n _ 2
r+t xt+t
PROOF. Let
Gor(e ZQP = Qr(@)t + Q@)% + Qb (@) + - + Q)" + ...

be generating function of the Padovan polynomials matrix. Multiply this function
every side by —xt? such as

G () = —Qp(R)f — 2@}t — 2 Q@ — - — 2Qp()?
and that is multiplied every side by —t3 such as
—t° G, (z) = —Qp(2)t* — QB (2)t” — Qp(2)t® — - — QB (x)t" > —

Then, we write
(1-at® = t)Gqu(r) =  Qp(x)t+Qp(2)* + (Qp(2) — 2Qp(2))t®
(Qp(x) — 2Qb(x) — Qp(x))t! +
QP () — 2Qp" (2) — QB(@)t" P + ...
Now using (3.1), we obtain Q%" (z) — 2Q'%" (z) — Q% (x) = 0. So

; t2 1 t
Gop(t) = ——5——= | t at+1? 1
L=atf =80 oht att?
Thus, the proof is completed. U

THEOREM 3.3. The exponential generating function for the sequence Q% (x) is

PRrROOF. We know that

t — o By o
gt et n T n Yat T 4n
R TR o R o

n=1
Let’s multiply each side of the first equality by a,ay, the second equality by b, (.
and the third equality by c¢;7; . Then, we added all equalities. So, the following
equality is obtained.

a0y + by BBy + oV QL (
azﬁeamt-f—bz&eﬁmt-f—cmﬁe% _Z xCy :l)nqu 2 Yz Yz i Z P

n=1
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THEOREM 3.4. The series for the sequence Q'b(x) is

1 Tt 1

S, = 1 1 t
arlt Z t”“ —at=1 ), fi:z:tt z+1
t

PROOF. Let

Z Bo) _Qrla) | @), Q) , |, Q)

tn+1 2 t3 t4 tn+1

Sor(x +...

be series of the Padovan polynomials matrix. Multiply this function every side by
t3, —at and —1, respectively, such as

150, (1) = Qe + Qi) + )y QR
x 2 3 n (e
_xtSQp(x):—J?QPt( )_ Qtz( )_ Qt:S ) g 1;5 )_
x Z(z 3(x n(x
()2 _ G0 Qe @)

Then, we write

(t —at =1)Sqr(2) = Qr(@)t+Qp(2) + (Qp(x) ~2Qr(2) §
+ (Qb(2) ~2Q%(2) — Qr(@) % + ..
+(Qp" (@) —2Qp (@) = Qb (@) 7w + -

Now using (3.1), we obtain Q%" (z) — 2Q%(z) — Q5 *(z) = 0. So

it 1
Sop () ! 1 oet+l ¢
Qr\T) =3 1 T
Boot=11 1y 14mt o+l
Thus, the proof is completed. U

THEOREM 3.5. The partial sum for the sequence Q'b(x) is

n 11 1
S Qb)) =~ [ QF @)+ QE @) + Q) — | 1 1+ 1
i=1 1 1+ 1+=z

PRrROOF. We know that

Qp(x) = 2QF *(x) + QF > (x)
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So, applying to the identity above, we deduce that

Qp(z) = 2Qp() + Qp(2),
Qp(z) = 2Q%(2) + Qp(2),
Qp(7) = 2Qp() + Qb (2),

Q% () = 2QE ! (2) + Qp (),
Qp H(z) = 2Qp > () + QF (x),

Qp(z) = 2Qp*(2) + Qp(2).

By summing the identities above side by side, we obtain

Qp (2) + Qp '(2) + Qp(x) =2(Qp(x) + Qp(x) + -+ Qp *(2) + Qp (1))
+Qp(x) + Qp(x) + Q(x).

Hence, we get the desired result. O
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