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ON EQUIVALENCE OF P-HENSTOCK-TYPE
INTEGRALS FOR INTERVAL VALUED FUNCTIONS
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Joshua Olugbenga Ajilore and Olumide Afolabi Esan

ABSTRACT. In this paper, we use the p-norm to define the interval p-Henstock
integral, introduce the interval p-Sequential Henstock integrals and show the
equivalence of the interval p-Henstock-type integrals. The p-norm provides an
alternative approach to defining the Henstock-type integrals of interval valued
functions and the p-integral of interval valued functions.

1. Introduction

Several authors have studied the concept of integration for real valued space
functions. The techniques in this integration concept have some difficulties as that
of the Lebesgue integral. Some have sought to redefine the rigorous nature of these
techniques with a view of avoiding its difficulties by introducing new and reliable
integrals. One of the most popular integrals is the Henstock integral. Its definition
is obtained by a slight modification of the Riemann’s definition. Henstock integral
was introduced independently by R. Henstock and J. Kurzweil in 1955 and 1957
respectively. It is well known that Henstock integral is equivalent to the Denjoy and
Perron integrals and is easier and more reliable than the Wiener, Feynmann and
Lebesgue integrals(see[1-20]) and has been shown by Paxton [15] to be equivalent
to the Sequential Henstock integral. In 2018, Ray [16] obtained results dealing with
equivalence of Riemann integrals based on p-norm. It is well known that in the
usual generalised Riemann integral setting, the Henstock norm or mesh is adopted
for the Henstock sums. Interval analysis helps to reduce the uncertainty and error
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bounds yields in real values computations and measurements as well as find guar-
anteed solutions to differential equations and optimization problems. In 2000, Wu
and Gong[19] introduced the concept of the Henstock (H) integral of interval valued
functions and fuzzy number-valued functions and obtained a number of properties.
In the same year, Hamid and Elmuiz[4] established the concept of the Henstock
Stieltjes (HS) integrals of interval valued functions and fuzzy number-valued func-
tions and obtained some number of properties of these integrals. The equivalence of
integrals in real valued space have been studied by several researchers. Paxton[15]
gave several variations of the Henstock integral of functions f in [a,b] and show
equivalence of same to the Sequential Henstock integral. Recently, the authors [7]
showed all sorts of equivalences of Henstock-type integrals and certain Sequential
Henstock integrals.

Therefore, it is pertinent to ask the following questions:

Question 1. Is interval p-Sequential Henstock integral equivalent to the inter-
val Sequential Henstock integral?

Question 2. Is interval ap-Sequential Henstock integral equivalent to the interval
Sequential Henstock integral?

These questions were answered later in this work.

2. Preliminaries

Let R denote the set of real numbers, F'(X) as an interval valued function, F~,
the left endpoint, F'™ as right endpoint, {4, (z)}52,, as set of gauge functions, P,,
as set of partitions of subintervals of a compact interval [a,b], X, as non empty
interval in R and d(X) = X+ — X~ as width of the interval X and < as much
more smaller. Moreso, we recall the following as given in [15].
e FPVi]a,b] = o2, FPV™[a, b] is the set of all the finite partition vectors of [a, ]
whose length is n. i.e.,
FPV(”)[aJ)] ={BeER" :By=a< B <..<Bj<PBjt1 <..<Bp=0b}

e FPV(a,b] = U, FPV™]a,b] is the set of all the finite partition vectors of
[a,b]. Observe that FPV[a,b] C U R 1.

o T113) = [1175 " [8;—Bi—1]. For example, if 3 = (1,1.2,1.5,2.2,2.6,3) € FPV®)[1,3],
then (1.1,1.4,1.5,2.4,2.9) € [[f]. Its’ obvious that [ [[3] represents the space where
the tags are located, given a partition S of [a, ]

e 1B, = {/ (20 M Bies — Bil)?, where p > 1. For example, if § = (1,2,4,7,10)
then ||B]z= ¢/(1+23+33+33) = /64. By exploiting Minkowski inequality.
Hence ||.||; is a norm.
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° Sp(B, Pn) = ZLB:EOIAW:Z‘H - 5:1'|-f(13i), where P; € [3;, Bi11], where P, represents
a sequence of tags. i.e P = [][5]

DEFINITION 2.1. [1/]. A gauge on [a,b] is a positive real-valued function ¢ :
[a,b] — RT. Let 6 > 0, then a partition P is 0-fine if every subinterval [u;_1,u;]
satisfies [ui—1,ui] C [t — 6(t:), ti + 6(t:)].

DEFINITION 2.2. [14] A sequence of tagged partition P, of [a,b] is a finite
collection of ordered pairs P, = {(u@i—1), Ui, ), ti, }imy where [u;_1,u;] € [a,b],
Ui—1), < i, S U, and a =ug < ugy < ... < Up, = 0.

DEFINITION 2.3. [15]. (p-integral). A function f : [a,b] — R is p integrable on
[a,b] to a number o € R if for any & > 0, there exists a 02 > 0 such that for any
B € FPV,(0s) and for all P € [][B], we have |Sf(B, P) — a| < & We say that o is
a p-integral of f on [a,b] with a = (p) f: f. We use pla,b] to denote the set of all
p-integrable functions defined on [a, b].

DEFINITION 2.4. ([2]. Let E be a measurable set and let ¢ € R. The density of
E at c is defined by

LB 1 MENe=het )
h—0+ 2h
provided the limit exists. The point ¢ is called a point of density of E if d.E = 1.

The set E¢ represents the set of all points x € E such that x is a point of density
of E.

DEFINITION 2.5. [2]. A function F : [a,b] — R is said to be approzimately
differentiable at c € [a,b] if there exists a measurable set E C [a,b] such that c € E¢
and i) F

@) - Flo)

tseteE  t—c

exists. The approximate derivative of F' at ¢ is denoted by F(;p(c). The concept of
sequence of approzimate neighborhoods(or ap-nbds) of t;, € [a,b] is a measurable set
S, C la,b] containing t;, as a sequence of points of density. For every t; € E C
[a,b], choose an ap-nbd Sy, C la,b] of t;,. Then we say that S = {S;, :t;, € E}
is a choice on E. A tagged interval (t;,,[ci, ,d;,]) is said to be subordinate to the
choice S = Sy, if c¢;,,di, € Sy, . Let P, = {(ti,,[ci,,di,]) : 1 <i < mym €
N} be a finite collection of non-overlapping tagged intervals. If (t;, ,[ci, ,d;]) is

n

subordinate to a choice S for each i, for i = 1,...,m, then we say that P, is
n

subordinate to S. If P, is subordinate to S and [a,b] = U[Cinadin,]7 then we say

i=1
that P, is a tagged partition of [a,b] that is subordinate to S.

DEFINITION 2.6. [14] .(Sequential Henstock Integral). A function f : [a,b] - R
is Sequential Henstock integrable ( SHa,b]) on [a,b], to a real number « if for any
e > 0, there exists a sequence of gauge functions {0,(x)}>2, such that for any
on(x) — fine tagged partitions P, = {(u(i—1),, s, ), ti, }i=y, we have
1> f(ti, ) (wi, — ug—vy,) — o < e. We say that « is a Sequential Henstock
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integral of f on [a,b]. i.e. « = SH f[a . [ and use SH¢[a,b] to denote the set of
all Sequential Henstock-integrable functions defined on [a,b]

DEFINITION 2.7. ([12]) (p-Sequential Henstock integral). A function f : [a,b] —
R is p-Sequential Henstock integrable on [a,b] to a number @ € R if for any
€ > 0 there exists a sequence of positive functions {0,=(x)}oL,, such that for any

Bn € FPV,(0nz()) and for all P, € [T:24(8n], we have |Sf(By,, P,) — af <&.. We
say that « is a p-Sequential Henstock integral of f on [a,b]. i.e. p-SHyla,b] =
a = -f[a,b] f. and use p — SHyla,b] to denote the set of all p-Sequential Henstock
integrable functions defined on [a,b).

DEFINITION 2.8. ([12]) (ap-Sequential Henstock integral) A function f : [a,b] —
R is ap-Sequential Henstock integrable on [a,b] to a vector o € R if for any e > 0
there exists a sequence of choice {S,(x)}22, on [a,b] such that for any Sy,-fine
tagged partitions P, = {(u(i—1),, i, ), i, }imy we have

> i) (i, —ug-1),) — o] <e.
=1

We say that o is an ap-Sequential Henstock integral of f on [a,b]. We use apSH¢[a,b]
to denote the set of all ap-Sequential Henstock integrable functions defined on [a,b].

DEFINITION 2.9. ([11,15]) Let Iy = {I = [I~,I"]: I is a closed bounded inter-
val on the real line R}. For X, Y € Ir, we define
i. X<Yifand only if Y~ < X~ and X+ <Y,
. X+Y=Zifandonly if Z7 =X"+Y and ZT =XT +YT,
wi. XY ={zxy:2ze€ X,yeY}, where
(XY) =min{X".Y , X" YT Xt Y  XTYy*+}

Then d(X,Y) = maz(|]X~ — Y|, |XT — Y™T|) is the metric distance between
intervals X and Y.

Now, we will define the Sequential Henstock integral of interval valued function.

DEFINITION 2.10. An interval valued function F : [a,b] — Ir is Sequential
Henstock integrable(ISH][a,b]) to Iy € Ig on [a,b] if for any € > O there exists a
sequence of positive gauge functions {0, (x)}, such that for every 6,(x) — fine
tagged partitions P, = {(u(i—1),, %, ), i, Yizi, we have

d(ZF(tin)(Uin —ugi—1),),lo) <€

i=1

= mazld(D>  F~ (t;,) (i, —ug-n),), 1o ) < &,d>F*(ti,)(wi, —ui-1),), I7) <eél
=1

i=1

We say that Iy = [I;,I] is the Sequential Henstock integral of F on [a,b]. i.e.
(IH) f[a nt = and F € ISH]a,b].



ON EQUIVALENCE OF P-HENSTOCK-TYPE INTEGRALS 331

DEFINITION 2.11. (/5]) (p-Sequential Henstock integral). A function f : [a,b] —
R is p-Sequential Henstock integrable on [a,b] to a number o € R if for any
€ > 0 there exists a sequence of positive functions {525(10)}2‘1:1, such that for any

Bn € FPV,(6,2(z)) and for all P, € [[;25[Bn], we have |S;(Bn, Pn) — af < &.. We
say that « is a p-Sequential Henstock integral of f on [a,b]. i.e. a = fabf i.e p-
SHyla, bl =a= f[a,b} f. and use p— SHyla,b] to denote the set of all p-Sequential
Henstock integrable functions defined on [a,b].

We define newly the following concepts

DEFINITION 2.12. (p-interval integral). A function F : [a,b] — Ig is p-interval
integrable on [a,b] to a number Iy € I if for any & > 0, then there exists a >0
such that for any B € FPV,(ds) and for all P € [][8], we have

d(SF(B, p), Io) < E.

We say that Iy = [I;, 1] is a p-interval integral of F on [a,b] with Iy = (p) f; F.
We use pla,b] to denote the set of all p-interval integrable functions defined on
[a,b].

DEFINITION 2.13. ([5]) (Interval p-Sequential Henstock integral). A function
F : [a,b] — I is p-Sequential Henstock integrable on [a,b] to a number Iy € Ig if
for any € > 0 there exists a sequence of positive functions {00 (z)}>2,, such that
for any B, € FPVy(8,2(z)) and for all P, € T [8n], we have

d(SF(Bna pn)Jo) = max‘d(SF* (Bna Pn)a Io_) <§, d(SFJr (BwRJJJ) < 5_|-
We say that Iy is a interval p-Sequential Henstock integral of F on [a,b]. i.e

p-ISHpla,b] = Iy = f[a b]F. and use p-ISHpa,b] to denote the set of all in-
terval p-Sequential Henstock integrable functions defined on [a, b].

DEFINITION 2.14. ([5]) (interval ap-Sequential Henstock integral) A function
F :[a,b] — Ir is interval ap-Sequential Henstock integrable on [a, b] to a vector Iy €
Ir if for any € > 0 there exists a sequence of positive choice functions {Sy,(x)},
on [a,b] such that

M,

d(>_ F(ti,)(ui, — ui-1y,), o)
i=1

mneN mneN
=mazld( > F~(t:,) (i, —ui-1),), Iy) < &d( Y Fr(t;,)(ui, —ug_y),), Ij) <el
i=1 =1

whenever P, = {([u@-1), i, ], ti,) izt i a Sp(x) — fine ap-interval Sequential

Henstock partitions on [a,b]. We say that Iy is a interval ap-Sequential Hen-
stock integral of F on [a,b] i.e Iy = (apISH) f;F and F € apISH|a,b] and use
apl SHr|a,b] to denote the set of all interval ap-Sequential Henstock integrable
functions defined on [a, b]
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3. Main results

Now, we give the equivalence of certain interval Henstock-type integrals I H|[a, b]
using sequential approach. Firstly, we state and prove the following:

THEOREM 3.1. If F : [a,b] — Ir is interval Sequential Henstock integrable on
[a,b], then it is p-Sequential Henstock integrable there, Infact,

(ISH) /a "o (p-IH) / "F

PROOF. Suppose F' € SHJa,b] in the sense of Definition 2.10, we want to show
that F' € p-SHJa,b]. Let € > 0 be given, then there exists a {d,(z)}>2,; and
P, < 0,(x), such that

Mn Mn
max|d(Y " F~(ti, ) (ui, —ug-1),),15) <&, d>_ F(t;,)(ui, —ui-1y,). Ij) < el
=1 i=1

Choose arbitrarily one ¢%,_(x) from {05 (z)}52; for 0 < p < 1, such that for a given

&b_(x) > 0 and 3¢ = {/(S(F, P,)? be arbitrary, then

[Be|-1 |B¢|—1
181l = {| > ABiisn) Bin)? < 1BUp = (| (D d(Byyy, - BN < L.
=0 =0

i.e SHla,b] C FPV;,") [a,b]. Then, the result F' € SH]a,b] follows immediately
from

ISH]a,b) = p-IH|a, .
g

THEOREM 3.2. If F : [a,b] — Ir is p-interval Sequential Henstock integrable
on [a,b], then it is interval Sequential Henstock integrable there. Infact,

(p-TH) /a "o (ISH) /a "k

PROOF. Suppose F € p-IHJa,b] in the sense of Definition 2.13, we want to
show that F' € ISH]a,b).
Let € > 0 be given, there exist sequence of positive functions {2 (z)}>2; and
P, < 0,(x), such that

- P 1
max|d(Sp- (Bn, Po), Iy) < & d(Sp+(Bn, Pn), 1) < &. < —

Let € > 0 be arbitrary, we choose an arbitrary 556 < of from {6 (v)}p2, for
n > p such that for a given 7, (z) > 0, then we have

d(07, (x), 0 () < e
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for all 3 € FPV, (4, ( )) and P, € [[125[8x] |1Sr(B, Pn) — a| < & for some Ij € Ig.

Choose B¢ € FPV}, (57’ ) where B¢ € P,(3°) is arbitrary, so that for a given
b (x) > 0, we have

[Bnl—1

”Bn”p Z Bit1,5))P < 18Ny < &,V € [a,b].
7=0

Let A — 0, then, our choice of §,(z) guarantees that if P, < b (x), then P, <

8, (x). Hence for a given P} < d,(x), we can make the Riemann sums for FPVP(")
and P, arbitrary close(using the same tagged partition) such that

A(B. Se (B, P)) < 5.

Now, for any ¢ > 0, there exists a df, (z) € {0} (z)}32; for n > p, we find a
du(x) € {0, (2)}52, satisfying (1) above and move down the sequence {0, (x)}5>;

1
denoting its’ new position as N*, so that — N < =. If P, < d,(x), then

(B, Io) < d(B;,Sp(B, P, ))+d(SF(5, ), 1o)

€ 1
S 3TN
3 9 o
Thus, p-IH|a,b] = ISH[a, b]. O

COROLLARY 3.1. A F : [a,b] — Ig is p-interval Sequential Henstock integrable
on [a,b], if and only if, it is interval Sequential Henstock integrable there and

p-IH|a,b] = ISH|a,b].
PrOOF. The result follows easily from the proof of Theorems 3.1 and 3.2. This
completes the proof. O

THEOREM 3.3. If F : [a,b] — Ig is interval ap-Sequential Henstock integrable
on [a,b], then it is interval Sequential Henstock integrable there. Infact,

(apI H) / "F = s / '

PROOF. Let F € ap-IH|[a,b] in the sense of Definition 2.14, we want to show
that F' € ISH|a,b]. Suppose that {S,(z)}52, is a decreasing sequence of choice
functions such that S, 1 < S, for all ¢t € [a,b]. Let € > 0 be given, then there
exists a {Sy,(x)}o2, and S, (x) — fine partitions P, = {[u¢;_1), i, t:,]}i—i, then

Mn
max|d( ZF ti, ) (wi, —ui-1),), Iy ) < a,d(z Fr(t, ) (i, —ug-1),), I5) <el,
i=1

where Iy = [I;,I5] = fab F. Forn = 1,2,...,. Let &, be a rational € such that
0 < & < 1. By Definition 2.10, there exists d,,(z) for each e, satisfying the last
equation. Since Q is a rational number which is countable, then {4, (x)}52; is
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a sequence. Given ¢ > 0, there exists a {d,,(z)}>2, and 6, — fine partitions
Mp

P, = [(u(i,l)n,uin),tin]lzl, then

d(z F(ts, ) (us, —ui-1),), lo) <e.
=1

Thus,
apIH[a,b] = ISH]a,b)].
O

THEOREM 3.4. If F : [a,b] — Ir is interval Sequential Henstock integrable on
[a,b], then it is interval ap-Sequential Henstock integrable there. Infact,

(ISH) /a p o (apIH) / '

PROOF. Suppose F € ISH][a,b] in the sense of Definition 2.14, we want to
show that F' € ap-IH|a,].
Suppose there exists a positive {6, (2)},—; such that P, = {[(ui_1),,ui, ), ti, ]} iet
where u(;_1), < t;, < wu;,. For every d,-fine partition of [a, b], then

in

max|d(Y  F~ (ti,)(wi, — wi-1y,): 15), O FF (ki) (i, — ug—yy,), )| < I
i=1 i=1
Let € R > 0, we choose a {d,(x)}22, such that for a given §,(x) >0
(6, (8), 8, () < &
for all « € [a,b]. where 0, (x) is a sequence of positive gauge function in [a, b] for
n > N. Then, the choice sequence S, (z) guarantees that P, < d,(x). Hence, for
a positive gauge function then P, <« S, (z), We can make the Riemann sums for
P, and P, arbitrarily close (using the similar tags on each partition) such that
A(S(F, P), S(F, o)) < 5.

Since for any € > 0, there exists a choice {S,(z)}52, such that for each S,(x) €
{Sn(x)}52; and move down the sequence {S, ()}, we denote its’ new position

1
as N*, so that — < % Then if P, < Sp(x), then

N
d(S(F, P,),Ip) = d(S(F,Py),S(F,P,)+S(f,P.),Io)
< d(S(F,P,),S(F,P,))+d(S(F,P,),Io)
€ 1
< §.+ N+
3 € o
< 54’5*6

Thus,
ISH|[a,b] = apIH]a,b).
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COROLLARY 3.2. F : [a,b] — Ir is interval ap-Sequential Henstock integrable
on [a,b], if and only if, it is interval Sequential Henstock integrable there and

apIH[a,b] = ISH]|a,b)].

PRrROOF. It follows easily from the proof of Theorems 3.3 and 3.4. This com-
pletes the proof. O
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