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QUASI-INTERIOR IDEALS AND THEIR PROPERTIES

Murali Krishna Rao Marapureddy

ABSTRACT. In this paper, we introduce the notion of quasi-interior ideal as
a generalization of quasi ideals, interior ideals, left(right) ideal, ideals of a
I'—semiring. We study the properties of quasi-interior ideals of I'—semiring
and characterize the quasi-interior simple I'—semiring, regular ['—semiring us-
ing quasi-interior ideal ideals of a I'—semiring.

1. Introduction

Ideals play an important role in advance studies and uses of algebraic structures.
Generalization of ideals in algebraic structures is necessary for further study of alge-
braic structures. Many mathematicians introduced various generalizations of con-
cept of ideals in algebraic structures, proved important results and charecterizations
of algebraic structures. The notion of a semiring was introduced by Vandiver[19] in
1934, but semirings had appeared in earlier studies on the theory of ideals of rings.
Semiring is a generalization of a ring but also of a generalization of distributive
lattice. Semirings are structually similar to semigroups than to rings. Semiring
theory has many applications in other branches of mathematics.

In 1995, M.Murali Krishna Rao[5, 6, 8] introduced the notion of a '—semiring as a
generalization of a I'— ring, a ternary semiring and a semiring. As a generalization
of ring, the notion of a I'—ring was introduced by Nobusawa in 1964[15]. In 1981,
Sen introduced the notion of a I'—semigroup as a generalization of semigroup[16].
The notion of a ternary algebraic system was introduced by Lehmer. Murali Kr-
ishna Rao and Venkateswarlu[11, 12, 13] studied regular I'—incline, field I'—semiring
and derivations.
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Henriksen[2] and Shabir [17] et al. studied ideals in semirings. We know that
the notion of an one sided ideal of any algebraic structure is a generalization of
notion of an ideal. The quasi ideals are generalization of left ideal and right ideal
whereas the bi-ideals are generalization of quasi ideals. In 1952, the concept of
bi-ideals was introduced by Good and Hughes[1] for semigroups. The notion of
bi-ideals in rings and semirings were introduced by Lajos and Szasz[4]. Bi-ideal
is a special case of ( m-n) ideal. Steinfeld[18] first introduced the notion of quasi
ideals for semigroups and then for rings. Iseki[3] introduced the concept of quasi
ideal for a semiring. Quasi ideals, bi-ideals in I'—semirings studied by Jagtap and
Pawar. Murali Krishna Rao[7, 8, 10| introduced the notion of left (right) bi-
quasi ideal, the notion of bi-interior ideal and the notion of bi quasi-interior ideal
of '—semiring as a generalization of ideal of I'—semiring, studied their properties
and characterized the left bi-quasi simple I'—semiring and regular I'—semiring. In
this paper, we introduce the notion of quasi-interior ideals as a generalization of
quasi ideal, interior ideal, left(right) ideal and ideal of a I'—semiring and study the
properties of quasi-interior ideals of a I'—semiring.

2. Preliminaries

In this section, we will recall some of the fundamental concepts and definitions
which are necessary for this paper.

DEFINITION 2.1. [1] A set S together with two associative binary operations
called addition and multiplication (denoted by + and - respectively will be called
semiring provided

(i) addition is a commutative operation.
(ii) multiplication distributes over addition both from the left and from the
right.
(iii) there exists 0 € S such that x +0=x andz-0=0-2 =0 for allz € S.

DEFINITION 2.2. [15] Let (M, +) and (T',+) be commutative semigroups. Then
we call M a T'—semiring, if there exists a mapping M X T'x M — M (the image of
(z,a,y) will be denoted by xay, x,y € M, € T') such that it satisfying the following
axioms for all x,y,z € M and o, € T

(i) za(y + 2) = zay + zaz
(i) (x4 y)az = zaz + yaz

(iii) z(a+ By = zay + zPy

(iv) za(yBz) = (vay)Bz.

Every semiring R is a I'—semiring with I' = R and ternary operation x~yy defined
as the usual semiring multiplication.

EXAMPLE 2.1. Let S be a semiring and M, ,(S) denote the additive abelian
semigroup of all p X q matrices with identity element whose entries are from S.
Then M, 4(S) is a T'— semiring with I' = M, 4(S) ternary operation is defined by
raz = z(al)z as the usual matriz multiplication, where o' denote the transpose of
the matriz a; for all x,y and o € My, 4(S).
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EXAMPLE 2.2. Let M be the set of all natural numbers. Then (M, max, min)
is a semiring. If U = M, then M is a I'—semiring.

EXAMPLE 2.3. Let M be the additive semigroup of all m X n matrices over the
set of mon negative rational numbers and I' be the additive semigroup of all n x m
matrices over the set of non negative integers. Then with respect to usual matriz
multiplication M is a T'—semiring.

DEFINITION 2.3. A I'—semiring M is said to be commutative I'—semiring if
zay = yax, for all x,y € M and o € T.

DEFINITION 2.4. A T'—semiring M is said to have zero element if there exists
an element 0 € M such that 0 +x = x = 2 + 0 and Ocx = zal = 0, for all z €
M, eT.

DEFINITION 2.5. An element a € M is said to be idempotent if there exists
a €T such that a = aaa.

DEFINITION 2.6. A non-empty subset A of a I'—semiring M is called
(i) a I'—subsemiring of M if (A, +) is a subsemigroup of (M,+) and
AT'A C A.
(il) @ quasi-ideal of M if A is a T'—subsemiring of M and ATM NMTA C A.
(i) @ bi-ideal of M if A is a T—subsemiring of M and ATMT A C A.
(iv) an interior ideal of M if A is a T'—subsemiring of M and MTATM C A.
(v) a left (right) ideal of M if A is a I'—subsemiring of M and
MTAC A(ATM C A).
(vi) an ideal if A is a T—subsemiring of M, ATM C A and MT'A C A.
(vil) a k—ideal if A is a T—subsemiring of M,ATM C A, MTA C A and
reM, x+yeAye A then xz € A.

DEFINITION 2.7. [20] Let M be a T'—semiring. A non-empty subset B of M is
said to be bi-interior ideal of M if B is a I'—subsemiring of M and
MTBT'M N BTMT'B C B.

DEFINITION 2.8. [22] Let M be a T'—semiring. A non-empty subset L of M 1is
said to be left bi-quasi ideal (right bi-quasi ideal) of M if L is a subsemigroup of
(M,+) and MTLNLTMTL C L (LTM NLTMTL C L).

DEFINITION 2.9. [24] Let M be a I'—semiring. A non-empty subset B of
M is said to be bi-quasi interior ideal of M if B is a I'—subsemiring of M and
BT'MT'BI'MI'B C B.

DEFINITION 2.10. [23] Let M be a I'—semiring. L is said to be bi-quasi ideal
of M if it is both a left bi-quasi ideal and a right bi-quasi ideal of M.

DEFINITION 2.11. [23] A T'—semiring M is called a left bi-quasi simple T'—semiring
if M has no left bi-quasi ideal other than M itself.

Remark: A bi-quasi interior ideal of a I'—semiring M need not be bi-ideal,
quasi-ideal, interior ideal, bi-interior ideal, and bi-quasi ideals of a I'—semiring M.
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DEFINITION 2.12. Let M be a I'—semiring. An element 1 € M is said to be
unity if for each x € M there exists « € I' such that zal = lax = x.

DEFINITION 2.13. In a I'—semiring M with unity 1, an element a € M is
said to be left invertible (right invertible) if there exist b € M,a € T such that
baa = 1(aab = 1).

DEFINITION 2.14. In a I'—semiring M with unity 1, an element a € M s said
to be invertible if there exist b € M,a € I' such that aab = baa = 1.

DEFINITION 2.15. A I'—semiring M is called a division I'—semiring if for each
non-zero element of M has multiplication inverse.
EXAMPLE 2.4.

(i) Let Q be the set of all rational numbers, M = “

Z ) | a,b,c,d € Q} be
the additive semigroup of M matrices and I' = M. The ternary operation AaB is
defined as usual matriz multiplication of A, o, B, for all A,a, B € M.Then M is a
I'—semiring

(a) If R= {( 8 ) |07éa,07éb€Q} then R is a quasi ideal of a

a
0

I'-semiring M
a
0

o) 175 ={ (

nd R is neither a left ideal nor a right ideal.

a
8 ) |[0#£ac€ Q} then S is a bi-ideal of T'—semiring M.

. b ) .y
(ii) If M = g . |a,b,ce Q¢ and T' = M then M is a T'—semiring
with respect to usual addition of matrices and ternary operation is defined

as usual matriz multiplication and A = { ( g 2 ) |0#£a,0£b€ Q} .

Then A is not a bi-ideal of I'—semiring M.

EXAMPLE 2.5. Let N be a the set of all natural numbers and T' = 4N be additive
abelian semigroups. Tennary operation is defined as (x,a,y) — « + o + y, where
+ s the usual addition of integers. Then N is a I'—semiring. A subset I = 2N
of N is a bi-quasi-interior ideal of N but not bi-ideal,quasi-ideal, interior ideal,
bi-interior ideal and bi-quasi ideal of I'—semiring N .

3. Quasi-interior ideals of I'—semirings

In this section, we introduce the notion of quasi-interior ideal as a generalization
of quasi-ideals and interior-ideals of a I'—semiring and study the properties of quasi-
interior ideals of a I'—semiring. Throughout this paper M is a I'—semiring with
unity element.

DEFINITION 3.1. A non-empty subset B of a I'—semiring M is said to be left
quasi-interior ideal of M if B is a I'—subsemiring of M and MT BT MT'B C B.

DEFINITION 3.2. A non-empty subset B of a I'—semiring M is said to be right
quasi-interior ideal of M if B is a I'—subsemiring of M and BTMTBI'M C B.
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DEFINITION 3.3. A non-empty subset B of a I'—semiring M is said to be quasi-
interior ideal of M if B is a I'—subsemiring of M and Bis left and right quasi-
interior ideal of M.

Remark: A quasi-interior ideal of a I'—semiring M need not be quasi-ideal,
interior ideal, bi-interior ideal. and bi-quasi ideal of I'—semiring M.

EXAMPLE 3.1. Let N be a the set of all natural numbers and T' = N be additive
abelian semigroups. Tennary operation is defined as (v,a,y) — x + o + y, where
+ is the usual addition of integers. Then N is a I'—semiring.Let I be the set of
all odd natural numbers. Then I is a quasi-interior ideal of N but not quasi-ideal,
interior ideal, bi-interior ideal and bi-quasi ideal of I'—semiring N .

In the following theorem, we mention some important properties and we omit
the proofs since they are straight forward.

THEOREM 3.1. Let M be a I'—semring. Then the following hold.

1) Ewvery left ideal is a left quasi-interior ideal of M.
) Every right ideal is a right quasi-interior ideal of M.
) Every quasi ideal is a quasi-interior ideal of M.
) Every ideal is a quasi-interior ideal of M.
) The intersection of a right ideal and a left ideal of M is a quasi-interior
ideal of M.
(6) If L is a left ideal and R is a right ideal of a T—semiring M then B = RT'L
18 a quasi-interior ideal of M.
(7) If B is a quasi-interior ideal and T is a I'—subsemiring of M then BNT
18 a quasi-interior ideal of ring M.
(8) Let M be aT'—semiring and B be a T'—subsemiring of M. If MUMTMTB C
B then B is a left quasi-interior ideal of M.
(9) Let M be a T'—semiring and B be a T'—subsemiring of M.If MU MTMTB C
B andBTMT'MT M C B then B is a quasi-interior ideal of M.
(10) The intersection of a right quasi-interior ideal and o left quasi-interior
ideal of M is a quasi-interior ideal of M.
(11) If L is a left ideal and R is a right ideal of M then B = RN L is a
quasi-interior ideal of M.

THEOREM 3.2. If B be a left quasi-interior ideal of a I'—semiring M, then B
is a left bi-quasi ideal of M.

PROOF. Suppose B is a left quasi-interior ideal of a I'—semiring M. Then
MTI'BT'MT'B C B. We have BTMT'B C MT'BI’MT B Therefore, MI'BNBI'MT' B C
BI'MTB C MI'BI'MTB C B Hence, B is a left bi-quasi ideal of M. O

COROLLARY 3.1. If B be a right quasi-interior ideal of a I'—semiring M, then
B is a right bi-quasi ideal of M.

COROLLARY 3.2. If B be a quasi-interior ideal of a I'—semiring M, then B is
a bi-quasi ideal of M.
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THEOREM 3.3. If B be a left quasi-interior ideal I'— semiring of M, then B is
a bi-interior ideal of M.

PROOF. Suppose B is a left quasi-interior ideal of a I'—semiring M .Then
MTBT'MTB C B. We have MTTBITMNBI'MT'B C BCMT'B C MT'BTMT'B C B.
Hence, B is a bi-interior ideal of M. U

COROLLARY 3.3. If B be a right quasi-interior ideal of a I'— semiring M, then
B is a bi—interior ideal of M.

COROLLARY 3.4. If B be a quasi-interior ideal of a T'— semiring M, then B is
a bi-interior ideal of M.

THEOREM 3.4. Ewvery left quasi-interior ideal of a I'—semiring M is a bi-ideal
of a T'—semiring M.

PRrROOF. Let B be a left quasi-interior ideal of a I'—semiring M.
Then BITMT'B C MT'BT'MT B C B. Therefore BITMT'B C B.
Hence every left quasi-interior ideal of a I'—semiring M is a bi-ideal of I'—semiring
M. O

COROLLARY 3.5. Ewvery right quasi-interior ideal of a I'—semiring M is a bi-
ideal of I'—semiring M.

COROLLARY 3.6. Fvery quasi-interior ideal of a I'—semiring M is a bi-ideal of
T'—semiring M.

THEOREM 3.5. Every left quasi-interior ideal of a I'—semiring M is a bi-quasi
interior ideal of I'—semiring M.

PROOF. Let B be a left quasi-interior ideal of I'—semiring M.
Then MT'BT'MT B C B. Therefore BTMT'BTMTI'B C MT'BTMT'B C B. O

COROLLARY 3.7. Every right quasi-interior ideal of a I'—semiring M is a bi-
quast interior ideal of I'—semiring M.

COROLLARY 3.8. Fwvery quasi-interior ideal of a I'—semiring M is a bi-quasi
interior ideal of I'—semiring M.

THEOREM 3.6. Every interior ideal of a I'—semiring M is a left quasi-interior
ideal of M.

PROOF. Let I be an interior ideal of the I'—semiring M.
Then MTITMTI C MTITM C 1.
Hence, I is a left quasi-interior ideal of I'—semiring M. [l

THEOREM 3.7. Let M be a I'—semiring and B be a I'—subsemiring of M. B
is a quasi-interior ideal of M if and only if there exist left ideals L and R such that
RTLCBCRNL.
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PROOF. Suppose B is a quasi-interior ideal of a I'—semiringM .
Then MT'BT'MTB C B. Let R=MI'B and L = MT'B.
Then L and R are left ideals of M.
Therefore RI'LC BC RNL .
Conversely, suppose that there exist L and R are left ideals of M such that
RI'L € BC RN L.Then
MTBTMTI'BC MT(RNL)IMT'(RNL) C MT(R)TMT(L) C RTLC B.
Hence, B is a left quasi-interior ideal of M. O

COROLLARY 3.9. Let M be a I'—semiring and B be a I'—subsemiring of M. B
is a right quasi-interior ideal of M if and only if there exist right ideals L and R
such that R L C BC RNL .

THEOREM 3.8. The intersection of a left quasi-interior ideal B of a I'—semiring
M and a right ideal A of M is always a left quasi-interior ideal of M.

PROOF. Suppose C = BN A.

MTCTMTC C MI'BTMI'BC B

MTCTMTC C MTATMT A C A. Since A is a left ideal of M.
Therefore, MT'CTMT'C C BNA=C.

Hence, the intersection of a left quasi-interior ideal B of a I'—semiring M and a
left ideal A of M is always a left quasi-interior ideal of M. O

COROLLARY 3.10. The intersection of a right quasi-interior ideal B of a I'—semiring
M and a right ideal A of M is always a Tight quasi-interior ideal of M.

COROLLARY 3.11. The intersection of a quasi-interior ideal B of a I'—semiring
M and an ideal A of M is always a quasi-interior ideal of M.

THEOREM 3.9. Let A and C be left quasi-interior ideals of a I'—semiring M,
B = AT'C and B is additively subsemigroup of M. If CTC = C then B is a left
quasi-interior ideal of M.

PrROOF. Let A and C be left quasi-interior ideals of a I'—semiring M and
B = AI'C.
Then BI'B = ATCTAT'C' = ATCTCTCTAI'C C ATCTMI'CTMI'C C AT'C = B.
Therefore, B = AI'C' is a I'—subsemiring of M.
MTBI'MI'B = MTATCTMTAT'C

C MTATMTATC C ATC = B.

Hence, B is a left quasi-interior ideal of M. O

COROLLARY 3.12. Let A and C' be quasi-interior ideals of a I'—semiring M,
B = CT'A and B is additively subsemigroup of M. If CTC = C then B is a
quasi-interior ideal of M.

THEOREM 3.10. Let A and C be I'—subsemirings of a I'—semiring M and
B = AT'C and B is additively subsemigroup of M. If A is the left ideal of M then
B is a quasi-interior ideal of M.
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PRrROOF. Let A and C be I'—subsemirings of M and B = AI'C. Suppose A is
the left ideal of M. Then BI'B = ATCT AT'C C ATC = B.

MTBTMTB = MTATCTMT ATC
C ATC = B.
Hence, B is a left quasi-interior ideal of M. O
COROLLARY 3.13. Let A and C' be I'—subsemirings of a I'—semiring M and

B = AT'Cand B is additively subsemigroup of M. If C' is a right ideal then B is a
right quasi-interior ideal of M.

THEOREM 3.11. Let M be a I'—semiring and T be a non-empty subset of M.
If I'— subsemiring B of M containing MUTTUMTT and B C T then B is a left
quasi-interior ideal of I'—semiring M.

PrROOF. Let B be a I'— subsemiring of M containing MI'TTMT'T. Then
MTBI'MI'B C MI'TTMT'T
CB.
Therefore, BTMT'BI'MT'B C B.

Hence, B is a left quasi-interior ideal of M. O

THEOREM 3.12. If B is a left quasi-interior ideal of I'—semiring M, BI'T is
an additively subsemigroup of M and T C B then BI'T is a left quasi-interior ideal
of M.

PROOF. Suppose B is a left quasi-interior ideal of a I'—semiring M, BI'T is an
additively subsemigroup of M and T' C B.Then BI'TTBI'I' C BI'T. Hence, BI'T
is a I'—subsemiring of M.

We have MT'BI'ITTMI'BI'T C MT'BI'MT'BI'T C BI'T.

Hence, BI'T is a left quasi-interior ideal of I'—semiring M. O

THEOREM 3.13. Let B be a left quasi-interior ideal of a I'—semiring M and I
be interior ideal of M. Then BN 1 s a left quasi-interior ideal of M.

PROOF. Suppose B is a bi-ideal of M and I is an interior ideal of M. Obviously
B N1 is I'—subsemiring of M. Then
MTU(BNI)I'MT(BT'I) C MTBTMT'BC B
MD(BNI)I'MT(BTI) C MTITMTI C 1

Therefore, MI'(BNI)I'MT(BT'I) C BNI.
Hence, BN 1 is a left quasi-interior ideal of M. O

THEOREM 3.14. Let M be a I'—semiring and T’ be a I'—subsemiring of M. Then

every I'—subsemiring of T' containing MTTTMTT is a left quasi-interior ideal of
M.
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PRrROOF. Let C be a I'—subsemiring of T' containing MTTTMTT. Then
CTMTC C MTTTMTT C C.

Hence, C' is a left quasi-interior ideal of M . O

THEOREM 3.15. The intersection of {Byx | A € A} left quasi-interior ideals of
a I'—semiring M is a left quasi-interior ideal of M.

PRrROOF. Let B = () By. Then B is a I'—subsemiring of M.
A€EA
Since B, is a left quasi-interior ideal of M, we have

MI'B\I'MI'B), C By, forall A€ A
=MI'NB\I'M N By, CNB),
=MTI'BI'MI'B C B.

Hence, B is a left quasi-interior ideal of M. O

THEOREM 3.16. Let B be a left quasi-interior ideal of a I'—semiring M ,e € B
and e be B—idempotent. Then el'B is a left quasi-interior ideal of M.

PROOF. Let B be a left quasi-interior ideal of a I'—semiring M. Suppose x €
BnNnel'M. Then, x € B and x = eay,a € I',y € M.

T = eqy
= efeay
= ef(eay)
=efx € el'B.
Therefore BNel'M C el'B
e'BC B and eI'B C eI'M
=eI'BC BNnel'M
=el'B=BnNel'M.

Hence, eI'B is a left quasi-interior ideal of M. O

COROLLARY 3.14. Let M be a I'—semiring M and e be a—idempotent. Then
el'M and MTe are left quasi-interior ideal and right quasi-interior ideal of M
respectively.

THEOREM 3.17. Let M be a I'—semiring. If M = MTa, for all a € M. Then
every left quasi-interior ideal of M is a quasi ideal of M.
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PRrROOF. Let B be a left quasi-interior ideal of a I'—semiring M and a € B.
Then
=MTa C MTI'B,
=M CMI'BCM
=MI'B=M
=BI'M = B'MT'B C MI'BITMI'B C B
=MI'BNBI'M C MNBI'M C BTM C B.

Therefore, B is a left quasi ideal of M. O

THEOREM 3.18. B is a left quasi-interior ideal of a I'—semiring M if and only
if B is a left ideal of some ideal of a I'—semiringM .

PROOF. Suppose B is a left ideal of ideal R of a I'—semiring M. Then
RI'BC B,MI'R C R and MI'BTMT'B C MT'RTMT'B C RTMI'B C RI'B C B.
Therefore, B is a left quasi-interior ideal of a I'—semiring M .

Conversely suppose that B is a left quasi-interior ideal of a I'—semiring M. Then
MTBTMT B C B. Therefore, B is a left ideal of an ideal MT'BT'M of a I'—semiring
M. O

COROLLARY 3.15. B is a right quasi-interior ideal of a I'—semiring M if and
only if B is a right ideal of some ideal of a I'—semiringM .

COROLLARY 3.16. B is a quasi-interior ideal of a I'—semiring M if and only
if B is an ideal of some ideal of a T'—semiring M.

4. Left(Right) quasi-interior simple I'—semiring

In this section, we introduce the notion of a left quasi-interior simple I'—semiring
and characterize the left quasi-interior simple I'—semiring using left quasi-interior
ideals of a I'—semiring and study the properties of minimal left quasi-interior ideals
of a I'—semiring and the properties of left(right) quasi-interior ideals of a regular
I"'—semiring.

DEFINITION 4.1. A T'—semiring M is a left (right) simple T'—semiring if M
has no proper left (right) ideals of M.

DEFINITION 4.2. A T'—semiring M is said to be simple I'—semiring if M has
no proper ideals of M.

DEFINITION 4.3. A T'—semiring M is said to be left(right) quasi-interior simple
T'—semiring if M has no left(right) quasi-interior ideal other than M itself.

DEFINITION 4.4. A I'—semiring M is said to be quasi-interior simple I'—semiring
if M has no quasi-interior ideal other than M itself.

THEOREM 4.1. If M is a division I'—semiring then M is a left quasi-interior
sitmple I'—semiring.
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PROOF. Let B be a proper left quasi-interior ideal of the division I'—semiring
M, x € M and 0 # a € B. Since M is a division I'—semiring, there exist b € M, « €
I" such that aab = 1. Then there exists f§ € I' such that aabfx = = = zfaab.
Therefore x € BI'M and M C BI'M. We have BI'M C M. Hence M = BI'M.

Similarly, we can prove MT'B = M.
M = MTI'B=MI'BI'B= MI'BI'BI'B
CMI'BTMT'BCB
MCB
Therefore M = B.
Hence, division I'—semiring M has no proper left-quasi-interior ideals. U
COROLLARY 4.1. If M is a division I'—semiring then M is a right quasi-interior
simple I'—semiring.
COROLLARY 4.2. If M is a division I'—semiring then M is a quasi-interior
simple I'—semiring.
THEOREM 4.2. Let M be a simple I'—semiring. Every left quasi-interior ideal
of M is a left ideal of M.
PROOF. Let M be a simple I'—semiringl and B be a left quasi-interior ideal of
%en MT'BT'MTI'B C B and MI'BI'M is an ideal of M.
Since M is a simple I'—semiring, we have MT'BI'M = M. Therefore
MTBTMT'BCB
=MTIB C B.
O

COROLLARY 4.3. Let M be a simple I'—semiring. FEvery right quasi-interior
ideal is a right ideal of M.

COROLLARY 4.4. Let M be a simple I'—semiring. Every quasi-interior ideal is
an ideal of M.

THEOREM 4.3. Let M be a I'—semiring. Then M is a left quasi-interior simple
I'—semiring if and only if < a >= M, for all a € M and where < a > is the
smallest left quasi-interior ideal generated by a.

PROOF. Suppose M is the left quasi-interior simple I'—semiring, a € M and
B = MTa.
Then B is a left ideal of M.
Therefore, B is a left quasi-interior ideal of M.
Therefore, B = M. Hence, MT'a = M, for all a € M.

MTaC<a>CM
=M C<a>C M.
Therefore M =< a > .
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Suppose < a > is the smallest left quasi-interior ideal of M generated by a, < a >=
M | A is the left quasi-interior ideal and a € A. Then

<a>CACM
=M CACM.
Therefore, A = M. Hence M is a left quasi-interior ideal simple I'—semiring. O
COROLLARY 4.5. Let M be a I'—semiring. Then M is a right quasi-interior

simple I'—semiring if and only if < a >= M, for alla € M and where < a > is the
smallest right quasi-interior ideal generated by a.

COROLLARY 4.6. Let M be a I'—semiring. Then M is a quasi-interior simple
T'—semiring if and only if < a >= M, for all a € M and where < a > is the
smallest quasi-interior ideal generated by a.

THEOREM 4.4. Let M be a I'—semiring. Then M is a left quasi-interior simple
T'—semriring if and only if MTal'MT'a = M, for all a € M.

PROOF. Suppose M is the left-quasi interior simple I'—semiring and a € M.
Then MTal'MTa is a quasi-interior ideal of M.
Hence, MT'al'MT'a = M, for all a € M.

Conversely, suppose that MT'al'MT'a = M, for all a € M.
Let B be a left quasi-interior ideal of the I'—semiring M and a € B.

M = MT'alI' MTa
C MI'BI'MI'BC B
Therefore M = B.

Hence, M is a left quasi-interior simple I'—semiring. O

COROLLARY 4.7. Let M be a I'—semiring. Then M is a right quasi-interior
simple T'—semiring if and only if all MT'al'M = M, for all a € M.

COROLLARY 4.8. Let M be a I'—semiring. Then M is a quasi-interior simple
I'—semiring if and only if al MT'al' M = M and MT'al'MTa = M, for all a € M.

THEOREM 4.5. If I'—semiring M is a left simple I'—semiring then every left
quasi-interior ideal of M is a right ideal of M.

PROOF. Let B be a left quasi-interior ideal of the left simple I'—semiring M.
Then MT'B is a left ideal of M and MT'B C M. Therefore MT'B = M. Then

=BI'M = BTMI'B
= CMI'BTMI'BCB
=BT'M C B.

Hence, every left quasi-interior ideal is a right ideal of M.
O

COROLLARY 4.9. If I'—semiring M is right simple I'—semiring then every right
quasi-interior ideal of M is a left ideal of M.
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COROLLARY 4.10. FEvery quasi-interior ideal of left and right simple I'—semiring
M is an ideal of M.

THEOREM 4.6. Let M be a I'—semiring and B be a left quasi-interior ideal of
M. Then B is a minimal left quasi-interior ideal of M if and only if B is a left
quasi-interior simple I'—subsemiring of M.

PRrROOF. Let B be a minimal left quasi-interior ideal of a I'—semiring M and
C be a left quasi-interior ideal of B. Then BI'CT'BT'C C C.

and BI'CT'BT'C is a left quasi-interior ideal of M.
Since C' is a quasi-interior ideal of B,

BI'CTBI'C =B
=B =BI'CTBI'C CC
=B =C.

Conversely, suppose that B is the left quasi-interior simple I'—subsemiring of M.
Let C be a left quasi-interior ideal of M and C' C B.

=BI'CTBICCMICTMI'CCMT'BI'MTI'BC B.Hence, C' is a left quasi-interior of B.

=B = (C.Since B is a left quasi-interior simple I'—subsemiring of M.

Hence, B is a minimal left quasi-interior ideal of M. O
COROLLARY 4.11. Let M be a I'—semiring and B be a right quasi-interior ideal

of M. Then B is a minimal right quasi-interior ideal of M if and only if B is a
right quasi-interior simple I'—subsemiring of M.

COROLLARY 4.12. Let M be a T'—semiring and B be a quasi-interior ideal of M.
Then B is a minimal quasi-interior ideal of M if and only if B is a quasi-interior
simple I'—subsemiring of M.

THEOREM 4.7. Let M be a I'—semiring and B = LI'L, where L is a minimal
left ideal of M . Then B is a minimal left quasi-interior ideal of M.

PROOF. Obviously B = LI'L is a left quasi-interior ideal of M. Let A be a left
quasi-interior ideal of M such that A C B.
We have MT' A is a left ideal of M. Then

MTAC MTB
= MTLTL
C L, since L is a left ideal of M.
Therefore MT'A = L, since L is a minimal left ideal of M.
Hence B= MT'ATMTA
C A
Therefore A = B. Hence B is a minimal left quasi-interior ideal of M.
O

COROLLARY 4.13. Let M be a I'—semiring and B = RT'R, where R is a mini-
mal right ideal of M . Then B is a minimal right quasi-interior ideal of M.
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5. Left quasi-interior ideals of regular I'—semiring

In this section, we characterize regular I'—semiring using left quasi-interior
ideals of a I'—semiring.

THEOREM 5.1. Let M be a reqular T'—semiring. Then every left quasi-interior
ideal of a reqular I'—semiring M is a left ideal of M.

PRrROOF. Let B be a left quasi-interior ideal of a regular I'—semiring M. Then

MTBTMT'BCB
=MTB C MI'BI'MTMT B, since M is regular
C MT'BI'MTB C B.

O

COROLLARY 5.1. Let M be a regular I'—semiring. Then every right quasi-
interior ideal is a right ideal of M.

COROLLARY 5.2. Let M be a reqular I'—semiring. Then every quasi-interior
ideal is an ideal of M.

THEOREM 5.2. M is a regular I'—semiring if and only if ATB = ANB for any
right ideal A and left ideal B of a I'—semiring M .

THEOREM 5.3. Let M be a I'—semiring Then B is a quasi-interior ideal of a
regular I'—semiring M if and only if BTMTBT'M = B and MU'BTMT'B = B for
all quasi-interior ideals B of M.

PROOF. Suppose M is a regular I'—semiring, B is a quasi-interior ideal of M
and ¢ € B. Then MT'BI'MTB C B and there exist y € M, «a,8 € I such that
x = xayPrayfxr € MT BT MT' B. Therefore x € MT' BT MT B.

Hence MTBI'MT' B = B. Similarly we can prove BITMTBI'M = B.
Conversely, suppose that BTMI'BI'M = B and MI'BI'MT B = B for all quasi-
interior ideals B of M.
Let B=RNL and C = RI'L, where R is a right ideal and L is a left ideal of M.
Then B and C are quasi-interior ideals of M.
Therefore (RNL)YITMT(RNL)TM =RNL
RNL=(RNLTMT(RNL)TM
C RTMT'LI'M
C RI'LT'M
RNL=(RNL)ITMI(RNL)TM
C RTLTMTRULTM
C RI'L

C RN L (since RI'L C L and RT'L C R).
Therefore, RN L = RI'L. Hence M is a regular I'—semiring. 0
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