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NOTE ON WEAKLY 1-ABSORBING PRIME FILTERS

Shahabaddin Ebrahimi Atani

ABSTRACT. Let £ be a bounded distributive lattice. Following the concept
of weakly 1-absorbing prime ideals, we define weakly 1-absorbing prime filters
of £. A proper filter p of £ is called weakly 1l-absorbing prime filter of £
if whenever non-zero elements a,b,c € £ and 1 # a VbV ¢ € p, then either
aVb e porcé€ p. We will make an intensive investigation of the basic
properties and possible structures of these filters.

1. Introduction

All lattices considered in this paper are assumed to have a least element denoted
by 0 and a greatest element denoted by 1, in other words they are bounded. As
algebraic structures, lattices are definitely a natural choice of generalizations of
rings, and it is appropriate to ask which properties of rings can be extended to
lattices. The main aim of this article is that of extending some results obtained for
rings theory to the theory of lattices. Nevertheless, growing interest in developing
the algebraic theory of lattices can be found in several papers and books (see for
example [5, 6, 8, 9]).

Since prime ideals have an important role in the theory of commutative rings,
there are several ways to generalize the concept of prime ideals. Badawi generalized
the concept of prime ideals in [3]. In 2002, Anderson and Smith in [2] defined weakly
prime ideals which is a generalization of prime ideals (also see [10]). A proper ideal
p of a ring R is said to be a weakly prime if 0 # xy € p for each x,y € R implies
either € p or y € p. Recently, Yassine et. al. defined a new class of ideals, which
is an intermediate class of ideals between prime ideals and 2-absorbing ideals. Recall
from [13] that a proper ideal p of R is said to be a l-absorbing prime ideal if for
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each nonunits z,y, z € R with zyz € p, then either xy € p or z € p. Afterwards,
Badawi and Celikel in [4] defined and studied weakly 1-absorbing primary ideals, i.e.
a proper ideal I of R is called a weakly 1-absorbing primary ideal of R if whenever
a,b,c € R and 0 # abc € I, then ab € I or ¢ € /T (also see [1], [12]). Koc et. al.
in [11] investigated weakly 1-absorbing prime ideals. A proper ideal I of R is said
to be a weakly 1-absorbing prime ideal if whenever 0 # abc € I for some nonunits
a,b,c € R, then ab € I or ¢ € I. Our objective in this paper is to extend the
notion of weakly 1-absorbing property in commutative rings to weakly 1-absorbing
property in the lattices, and to investigate the relations between weakly 1-absorbing
prime filters and weakly prime filters. Among many results in this paper, the first,
introduction section contains elementary observations needed later on.

Section 2 is devoted to prove that the Chinese remainder theorem. The Chinese
remainder theorem in number theory is essentially solving the congruence equations.
In the modern number theory, the Chinese remainder theorem theory is of great
importance, and also gains some applications in several different algebras. At
first, we give some properties of decomposable lattices which will be used in the
sequel. Next, quotient lattices are determined by equivalence relations rather than
by ideals as in the ring case. There are many different definition of a quotient
lattice appearing in the literature. Here, quotient filters are studied and some
possible properties of these filters are investigated. It is shown (Theorem 2.1) that

if F and G are two comaximal filters of a lattice £, then ﬁ'gG = % X é. Also,

it is proved (Theorem 2.2) that if F,--- , Fy are k pairwise comaximal filters of a
: £ o~ £ o £ £

lattice £, then R S R X X X

Section 3 is L(_iledicated to the investigate the basic properties of weakly 1-
absorbing prime filters. At first, we define the definition of weakly 1-absorbing
prime filters (Definition 3.1) and we give an example (Example 3.1) of a weakly 1-
absorbing prime filter of £ that is not a 1-absorbing prime filter (so it is not a prime
filter of £). It is proved (Theorem 3.1) that p is a weakly 1-absorbing prime filter of
£ if and only if for each proper filters F, G, K of £ such that {1} # FVGV K C p,
either F VG C p or K C p. It is shown that (Theorem 3.2) that if p is a
weakly 1-absorbing prime filter of a local lattice £ that is not 1-absorbing prime,
then p = {1}. In the Theorem 3.4, we give a condition under which a weakly
1-absorbing prime filter of £ is not a 1-absorbing prime filter. Theorem 3.5 de-
termines the class of non-local lattices for which their weakly 1-absorbing prime
filters and weakly prime filters are the same. In the Theorem 3.7, we provide an
example of lattices for which their 1-absorbing prime filters and weakly 1-absorbing
prime filters are the same. In the Theorem 3.8, we give a characterization of weakly
1-absorbing prime filters of decomposable lattices. Also, we characterize lattices
with the property that all proper filters are weakly l-absorbing prime (Theorem
3.10). In particular, we prove that if every proper filter of a lattice £ is a weakly
1-absorbing prime, then |Max(£)| < 2 (Theorem 3.11).

Let us recall some notions and notations. A lattice £ is called a distributive
lattice if (aVb)Ac = (aNc)V (bAc) for all a,b, cin £ (equivalently, £ is distributive
if (anb)Ve=(aVec)A(bVe) forall a,b,cin £). A non-empty subset F' of a lattice
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£ is called a filter, if fora € F, b€ £, a < bimplies b € F, and x Ay € F for all
x,y € F (so if £ is a lattice with 1, then 1 € F and {1} is a filter of .£). A proper
filter F' of £ is called prime if x Vy € F, then x € F or y € F. A proper filter
F of £ is said to be maximal if GG is a filter in £ with F ; G, then G = £. The
set of all maximal filters of £ is denoted Max(£). Let A be subset of a lattice £.
Then the filter generated by A, denoted by T'(A), is the intersection of all filters
that is containing A. An element z of £ is called an identity join of £, if there
exists 1 # y € £ such that z Vy = 1. The set of all identity joins of a lattice £
is denoted Id(.£). An element a € £ is called co-regular if @ is not an identity join
element and Co — Reg(£) = £ N 1d(£). A simple lattice (resp. simple filter) is a
lattice (resp. a filter) that has no filters besides the {1} and itself. We will use £*
to denote the set of all non-zero elements of £. First we need the following lemma
proved in [5, 6, 8, 9].

LEMMA 1.1. Let £ be a lattice.

(1) A non-empty subset F of £ is a filter of £ if and only if vV z € F and
zAy€F foralz,yeF, z€ £. Moreover, sincex=xzV (zAy), y=yV (zAy)
and F is a filter, x Ny € F gives x,y € I for all xz,y € £.

(2) If Fy,--- , F, are filters of £ anda € £, then \/_| F; = {\/;_, a; : a; € F;}
and aV F; ={aV a; : a; € F;} are filters of £ and \/|_, F; =i, Fi.

(3) If A is a non-empty subset of £, then T(A) ={x € L: a1 NagA---Nap <
x for some a; € A (1 <i<n)}.

(4) If £ is distributive, F is a filter of £, and y € £, then (F :p y) ={a € L:
aVyeF}and (1:x F)={x € £:xV F ={1}} are filters of L.

(5) If £ is distributive and F,--- , F,, are filters of £, then N\;—_, F; = {A\_q; :
a; € F;} is a filter of £ and F; C N\!_ F; for each i.

2. The Chinese remainder theorem

Throughout this paper, we shall assume unless otherwise stated, that £ is a
bounded distributive lattice. In this section, we extend the Chinese remainder
theorem in the distributive lattices.

Assume that (£1,<1), (£2,<2), -, (£n, <p) are lattices (n > 2) and let £ =
£1 X £o x -+ x £,. We set up a partial order <. on £ as follows: for each
x = (z1,22, ,Tn)yy = (Y1,Y2, - ,yn) € £, we write z <. y if and only if
x; <; y; for each @ € {1,2,--- ,n}. The following notation below will be kept in
this paper: Tt is straightforward to check that (£,<.) is a lattice with z V. y =
(x1 Vy1, 2 Vyo, - ,&n Vyn) and x Acy = (1 Ay1, -+ , Ty Aypn). In this case,
we say that £ is a decomposable lattice. We start with the following trivial result,
and hence we omit its proof.

LEMMA 2.1. If £4, £9, £3 are three lattices and f : £1 — £9 is a lattice
isomorphism, then there is a lattice isomorphism g : £1 X £3 — £9 X £3 that sends
each element (a,b) of £1 x £3 to the pair (f(a),b).

DEFINITION 2.1. Let F,G,Fy,F5,--- , F,, where n > 2, be filters of a lattice
£. We say that F' and G are comazximal precisely when F NG = £; also, we say
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that the family {F;}}_, is pairwise comazimal if and only if F; N F; = £ whenever
1<i,j<nandi#j.

LEMMA 2.2. If{F;}7, (wheren > 2) is a pairwise comazimal family of filters
of the lattice £, then ﬂ;:ll F; and F,, are comazimal.

PROOF. Set F = ﬂ;:ll F;. On the contrary, assume that F'A F, g £. Suppose
that m is a maximal filter of .£ such that FF A F,, C m. Then F,, C m and F C m;
hence, by [7, Lemma 2.1], there is a j € {1,2,--- ,n — 1} such that F; C m and so
F; A F,, € m which is impossible. Thus F' and Fj, are comaximal. O

Quotient lattices are determined by equivalence relations rather than by ideals
as in the ring case. If F' is a filter of a lattice (L, <), we define a relation on L,
given by x ~ y if and only if there exist a,b € F satisfying x Aa = y A'b. Then
~ is an equivalence relation on L, and we denote the equivalence class of a by
a A F and these collection of all equivalence classes by % We set up a partial
order < on £ as follows: for each a A F,b A F € L&, we write a A F <g bA F if
and only if a < b. The following notation below will be kept in this paper: It is
straightforward to check that (&, <q) is a lattice with (aAF) Vg (bAF) = (aVD)AF
and (a AF)Ag (bAF) = (aAb) A F for all elements a A F,bAF € L. We need the
following Lemma proved in [8, Remark 4.2 and Lemma 4.3].

LEMMA 2.3. Let G be a a sub filter of a filter F' of £.

(1) If a € F, then a N F = F. By the definition of <, it is easy to see that
1ANF = F is the greatest element of % and O F is a least of element %.

(2) Ifa € F, then a N\F =bAF (for everyb € £) if and only if b € F. In
particular, c N F = F if and only if c € F. Moreover, ifa € F, then a NF = F =
1AF.

(8) aNF=0AF if and only if a A f =0 for some f € F.

(4) By the definition <¢, we can easily show that if £ is distributive, then %
is distributive.

(5) £ ={aNG:a€F}is a filter of £.

(6) If K is a filter of é, then K = g for some filter F' of £.

Next, we state the following immediate lemma.

LEMMA 2.4. If £ is a lattice, then there is a lattice isomorphism h : £ — %
that sends each element © of £ to x A {1}.

THEOREM 2.1. (The Chinese remainder theorem for two filters) Let F and
G be two comazimal filters of a lattice £. Then there is a lattice isomorphism
o ﬁ‘gc — £x é that sends each residue class x AN(FNG) to the pair (x ANF,zANG).

PROOF. If x A(FNG) =y A (FNG), then z Aa =y Ab for some a,b € FNG;
soxt ANF=yAF and  AG = y AG. This shows that ¢ is well defined.

If A=2A(FNG), and B = yA(FNG) are elements of F%wa, then ¢(AVgB) =
P(zVYANFNG)=((z VY AF, (VY ANG)=(xAF,a ANG) V. YyANF,y NG) =
d(A) V. ¢(B). Similarly, ¢(A Ag B) = ¢(A) Ac ¢(B). Now, we claim that ¢ is
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injective. If p(z A(FNG)) = p(yAN(FNG)), thenze AF =yAF and e AG =yAG
which implies that zAs = yAs’ and x At = yAt’ for some s,s" € F and ¢, € G and
so zA(sVt) = (xAs)V(xAt) = (YAs )V (yAt') = yA(s'VE'). Since sV, s'VE' € FNG,
we conclude that A (FNG) = y A (FNG). This shows that ¢ is injective. It
remains to show that ¢ is subjective By assumption, 0 = a A b for some a € F' and
b € G which gives OAF = bAG and 0AG = aAG by Lemma 2.3 (3). It then follows
from Lemma 2.3 (2) that ¢(a A (FNG)) = (aAF,aNG) = (1ANF,0AG). Similarly,
dbA(FNG))=(0AF,1AG). Now, for every z,y € £,set D = (yVa)A (xVDb).
Then we have ¢(D A (FNG)) =

d(yVa) AFNG) N dp((xVD)ANFNG) =

(IANF,yANG) N (e ANF,1AG) = (x A F,y AG). Thus, every element of the form
(xANF,yAG) for some x € £ and y € £ lies in the image of ¢. Hence ¢ is subjective,
as needed. O

THEOREM 2.2. (The Chinese remainder theorem for k filters) Let Fy,--- | Fy
be k pairwise comazimal filters of a lattice £. Then there is a lattice isomorphism

o : mflei — F% X F%, X e X F% that sends each residue class x A N;_; F; to the

k-tuple (x AN Fy,x AN Fy, -+ jx A Fy).

PROOF. We use induction on k. We can take kK = 1 as a base case. Let n be
a positive integer. We now turn to the inductive step. Assume, inductively, that
k =n —1, where n > 3, and that the result has been proved in the case where
k=n—1. Thus we have —%— = £ x ... x £ Since F = ﬂ?;llFi and F,

N F, P Foo1®
are comaximal by Lemma 2.2, we conclude that %Fw =~ % X F% by Theorem 2.1.
Now the assertion follows from the induction hypothesis and Lemma 2.1. O

COROLLARY 2.1. Let my, mo and mg be three distinct mazimal filters of a
lattice £. The following hold:
(1) If my Nmg = {1}, then £ = £ x £

m; mso
(2) Ifmlﬁmzﬁm;;:{l}, then £ = Ihil X rﬁig X Iﬁia

PROOF. (1) Since m; ;Cé m; Amso C £, we conclude that m; A my = £; so
m; and mo are comaximal filters of £. Now the assertion is a direct consequence
of Theorem 2.1 and Lemma 2.4.

(2) Tt is easy to see that my, ms and mg are pairwise comaximal filters of £.
Now the claim is a direct consequence of Theorem 2.2 and Lemma, 2.4. O

3. Characterization of weakly 1-absorbing prime filters

In this section, the concept of weakly 1-absorbing prime filters is introduced
and investigated. We remind the reader with the following definition.

DEFINITION 3.1. A proper filter p of £ is called weakly 1-absorbing prime if
forallx,y,z € £* such that 1l #xNVyVzeEp, thenxzVy€Eporzéep.

EXAMPLE 3.1. (1) It is easy to see that every 1-absorbing prime filter is a weakly
1-absorbing prime filter.
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(2) Let D = {a,b,c}. Then £(D) = {X : X C D} forms a distributive
lattice under set inclusion with greatest element D and least element O (note that if
z,y € £(D), thenxVy=xzUy andx Ay =xNy). Set p={1}. Then p is clearly
a weakly 1-absorbing prime filter of £(D). Since {a}V {b}V{c} € p, {a}V{b} ¢ p
and {c} ¢ p, it follows that p is not a 1-absorbing prime filter of £(D). Thus a
weakly 1-absorbing prime filter need not be a 1-absorbing prime filter.

ProOPOSITION 3.1. Let p be a weakly 1-absorbing prime filter of £. The fol-
lowing assertions hold:

(1) (p :£ a) is a weakly prime for each a € Co — Reg(£) \ p;

(2) If {1} is a 1-absorbing prime filter, then p is a 1-absorbing prime filter.

PROOF. (1) Assume that a € Co — Reg(£) ~p and let 1 # bV ¢ € p for
some b,c € £. We may assume that b,c € £*. Since a € Co — Reg(£) and
1#bVece (p:ga),wehave 1 #aVbVc € p. Then either a Vb € p or ¢ € p.
This shows that b€ (p:ga) or c€p C (p:g a),ie. (1) holds.

(2) Let aVbVc e p for some a,b,c € £*. If aVbV ¢ # 1, then we have either
aVbeporcep. Soassume that a VbV e € {1}. Since {1} is a 1-absorbing prime
filter, we conclude that either aVb=1¢€ p or c =1 € p, as needed. O

In the following theorem we give five other characterizations of weakly 1-
absorbing prime filters.

THEOREM 3.1. Let p be a proper filter of a lattice £. The following statements
are equivalent:

(1) p is a weakly 1-absorbing prime filter of £;

(2) For each x,y € £* withzVyé¢p, (P:xaxzVy) =pU(l:igaVy);

(8) For each x,y € £* withxVy ¢ p, either (p:xxVy)=por(p:xxVy) =
(1 exV y);

(4) For each x,y € £* and proper filter F of £ such that {1} # (xVy)VF C p,
either xVy € p or F C p;

(5) For each x € £* and proper filters F\, G of £ such that {1} # 2VFVG C p,
either xt VF Cp or G C p;

(6) For each proper filters F,G, K of £ such that {1} # FV GV K C p, either
FVGCporKCp.

PROOF. (1) = (2) As the inclusion pU (1 :z 2V y) C (p :¢ z Vy) is clear,
we will prove the reverse inclusion. Let z € (P :x x V y). Since x Vy ¢ p and
xVyVz € p, we conclude that z 2 0. Iff e VyVz =1, then z € (1 :¢ 2V y).
So suppose that VyV z # 1. SincexVy € p, xVyV z € p and p is a weakly
1-absorbing prime filter, we have z € p, and so we have equality.

(2) = (3) By [9, Remark 2.3 (i)], (p:g 2 Vy) CpU (1l :p xVy) gives either
(p:gxzVy)Cpor(p:gxVy) C(1l:rxVy); hence either (p:x zVy)=p or
PiexVy) =1:gaVy).

(3) = (4) Let {1} # 2z VyV F C p for some z,y € £* and a proper filter F' of
£. If xVy € p, then we are done. So suppose that Vy ¢ p. Then by (3), we have
either (p:gazVy)=por(p:gazVy)=0:pzVy). If(p:paVy =1:gxVy),
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then xVyVF Cpgives FC (p:g aVy) = (1:¢ 2Vy) and so zVyV F = {1} which
is impossible. Thus (p :¢ #Vy) = p and this shows that F C (p:x xVy) = p, i.e.
(4) holds.

(4) = (5) Let {1} # «VFV G C p for some z € £* and proper filters
F,G of £. On the contrary, assume that z V F ¢ p and G ¢ p. Then there
exists z € F (so z # 0, as F is a proper filter) such that z V 2 ¢ p. Since
xVFVG # {1}, we conclude that  VuV G # {1} for some 0 # u € F. We
claim that  V z V G = {1}. Otherwise, by (4), we would have x V z € p or G C p
which is a contradiction. Thus z V zV G = {1}. Since z,u € F, we have u A z # 0
and so {1} #2aVuVGE CzV(zAu)VG CaxVFVGCp. Then by (4), we
have x V(uAz) = (xVu)A(zVz) €p,and so 2V z € p by Lemma 1.1 (1), a
contradiction. Therefore, zV F C p or G C p.

(5) = (6) Let {1} # FV GV K C p for some proper filters F, G, K of £. On
the contrary, assume that F'V G ¢ p and K ¢ p. Then there exists y € F such
that yVG ¢ p. If y VGV K # {1}, then we have either y VG C p or K C p which
is impossible. Thus y VGV K = {1}. Since FVGV K # {1}, x VGV K # {1} for
some x € F. As VGV K C p, we conclude that xVG C p. Clearly, 0 # xAy € F.
Since {1} #2 VGV K C(x Ay)VGV K Cp, we have (tAy) VG Cp. If g € G,
then gV (xAy) = (gVaz)A(gVy) € pgives gVy € pby Lemma 1.1 (1); so
yV G C p, a contradiction, i.e. (6) holds.

(6) = (1) Let 1 #xVyV z € p for some z,y,z € £*. Now, put F = T({z}),
G =T({y}) and K = T({z}). Then by (6), {1} # FV GV K C p gives either
rxVye FVGCporze K Cp which completes the proof. O

PROPOSITION 3.2. Assume that p is a weakly 1-absorbing prime filter of a local
lattice £ and let there exist non-zero elements a,b,c € £ such that aVbVc=1,
aVbépandcé¢ p. The following assertions hold:

(1) (avb)Vvp=(aVe)Vp=(bVc)Vp={1}.

(2)avp=cVp=>bVvp={1}.

PROOF. (1) On the contrary, assume that (a vV b) V p # {1}. Then there is an
element p € p such that aVbVp # 1 which implies that (aVbd)V(cAp) = aVbVp # 1.
Since a,b,cAp € £*, aVb ¢ p and p is a weakly 1-absorbing prime filter, pAc € p;
hence ¢ € p by Lemma 1.1 (1), a contradiction. Thus (a V b) Vp = {1}. Now
suppose that (aVe)Vp # {1}. SoaVeVyp # 1 for some p' € p. Therefore
aV (bAp)Ve=aVeVp #1 with a,e,bAp’ € £*. Since ¢ ¢ p and p is a weakly
1-absorbing prime filter, a V (bAp') = (aVb) A(aVp') € p, and so a Vb € p by
Lemma 1.1 (1), a contradiction. Hence (aVe)Vp = {1}. Similarly, (bve)Vvp = {1}.

(2) Suppose that a V p # {1}. Then a V p # 1 for some p € p. Since a V (b A
p)V(cAp)=(aVp)A(aVbVe)=aVp#1 abAp,cAp € £* and p is a weakly
1-absorbing prime filter, we conclude that either a V (bAp) = (aVb) A(aVp) €p
or ¢cAp € p. Hence either aVb € p or ¢ € p by Lemma 1.1 (1) which is impossible.
Thus a V p = {1}. Similarly, bV p =cV p = {1}. O

THEOREM 3.2. Let p be a weakly 1-absorbing prime filter of a local lattice £
with unique mazimal filter m that is not 1-absorbing prime. Then p = {1}.
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PROOF. Since p is a weakly 1-absorbing prime filter of £ that is not 1-absorbing
prime, there exist a,b,c € £* such that aVbVe=1,aVb¢ p and c ¢ p. On the
contrary, assume that p # {1} and consider 1 # p € p. Since (aAp)V (bAP)V(cAp) =
pA(aVbVe)=p#1, pAa,pAbpAc€mand p is a weakly 1-absorbing prime
filter, we conclude that either (a Ap)V (bAp) =pA(aVb) €por cAp € p, and so
either aVb € p or ¢ € p by Lemma 1.1 (1), a contradiction. Therefore p = {1}. O

A lattice £ with 1 is called a £-domain if aVb =1 (a,b € £), then either a = 1
or b = 1. Clearly, a lattice £ is a £-domain if and only if {1} is a prime filter.

ProprosITION 3.3. If p is a proper filter of a £-domain £, then p is a weakly
1-absorbing prime filter of £ if and only if p is a 1-absorbing prime filter.

PROOF. One side is clear. To see the other side, assume that p is a weakly
1-absorbing prime filter of £ and aVbV ¢ € p for some a,b,c € £*. If aVbVc # 1,
then either a Vb € p or ¢ € p. So we may assume that a VbV c =1 and ¢ ¢ p.
Since a V bV ¢ € {1} which is a prime filter, we conclude that a Vb e {1} Cp. O

THEOREM 3.3. Let q C p be two filter of a lattice £. The following hold:

(1) If p is a weakly 1-absorbing prime filter of £, then g is a weakly 1-absorbing
prime filter of %;

(2) If (é)* ={aAq:a€ £*}, q is a weakly 1-absorbing prime filter and g is

a weakly 1-absorbing prime filter of %, then p is a weakly 1-absorbing prime filter.

PrROOF. (1) Let 1. =1Aq# (aAq) Vg (bAQ) Vg (cAq)=(aVbVe)Aq € g

for some (a A q),(bAQ),(cANq) € (é)*. This shows that 1 # aV bV c € p by
Lemma 2.3. Since a,b,c € £* and p is a weakly l-absorbing prime filter of £, we

conclude that either a Vb € p or ¢ € p which implies that (a Aq) Vo (bA Q) € g
or cAq€ £ by Lemma 2.3. Thus, £ is a weakly 1-absorbing prime filter of é.
(2) Let 1 # aVbVc € p for some a,b,c of £*. If a VbV ¢ € q, then by
assumption, either a Vb€ qC p or ¢ € q C p. So assume that a VbV ¢ ¢ q. This
implies that 1A q # (aVbVe)Ag=(aAa) Vg (bAQ) Vg (cAq) € £ by Lemma
2.3. By the hypothesis, a Aq,bAq,cAq € (é)*. Since g is a weakly 1-absorbing
prime filter, we obtain either (a Aq) Vg (bAQ) = (aVb)Aq € g orcAqe€ g and

this gives a V b € p or ¢ € p, as required. O

In the following theorem, we give a condition under which a weakly 1-absorbing
prime filter of £ is not a 1-absorbing prime filter.

THEOREM 3.4. Let p be a weakly 1-absorbing prime filter of a local lattice £
and there exist a,b,c € £* such thatavVbVe=1,aVb¢ {1} and c ¢ {1}. Then
p is not a 1-absorbing prime filter if and only if p = {1}.

PRrOOF. If p is not a l-absorbing prime filter, then p = {1} by Theorem 3.2.
Conversely, assume that p = {1}. By the hypothesis, aVbVcepand aVb,c ¢ p
gives p is not a 1-absorbing prime filter. O
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The next result determines the class of non-local lattices for which their weakly
1-absorbing prime filters and weakly prime filters are the same.

THEOREM 3.5. Suppose that £ is a non-local lattice and p a proper filter of £
having the property that (1 : ¢ x) is not a mazimal filter of £ for every x € p. Then
P is a weakly 1-absorbing prime filter if and only if p is a weakly prime filter.

PROOF. One side is clear. To see the other side, assume that p is a weakly
1-absorbing prime filter of £ and let 1 # a V b € p for some a,b € £. We may
assume that a,b € £*. Since a Vb # 1 and 0 ¢ (1 :£ a V b), we conclude that
(1 :£ a VD) is a nontrivial filter of £, and so (1 :¢ a V b) C m for some maximal
filter m of £. But £ is a non-local lattice, so there exists a maximal filter m’ of
£ such that m # m’. Consider m’ € m’ ~ m. Then m' ¢ (1 :¢ a Vv b) which
implies that 1 # a VbV m’ € p. Since p is a weakly 1-absorbing prime filer of £,
either aVm’ € por b € p. If b € p, then we are done. So suppose that b ¢ p.
Therefore a V. m' € p. Since m’ ¢ m, T({m'}) A m = £ by maximality of m; so
0=mA (m'Vt) for some t € £ and m € m. We split the proof into two cases.

Case 1. m ¢ (1 :2 aVb). Thenl # aVbVm € p. Since p is a weakly
1-absorbing prime filter of £ and b ¢ p, we conclude that a vV m € p. But a =
aV0=(avVvm)A(aVm' Vt)€psince aVm,aVm’ € p and p is a filter, and so
P is a weakly prime filter.

Case 2. m € (1:x aVb). ThenaVvVbVvm=1. Since (1 :r aVb) is not a
maximal filter of £ and (1 :z aVb) & m, there exists an element s € m~ (1 :¢ aVb).
Therefor 1 ZaVbVsepandb¢pgivesaV s € p, as p is a weakly 1-absorbing
prime filter. Since m,s € m, we have s Am # 0. It follows that (mAs)V (aVb) =
(aVbvm)A(aVbVs) = aVbVs # 1 and (aVb)V(mAs) € p. Now, since p is a weakly
1-absorbing prime filter of £ and b ¢ p, we have aV (mAs) = (aVm)A(aVs) € p;
soaVm,aVs€pbyLemma 1.1 (1). Buta=aV0=(aVm)A(aVm Vt)E€p,
as p is a filter and therefore p is a weakly prime filter of £. O

Let £1 and £5 be two lattices and f : £1 — £2 be a lattice homomorphism
such that f(1) = 1. Then it is easy to see that Ker(f) = {x € £1: f(z) =1} is a
filter of £;.

THEOREM 3.6. Let £1 and £5 be two lattices and f : £1 — £9 be a lattice
homomorphism such that f(1) = 1 and f(a) is non-zero in £o for every non-zero
element a of £1. The following statements hold:

(1) If f is monomorphism and p is a weakly 1-absorbing prime filter of £s,
then f=X(p)) is a weakly 1-absorbing prime filter of £1.

(2) If £1 is a complemented lattice, f is onto and p’ is a weakly 1-absorbing
prime filter of £1 with Ker(f) C p’, then f(p’) is a weakly 1-absorbing prime filter.

PROOF. (1) Let x,y € f~1(p) and t € £1. Then f(x Ay) = f(z) A f(y),
flxvt)=f(z)V f(t) epgivesx Ay,zVt e f~1(p), as p is a filter. Thus f~!(p)
is a filter of £1. Suppose that 1 #a VbV c € f~1(p) for some a,b,c € £3. Then
by assumption, f(aVbVe) = f(a)V f(b)V f(c) € p for some f(a), f(b), f(c) € £3.
As f is monomorphism, we have f(a VbV ¢) # 1. Since p is a weakly 1-absorbing
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prime filter of £, we conclude that f(a)V f(b) = f(aVbd) € p or f(c) € p and this
implies that a Vb € f~1(p) or c € f~(p).

(2) Clearly, f(p') is a filter of £5. Suppose that 1 # zVyV 2z € f(p’) for
some z,y,z € £3. Then there are a,b,c € £ such that z = f(a), y = f(b) and
z = f(c¢). Therefore 1 # f(aVbVe) = fla)V f(b)V flc)=xzVyVze f(p)
so flavbVe) = f(d) for some d € p’. By the hypothesis, there exists e € £
such that eVd =1 and dAe =0. Set u =aVbVe (souVde p'). Then
fluve)= f(u)V fle) = f(d) Vv f(e) = f(1) = 1; hence u V e € Ker(f) C p’. Now
p’ is a filter gives (u Vd) A (uV e) =u € p’. Therefore a Vb € p’ or ¢ € p’, and so
xVy€ f(p')or z € f(p'). Hence f(p’) is a 1-absorbing prime filter of £5. O

LEMMA 3.1. If £ = £1 X £9 X £3 is a decomposable lattice, then every filter
of £ is of the form Fy X Fy X F3, where for each i € {1,2,3}, F; is a filter of £;.

PROOF. Let F be a filter of £, F} = {x; € £ : (x1,22,23) € F for some x5 €
£a,23 € £3}, Fo = {x3 € £9 : (x1,29,23) € F for some x; € £1,23 € £3} and
F3s ={x3 € £3: (x1,22,23) € F for some 1 € £1,29 € £2}. It is easy to see
that for each ¢ € {1,2,3}, F; is a filter of £;. We claim that F' = F} x Fy x Fj.
Since the inclusion F' C Fy x Fy x Fj3 is clear, we will prove the reverse inclusion.
Let (z1,22,23) € Fy x Fy x F3. Then there exist ug,ys € £2, ui, 21 € £1 and
z3,ys € £3 such that (x1,y92,y3)), (21, T2, 23), (u1,u2,23) € F. Since F is a filter,
(0,1,1)Ve(21,y2,y3) = (x1,1,1) € F. Similarly, (1,22,1), (1,1, 23) € F which gives
(z1,1,1) A (1, 22,1) Ae (1,1, 23) = (21,22,23) € F, and so we have equality. O

In the following results we show that weakly 1-absorbing prime filters are really
of interest in indecomposable lattices.

PROPOSITION 3.4. Suppose that £ = £1 X £5 is a decomposable lattice and p
is a proper filter of £1. Then the following statements are equivalent.

(1) p x £2 is a weakly 1-absorbing prime filter of £;

(2) p is a 1-absorbing prime filter of £1;

(8) p x £2 is a 1-absorbing prime filter of £.

PrROOF. (1) = (2) Suppose that z Vy V z € p for some x,y,z € £7. If
1 # s € £3, then (1,1) # (x,0) Ve (v,0) Ve (2,8) = (x Vy Vz,8) € p x £2, and
so either (z,0) V¢ (y,0) = (x Vy,0) € p x £5 or (z,5) € p X £2. Hence, either
xVy € por z € p. The implications (2) = (3) and (3) = (1) are clear. O

In the next theorem, we provide an example of lattices for which their 1-
absorbing prime filters and weakly 1-absorbing prime filters are the same.

THEOREM 3.7. Suppose that £ = £1 X £9 X £3 is a decomposable lattice and
P is a nontriwial filter of £. Then p is a weakly 1-absorbing prime filter if and only
if p is a 1-absorbing prime filter.

PROOF. One side is clear. To see the other side, assume that p # {1} is a
weakly l-absorbing prime filter of £. By Lemma 3.1, p = p1 X p2 X p3, where
pi is a filter of £; for each ¢ € {1,2,3}. Then there exists an element (1,1,1) #
(x,y,z) € p. Since (z,0,0) V. (0,4,0) V. (0,0, 2) = (z,y,2) € p and p is a weakly
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1-absorbing prime filter, we conclude that either (z,0,0) V. (0,y,0) = (z,y,0) € p
or (0,0,z) € p. Therefore either pg = £3 or p1 = £1 and p2 = £3, and so
P =p1 Xp2 X £z orp =L X £9 X pg. Hence, by Proposition 3.4, p is a
1-absorbing prime filter of £. O

THEOREM 3.8. Assume that £ = £1 X £9 1s a decomposable lattice such that
£1, £9 are not simples and let p be a nontrivial filter of £. The following statements
are equivalent.

(1) p is a weakly 1-absorbing prime filter of £;

(2) p = p1 X £2 for some prime filter p1 of £1 or p = £1 X pa2 for some prime
filter p2 of £4;

(8) p is a prime filter of £;

(4) p is a weakly prime filter of £;

(5) p is a 1-absorbing prime filter of £.

PROOF. (1) = (2) Let p be a nontrivial filter of £. Set p1 = {z1 € £; :
(x1,y2) € p for some yo € £2} and p2 = {y2 € £2 : (x1,y2) € p for some z; €
£1}. Then p; and ps are filters of £; and £5, respectively with p = p1 X pa
by Lemma 3.1. Since p # {1}, either p1 # {1} or p2 # {1}. Without loss of
generality, we may assume that p; # {1}. So there is an element z € p; such
that  # 1. Since p is a weakly 1l-absorbing prime filter and (1,1) # (0,1) V.
(0,1) V¢ (2,0) = (z,1) € p, we conclude that either (0,1) € p or (z,0) € p which
implies that p; = £1 or pa = £5. Suppose that p; = £1. Now we will show
that ps is a prime filter of £5. Let a Vb € p2 for some a,b € £5. If a = 0 or
b = 0, then we are done. So suppose that a,b € £5. Since £; is not a simple
lattice, there exists a non-zero element s € £1 such that s # 1. This implies that
(1,1) # (5,0)Vc(0,a) V. (0,b) = (s,aVb) € p. Since p is a weakly 1-absorbing prime
filter, we conclude that either (s,0) V. (0,a) = (s,a) € p or (0,b) € p. Therefore
we obtain that a € pz or b € p2 and so ps is a prime filter of £5. Similarly, we can
show that p = p1 X £9 and p; is a prime filter of £7.

(2) = (3) Without loss of generality, we may assume that p = py1 X £2. Let
(x,y) Ve (2',y) = (xVva',yVy') € p for some (z,y), (2',y') € £. Then V' € p1
gives either x € p; or 2’ € p; which implies that either (x,y) € p or (¢/,9') € p.

(3) & (4) Clearly, every prime filter is a weakly prime filter. Conversely,
suppose that {1} # p = p1 X p2 is a weakly prime filter of £. Consider (1,1) #
(a,b) € p. Then (a,0) V. (0,b) = (a,b) € p gives (a,0) € p or (0,b) € P. Suppose
that (a,0) € p. Since 0 € pa, we conclude that p2 = £2 and so p = p1 x £2. We
show that py is a prime filter of £1; hence p is a prime filter of £. Let x Vy € p1,
where z,y € £1. If x =1 or y = 1, then we are done. So assume that x # 1 and
y # 1. Then (1,1) # (x,0) V. (y,0) = (z Vy,0) € p, so (z,0) € p or (y,0) € p
and hence x € py or y € p1. The case where (0,b) € p is similar. The implication
(3) = (5) is clear by definition of a l-absorbing prime filter. The implication
(5) = (1) is clear by definition of a weakly 1-absorbing prime filter. O

THEOREM 3.9. Let £ = £1 X £5 be a decomposable lattice, p1 is a nontrivial
filter of £1 and p2 is a proper filter of £5. If p1 X p2 is a weakly 1-absorbing prime
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filter of £ that is not a 1-absorbing prime filter, then p1 is a weakly prime filer of
£1 that is not a prime filter and p2 = {1} is a prime filter of £3.

PROOF. Suppose that p; X pz has the stated property and pa # {1}. There-
fore, by Theorem 3.8, p1 X p2 is a 1-absorbing prime filter of £ which is impossible,
and so p2 = {1}. Suppose that a Vb € ps for some a,b € £5. Consider 1 # ¢ € ps.
Then (1,1) # (¢,0) V. (0,a) V. (0,b) = (¢,aVb) € p1 X p2. But p; is a proper filter
gives (0,a),(0,b) ¢ p1 x p2. We may assume that a,b € £3 and ¢ € £3. Since
p1 X p2 is a weakly 1-absorbing prime filter, we conclude that (¢,0) V. (0,a) =
(c,a) € p1 X pz2; hence pa = {1} is a prime filter of £2. Now, we show that pp is
a weakly prime filter of £1. Let 1 # a V b € py for some a,b € £1. We can assume
that a,b € £3. Since (1,1) # (b,0) V. (0,1) V. (a vV b,0) = (a V b,1) € p1 X pa,
(aVvb,0) ¢ p1 xp2 = p1 x {1} and p1 X p2 is a weakly 1-absorbing prime filter, we
conclude that (b,1) € py1 x {1}, and so b € p1. Hence p; is a weakly prime filter of
£1. It remains to show that py is not a prime filter. On the contrary, assume that
P1 is a prime filter. Since p; is a nontrivial filter, there is an element = € p; such
that  # 1. Then (1,1) # (x,0) V. (2,0) V. (0,1) = (z,1) € p1 X p2 gives either
(z,0) V¢ (2,0) = (2,0) € p1 X p2 or (0,1) € py X pa which is impossible. O

The following remark shows that the converse of Theorem 3.9 need not be true.

REMARK 3.1. Let £, £, £ and p1,p2 be as in Theorem 3.9. Suppose that
P1 is a weakly prime filter of £ that is not a prime filter and p2 {1} is a
prime filter of £5. We claim that p; X p2 need not be a weakly l-absorbing
prime filter of £. Since p; is a nontrivial filter, there is an element = € p; such
that @ # 1, and so (1,1) # (a,0) V. (a,0) V. (0,1) = (a,1) € p1 X p2. Since
(a,0) V¢ (a,0) = (a,0) ¢ p1 x {1} and (0,1) ¢ p1 x {1} (as p1 is nontrivial), we
conclude that p; X pz2 is not a weakly 1-absorbing prime filter of £.

THEOREM 3.10. Let £ = £1 X £9 X -+ X £, be a decomposable filter (n > 2).
The following statements are equivalent.

(1) Every proper filter of £ is a weakly 1-absorbing prime filter;

(2) n =2 and for each i € {1,2}, £, is a simple £;-domain.

PROOF. (1) = (2) On the contrary, assume that n > 3. Set
p={1} x {1} x x£3x -+ x £,.

Consider 1 # a € £3. Since (1,1,---,1) # (0,1,0,0,---,0) V. (0,1,0,0,---,0) V.
(1,0,a,0,0,---0) = (1,1,a,0,0,--- ,0) € p and p is a weakly l-absorbing prime
filter by (1), we conclude either (0,1,0,0,---,0) € p or (1,0,a,0,0,---,0) € p
which both of them are contradictions. Hence n = 2 and £ = £1 x £5. Now,
we will show that for each ¢ € {1,2}, £; is a simple £;-domain. Now, put ¢’ =
{1} x £2. Since ¢’ is a weakly 1-absorbing prime filter of £, by Theorem 3.8, {1}
is a prime filter of £1, i.e. £1 is a £1-domain. Similarly, £2 is a £3-domain. Let
{1} S S & £, for some filter S of £;. Choose an element s of S with s # 1.
Suppose that q = S x {1}. Since q is a weakly 1-absorbing prime filter by (1),
(1,1) # (5,0) Ve (5,0) V. (0,1) = (s,1) € q and both (s,0) V. (s,0) = (s,0) ¢ q and
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(0,1) ¢ q, we have a contradiction. Hence £ is a simple lattice. Likewise, £3 is a
simple lattice.

(2) = (1) Suppose that n = 2 and for each i € {1,2}, £; is a simple £,;-domain.
Let p be a proper filter of £. Then £ has exactly three proper filters, i.e., {1} x {1},
{1} x £9 and £1 x {1}. If p = {1} x £5 or p = £ x {1}, then p is a weakly
1-absorbing prime filter by Theorem 3.8. If p = {1} x {1}, then p is trivially a
weakly 1-absorbing prime filter of £. O

LEMMA 3.2. If m is a mazimal filter of £, then ﬁ is a simple £-domain.

PROOF. Let H # 1 Am = {1} be a filter of %. Then H = % for some filter
m G K of £ by Lemma 2.3 (6); hence K = £ and so £ is a simple lattice. Let
(aAm) Vg (bAm)=(aVb) Am=1Am for some a,b € £. Since m is a prime
filter, we conclude that @ € m or b € m by Lemma 2.3 (2); so either aAm =1Am
orbAm=1Am. Thus é is a £-domain. (|

We close this section with the following theorem:

THEOREM 3.11. If every proper filter of a lattice £ is a weakly 1-absorbing
prime, then |Max(£)] < 2.

PROOF. Let £ be a lattice such that every proper filter is weakly 1-absorbing
prime. On the contrary, assume that [Max(£)| > 3. We suppose that m;, my and
mg are distinct maximal filters of £, and look for a contradiction. We split the
proof into two cases.

Case 1: Suppose that m; V mg V mg # {1}. Since m; Vms Vmg C m;y V
ms V mg and m; V mg V mg is weakly 1-absorbing prime filter, we conclude that
either m; Vmso g m; Vms \/m3 g mg Or mg g m; Vmso \/m3 g my by Theorem
3.1 (6). This shows that either m; = m3 or my = mg which is impossible.

Case 2: Suppose that m; Vms Vmg = m; Nmy Nmg = {1}. Then by
Corollary 2.1, £ is isomorphic to ﬁ% X %2 X %3. Take £ = £1 X £9 X £3, where
for each i € {1,2,3}, £; is a simple £;-domain by Lemma 3.2. Then by Theorem
3.10, we conclude that £1 = {1} or £5 = {1} or £3 = {1} which is impossible.
Hence, |Max(£)] < 2. O
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