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ABSTRACT. The concept of multigroups is the study of groups in multiset
setting. Though several notions in group theory have been investigated in
multigroup, some concepts are yet to be applied to multisets. In this present
work, the notion of solvable multigroups is introduced and certain results are
established. Solvable series for a multigroup is defined in such a way that
the family of the submultigroups of the considered multigroup has identical
support. Among several results, it is established that there exists an equivalent
condition between the solvability of a multigroup and its support.

1. Introduction

One of the limitation of set theory is the omission of repeated elements in a
collection, which is acceptable in real-life problems. The term multiset was intro-
duced as an extensional set where repetition of elements is allowed [25]. Multiset
was first suggested by N. G. de Bruijn (cf. [8]) in a communication to D. E. Knuth.
Due to the appropriateness of the concept, it has been researched and applied in
diverse areas [6, 7, 21, 24, 28, 30]. In a way to show the application of multiset in
group theory, Nazmul et al. [26] introduced multigroup in multiset framework and
presented a number of results. An elaborate work on multigroup theory has been
carried out [10]. Numerous results in multigroup theory have been discussed [2, 11].
The notion of cuts of multigroups was introduced as a bridge between multigroup
and group, and extended to homomorphism [12]. The ideas of strongly invariant
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submultigroups, normal submultigroups, characteristic submultigroups and Frat-
tini submultigroups have been investigated in multigroup setting with some results
1, 13, 23, 27].

The notions of order in multigroup, comultisets, cyclic multigroups and factor
multigroups have been established with results [3, 4, 5, 14]. Some group’s anal-
ogous concepts like direct product, actions, etc. have been studied in multigroup
context [15, 16, 17, 22, 18, 19]. Some algebraic structures have been studied
based on multiset approach [9, 20, 29, 31].

Although numerous group’s theoretic notions have been investigated in multi-
group setting, solvable group is yet to be studied via multiset approach. The fact
that concepts like comultiset, normal submultigroups and factor multigroups have
been established, it is then needful to discuss solvability in multigroup setting.
To this end, this paper seeks to discuss solvable multigroup and characterize its
properties. The rest of the paper are delineated as follows; Section 2 presents pre-
liminaries on multisets and multigroups, Section 3 presents the concept of solvable
multigroups and discusses certain of its properties, and Section 4 summarizes and
gives recommendations for future studies.

2. Preliminaries

We denote a non-empty set as X and a group as G throughout the paper.
DEFINITION 2.1. [24] A multiset M over X is a pair (X, C)), where
Cvu:X—->N={0,1,2,..}
is a function, such that for z € X implies M (x) = Cps(z) > 0 and Cas(x) denoted
the number of times an object 2 occur in M. If Cps(z) =0, then z ¢ X. The set

X is called the ground or generic set of the class of all multisets containing objects
from X.

DEFINITION 2.2. [30] Let M and N be multisets of X. Then

(i) M =N <= Cy(z) =Cn(x) for all z € X,
(i) M C N < Cpy(z) < Cpy(x) for all x € X,

(iif) M NN = Cpnn(x) = min (C’M( ), C’N(a:)) for all x € X,
(iv) MUN = Cpun(z) = max (C’M( ), C’N(z)) for all x € X,
(v) M® N = Cygn(z) = Cy(x) ® Cn(x) for all z € X.

DEFINITION 2.3. [26] A multiset M of G is a multigroup of G if (i) Cps(zy) >
min (C’M(z),C’M(y)) (ii) Crp(z71) = Cur(z) for all z,y € G. Since Cpr(e) =
Cpy(zz™1) > min (C’M(x) M (z )) = Cpy(x) for all x € G, where e is the identity
element of G, then Cy/(e) is the upper bound of M, which we call the tip of M.

DEFINITION 2.4. [26] Let M be a multigroup of G. Then, the support of M is
the set supp(M) = {x € G | C(x) = 0}.

PROPOSITION 2.1. [26] The support of a multigroup M of G is a subgroup of
G.
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DEFINITION 2.5. [10] Let M and N be multigroups of G. Then, the product
M o N is defined to be a multiset of G as follows:

Chrron () = V,—y, min (CM(y), C’N(z)), if3 y,z.' € X such that z = yz
0, otherwise.

DEFINITION 2.6. [17] A multigroup M of G is said to be commutative if
Cr(zy) = Cp(yx) for all z,y € G. Certainly, if G is a commutative group,
then a multigroup M of G is commutative.

DEFINITION 2.7. [17] Let M and N be multigroups of G. We say M is a
submultigroup of N if M C N. Again, M is a proper submultigroup of N if
M C N and M # N.

DEFINITION 2.8. [13] Let M be a submultigroup of a multigroup N of G. We
say M is normal in N if Cy(zy) = Cuy(yz) <= Cu(y) = Cuy(z~tyz) for all
z,y € G, and we write M < N. In fact, every normal submultigroup is self-normal
and commutative.

DEFINITION 2.9. [14] Suppose M is a submultigroup of a multigroup N of G.
Then, the submultiset yM of N for y € G defined by Cyr(z) = Cr(y~ ') for all
x € G is called the left comultiset of M. Similarly, the submultiset My of N for
y € G defined by Cyry(z) = Cpr(zy™') for all z € G is called the right comultiset
of M.

DEFINITION 2.10. [14] Let N be a multigroup of a group G and M be a
normal submultigroup of N. Then the set of right/left comultisets of M with the
property Cyaroyni (2) = Crynr(2) for all z,y, z € X form a multigroup called factor
or quotient multigroup of N determined by M, denoted as N/M.

3. Main results

Before the establishment of solvable multigroup, we first present some results
as follows:

THEOREM 3.1. Let M be a multigroup of G. Then supp(M) is abelian iff M
1s commutative.

PROOF. Let x,y € supp(M). If supp(M) is abelian then zy = yz, and so
Cr(zy) = Cpr(yx) for all z,y € G.

Conversely, if M is commutative then Cys(zy) = Cp(yx) for all z,y € G. Thus
supp(M) is an abelian group because Cys(zy) > 0 < Cy(yzr) = xy = yx for all
x,y € supp(M). O

THEOREM 3.2. (i) Every commutative multigroup is self-normal. (ii) If M and
N are multigroups of G such that M < N, then M is self-normal.

PROOF. Suppose M is a commutative multigroup of G. Then

Cu(zy) = Cp(yzx) for all z,y € G,
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and so C(y) = Cyr(z~'yz). Hence M <M, which proves (i). Again, if M <N then
Cu(z) < Cn(z) for all x € G and Cy(x) > 0 < Cy(y) = Cu(zy) = Cur(yz)
for all z,y € G. Thus (ii) holds from (i). O

THEOREM 3.3. Let M, N and O be multigroups of G such that (i) N/M and
O/M are both in the canonical form, (ii) N/M <« O/M, (i) (O/M)/(N/M) is
commutative. Then N <O and O/N is commutative.

PRrROOF. Let H, H; and Hs be the supports of M, N and O, respectively, and
let H' be the zone of M,0. Then N/M and O/M are both multigroups of H'/H.
If z € Hy, then Cn(2) = Cnym(zH) < Coyp(eH) = Co(z), and N € O. Thus
Co(z) > 0 < Coly) = Co/m(zH) = Co(z) > 0 < Co(y) = Co/m(yH) =
Cnyv(zyH) = Cnyp(yxrH) = Cn(vy) = Cn(yx) for all 7,y € G, and so N <O.

Again, we have supp(O/N) = Hy/Hy ~ (Hz/H)/(H:/H) = supp(O/M)/
supp(N/M), which is abelian. By Theorem 3.1, O/N is commutative. d

Now, we define the notion of solvable multigroup as follows:

DEFINITION 3.1. If M is a multigroup of GG, then there exists a chain of suc-
cessive submultigroups of M:

(3.1) MyCM C---CM,=M,
such that supp(My) = supp(M;) = --- = supp(M,,) = supp(M).
Thus (3.1) can be rewritten as
Chry () < Oppy(2) < --- < Cyp, (1) = Cpy(2) for all z € G.
Albeit, if M is a trivial multigroup, we have My = M.

DEFINITION 3.2. A multigroup M of G is solvable/soluble if there exists a
chain of successive submultigroups
MOng g"'gMn:Ma
where M; <« M; 1 and M;11/M; is commutative for all 0 < i < n — 1.
Thus, such a finite chain of successive submultigroups of M is a solvable/soluble
series for M denoted by M;. Without contradiction, the solvable series for M can

be written as
Mo<My<---<aM, =M.

THEOREM 3.4. A multigroup M of a group G is solvable iff supp(M) is a

solvable group.

PROOF. Assume M is a solvable multigroup of G. Then there exists a solvable
series for M as follows:
My<My<---<M, =M.
Set H = supp(M), i.e. H is a subgroup of G. Then
{e}=Hy<Hy < ---<H,=H

is a solvable series for H since supp(M) = supp(M;). Thus H is a solvable group.
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Conversely, let H = supp(M) be a solvable group (certainly, a subgroup of G).
Then

{e}=Hy<Hy<---<H,=H
is a solvable series for H. Consequently, we have
Mo<My<---aM, =M,
which is a solvable series for M. Hence M is a solvable multigroup of G O
THEOREM 3.5. Let M and N be multigroups of G with the same support H

such that M C N and M is self-normal. If M is solvable, then N is a solvable
multigroup of G.

PROOF. Let My<M;<---<M, = M be a solvable series for M. Because M is
self-normal and supp(M) = supp(N) = H, we get M < N. Consequently, we have
supp(N/M) = H/H = H and is abelian. Thus

Moy<My<---<M, =MaN
is a solvable series for N. Hence N is a solvable multigroup of G. [l

THEOREM 3.6. Let N be a solvable multigroup of G and let M be a self-normal
submultigroup of N with M C N;. Then M is solvable.

PROOF. Let Ng<N1<---<a4N, = N be a solvable series for N since N is solvable.
Because M C N;, we have

NoNMCN,ANMC---CN, N M= M.

Clearly, Cn,nm(x) > 0 < Cnynm(y) = Ch, () > 0 < Cn,(y) and Cps(z) > 0 <
Cr(y) = Cn, (zy) > 0 < Cn, (yz) and Cyy(zy) > 0 < Cpr(yzr) = Cnynm(zy) =
Cnyny(yz) for all z,y € G. Thus

NonMaN NM«---<aN, "M = M.

Again, let H; = supp(V;) and H = supp(M). Then we get a quotient (Hy N
H)/(HyN H), which is abelian because Hz/H; is abelian. The same logic holds for
the other quotients, and thus

NoN"MCNNTMC---CN,NM=M

is the solvable series for M. Hence M is solvable. O

THEOREM 3.7. Let M be a normal submultigroup of a multigroup N of G, and
let N be self-normal. If M and N/M are solvable, then N is a solvable multigroup
of G.

PROOF. Assuming N’/M’ is the canonical form of N/M. Then we have M C
M', N C N', supp(M’) = supp(M) = H; and supp(N’) = supp(N) = Ha. Thus,
there exists a solvable series

0p<O14---<0,, =N'/M'.
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Set M’ = M,, and N’ = N,,. Assume there exist multigroups N; of G such that
M'<aN; < Nyy1 and O; = N;/M’ in the canonical form for 0 <7 < n — 1. Thus

No/M' aNy/M'<---aN,/M' = N'/M’

is a solvable series for N'/M’. Since No/M' is a trivial submultigroup of N'/M’,
then it is meet to say that Ng = M’. By Theorem (3.3), we have

(3.2) M'=Ny<aNy<---aN, =N,

where N;11/N; is commutative for 0 <i < n — 1.
Next, M is self-normal by Theorem (3.2), and M’ is solvable by Theorem (3.5).
Thus, there exists a solvable series for M’ as follows:

(3.3) Mo<M;<---aM,, =M.

By juxtaposing (3.2) and (3.3), we have a solvable series for N’. Hence N is solvable
by Theorem (3.6). d
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