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SOFT F— METRIC SPACES AND THEIR FIXED
POINTS

Demet Binbasioglu

ABSTRACT. In this paper, we proposed the notion of soft F— metric spaces
which generalizes the soft metric space concept. Also, we give the topology
generated by the soft F— metric. Furthermore, we introduce a new style of
the Banach contraction principle in these spaces. Additionally, some examples
are presented to make our work more comprehensive.

1. Introduction

Soft set theory was introduced by [22]. He applied this theory to some areas
for example medical and social science, economi etc. In the following years, many
authors have work about soft set and its applications. [18, 19] applied the soft set
theory to decision-making problems. Some researchers have worked in this theory
and have gived the soft set topologies [6, 7, 11, 15, 16, 21, 23]. Samanta and Das
defined the notion of soft element, soft real and complex numbers on this sets [12].
Samanta et al. studied the concepts of soft norm, soft metric etc.. Also Samanta
et al. introduced contraction theorem [20]. Furthermore, many authors worked on
the soft set theory and its applications [3, 4, 5, 10, 13, 14, 17, 24].

On the other hand, many researchers have gived a lot of interesting extensions
of the metric space for example the notions of soft metric, F— metric etc.. Fur-
thermore the authors have also given new studies about some fixed point theorems
using different contractions in this various generalized metric spaces [1, 2, 8, 9].

In this study, we define the concept of soft F—metric space and give the topol-
ogy generated by the soft F—metric. Also, we present a new style of the Banach
contraction principle in this metric space and some examples are gived. Assume
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that F' is an initial universe set, A is a parameters set, P(F) is the family of all
subsets of F' and E C A. Firstly, we give some definitions.

DEFINITION 1.1 ([22]). The pair (H, E) called as a soft set on F where H is
a mapping given by H : E — P(F).

DEFINITION 1.2 ([19]). Let (H,FE) be a soft set on F. If H(B) = 0, for all
B € E, (H,E) is defined as empty soft set and denoted with ®. If H(3) = F for
all B € E, (H,E) is defined as universal (absolute) soft set denoted with H.

REMARK 1.1. In this study, the soft sets o and (H,E) on F, for every f € E

such that H(B) # () will be discussed. Also, S(F) and SS(%') denote the class of
soft sets and soft subsets of F', respectively.

DEFINITION 1.3 ([18]). Let (H, E) and (G, D) are soft sets on F'.
i If H(B) CG (), for all B € E and ECD, then (H,E) is a soft subset of
(G, D) and denoted by (H,E) C (G, D).
it The soft sets (G,D) and (H,E) on F are called soft equal if (H,E) C
(G,D) and (G,D) C (H,E).
iii If, where C = EU D and for all g € C,
H(B) , BeEND
K(B) = G(B) , BEDNE
HB)LUGB) , BeEND
then, the union of two soft sets of (H,E), (G, D) is the soft set (K,C)
and denoted by (H,E)U (G, D) = (K, C).
iv. Where C = EN D and for oll 8 € C, K(8) = H(B) N G(B) then, the
intersection of two soft sets of (H,E), (G, D) is the soft set (K,C) and
denoted by (H,E) N (G, D) = (K,C).

DEFINITION 1.4 ([20]). The complement of a soft set (H, F) is denoted by
(H,E)* = (H E), where H® : E — P(F) is a mapping given by
H(B) = F~ H(B).

DEFINITION 1.5 ([17]). Let F # 0 be a set. Then, for each B € F and ECF,
we define a function as hg :8— P(F), 8 — E. Each function hg is called a fived
point function of the pair (8, E). The set (B, hg(ﬁ)) = (8, E) is defined as a soft

single point set on F. Also, for all B € F, the set (3,0) is called an empty soft
single point set. The set of all soft single points is denoted by Sr and is defined as

REMARK 1.2. Each function hg is unique and different for each 8 € F, ECF
and consists of one element (5, E) (see [17]).

DEFINITION 1.6 ([17]). Let R be the set of real numbers. For all « € R and

ECR,
hE : {a} — P(R).
a E
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Then, the set ]N:i = {(o,E) : « € R,E C R} is called the set of soft real points.

Similarly the set Rt = {(a,E) : « € R")E C R} and R~ = {(a,E) : «a €
R™,E C R} is called the set of positive soft real points and negative soft real
points, respectively.

EXAMPLE 1.1. {(1,(0,1))}, {3,(4,00)}, {(V3,{0})} are the examples of soft
real points (see [17]).

DEFINITION 1.7 ([(17)). Ifa = o' and E = E' for oy’ € R and E,E' C R
the soft real points (a, E) and (o', E') are equal and denoted by (o, E) = (o, E').

DEFINITION 1.8 ([17]). For o, € R and E,E' C R,

i If {(o, E)} ¥ {(«,E} £ {(a+ ' ,EUE")} then the operation T s
defined the common sum of two soft real points (o, E) and (oz/, E').

~

it If {(or, E)} =z {(«,EN} 2 {(« — &', EUE")} then the operation "—" is
defined the common difference of two soft real points (v, E) and (oz/, E').

i If {(o, E)}*{(c, E")} = {(a.a’, EUE")} then the operation ™" is defined
the common product of two soft real points (o, E) and (a/, E,).

DEFINITION 1.9 ([17]). For (a, E), (o', E') € R an exponential soft real point
is defined by {(a, E)}{(@-E)} Z {(o®  EUE')}.

DEFINITION 1.10 ([17]). For (o, E), (o ,E') € Ruwitha <o and E C E'.
Then, the soft real point {(a, E)} is a soft real point less than a soft real point

{(a', E")} is denoted by {(a, E)} < {(a’, E")}.

DEFINITION 1.11 ([17]). Let R be the set of all soft real points and a mapping
+

p: RxR—R U{a} satisfies the following conditions for each {(o, E)}, {(a/, E')},
{(«" E")},
({0, B (0, B Z{0,0)} & {(0, B)} = {(0', E')}
i p({(e, E)}, {(a, E)}) =p({(e, B} {(e, B)})
iii p({(e, B)}, {(, E)}) < p{(e, B} A, BN p({(e, BN} {(«7, EM)Y).

Then, (é,p) s said to be soft real point metric space.
DEFINITION 1.12 ([17]). Suppose that {(an, E)} is a sequence of soft real points
in (;B,p). The sequence {(an, E)} is convergent to {(a, E)}, such that there is a
no € N and p({(an, B)}, {(a, E)}) < {(e, B)} for any {(0,0)} < {(e, B)} € R*.
Then, we denote by {(an, E)} = {(a, E)} as n — co.
2. New generalized soft metric spaces

First of all, let’s give the definition and proposition that will be necessary in
the later sections of our work.
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DEFINITION 2.1. For a constant number o € R ~ {1}, {(o, E)} € R" and
+

for v € R, {(~,E)} € .’é A function f : ]N:i — ]N% is defined by f((v,E)) =
{(a, EHODN = {(o7, B)}.

PROPOSITION 2.1. The function f defined in the above definition is bijection.

PROOF. (i) Let us take two soft real points {(v1, E)}, {(72, E)} € R and
{(v1, B)} # {(v2, B)}. Then, f((71, E)) = {(a, E)HO1B} = {(a™, B)} #
{7, E)} = {(a,E)}{(”’f)} = (2, E)).

(ii) Let us take {(¢, E)} € R . In this case Y € Rt and there exists a real
number 5 = logyy € R. Then, f((%E)) = {(a, EYHOEN = {(a7, E)}

log

and since v = logd) €ER o = oza =y ie f((v,E)) = {(,E)}.

Therefore, this functlon has an inverse defined as f~1((vy, E)) = {(v, E)}.
O

REMARK 2.1. In this work, for simplicity, the notation o will be used for a soft
real point («, E).

DEFINITION 2.2. Assume that FE is a parameters set and a mapping p : Sg X
Sp — ]N%+ U {6} satisfies the following conditions for each E,Z € Sr,
Gi: p(a,Z) 0eaZt
Ga: p(a,b) = p(b, )
Gs: There exists Z € }N%
(53)7, C Sp with (51,5

for every n € N, n > 2 and for every

3)7 we have

)<L Zp Sir8i11)-

Then, p is said to be generalized soﬂ metric on F, (F,p, E) is a generalized
soft metric space.

+
DEFINITION 2.3. Let F be the set of functions o : R — R satisfying the
+

~ o~

following conditions for k, | € R
oq: « is non decreasing that is 6 <k < 1= a(z) < a(?)
For every sequence {k } c R , we have
k —>0 n—)oo(:)a(lc ) = oo n — 00.
DEFINITION 2.4. Assume that E is a parameters set and F is a universal

~t o~
set. Let consider a mapping p : Sp X Sp — R U {0} that satisfies the following
~ o~ o~
conditions fora € F and t € R . For a,b € Sp,
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For p(a,b) = p(b, a),
Fs: For every n € N,n > 2 and for every (s;)7, C Sp with (51,8,) =

(@, b), we have ~
p(&b) ;6:>a % Zp s“szﬂ —T—?
Then, p is said to be soft F metric on F and the (F,p,E) is a soft F

metric space.

REMARK 2.2. Throughout the artlcle p is a soft F metric that meets the condi-

tion {p(a@, b)(8) = p(a(8), b(B)) : A(8), b(8) € Sp} for f € E and 4(B), b(8) € Sp

is singleton.

REMARK 2.3. Observe that any soft metric on F' is a soft F metric on F.
Indeed, if p is a soft metric on F'. Obviously it satisfies G; and G5. On the other

hand by the triangle inequality, for every a(B), b(B) € Sp for every n € N, n > 2

~

and for every (5;)7_, C Sp with (51, 50) = (a,b),

p(a,b)

~
~ ~ o~ ~

= p(s1,8n) < p(ss, 51':_1).
Therefore,

~

~
~

p(c?,Z) S0= a(p(a, b))

satisfies G3.

~

al 3 p(siy8i11)) T 0. That is if we take ¢
i=1

~

0,p

N

~ o~
EXAMPLE 2.1. Let p: R X R — R s the mapping defined by

@5 ;{ (ZNZN?)N k. 7eR 522 Y%Z
| k=1 \,k‘,l ER, k,l ¢ [0,4]

In this case p satisfies the first two conditions required to be a soft metric. But
P14 Z95p(1,3) I p(3, )2 15125

This show that the function p is not a soft metric on IN%Jr. Now, take %,7 € IN%+
such that p(/:j) S 0. For every n € N, n > 2 and for every (s;)7_, C Sp with
(51, 5) = (ki ).
Let I ={i=1,2,...,n—1:(8;,8i11), for 1<i < 5% 5 < Z} and
J={i=1,2,...n—1}\I. Therefore

Zp SisSit1) Zp(gj, Sj+1)

n—1
> p(si,siv1)
i=1 iel jeJ

1:

~ ~

> (simi—s)7+ > 55— s

el jeJ

1:
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There are two cases.

Case 1: If%j € ]N% , %,7 ¢ [G,Z]
Then, we have

plil) = 2T
o net .
< Z|Sz+1_sz|
=1
= Y lsim—sil+X Isii—s;
iel jes

~ ~

Furthermore, | si11 - S I< (S;H — ij)Q, 1€ 1.
Consequently,
p(k7l) < Z(S’H-l )2 + Z | SJ+1 — SNJ
iel jeJ
o~ nzl ~ -~
= Z:lp(sivszﬁrl)
1=

Case 2: If%,?e;% ,52%,752
Then, we have

p(k,1)

1R:

VA
=2 T
-2
N

|Sz+1 _sz | +Z |S]+1 _SJ
zEI jeJ

/AN
N
Mz

~

3 p(siy sit1)

i=1

12
2

~+ ~
Therefore, for every k l € R , for everyn € N, n > 2 and for every (s;)f_, C

~+ e e ~~ e~ ~ o~ o~ -
R with (s1,8,) = (k,1), we have p(k,1) > 0 = p(k,1) <1 E (55,8i11). For

~

a(k) 21, aeF and then a=(p(k, 1)) < (zp(sz,slﬂ)) Ta1(a).

Consequently, p is a soft F metric on F and call (F,p,E) a soft F metric
space.

Eald

REMARK 2.4. Note that, any generalized soft metric on F' is a soft F metric
on F.
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REMARK 2.5. We can see that every soft metric is a generalized soft metric on

F for L = 1. Furthermore, every soft b—metric is a generalized soft metric on F.

3. Topology of the soft F— metric space.

DEFINITION 3.1. Let (F,p, E) be a soft F metric space, a € Sp and ¢ € RT.
The set of soft elements; B(a,¢) = {¢ € Sr : p(a,c) < ¢} C S is called as
an open ball and (B, E) = SS(B(E ¢)) is called as a soft F-open ball. Then,

(B, E)(B) = B(a(B), ¢(B)) a
set of soft elements E(E e) =

ball and (BE,A) = SS(B( ,€)) is called as a soft F-closed ball.

is an open ball in the soft F metric space. The

{¢ e Sr:pla,c) < ¢} C Sy is called as a closed

DEFINITION 3.2. Let (F,p, E) be a soft F metric space, ¢ C Sp. If there is a

¢ < ¢ € RY that satisfies a € é(a €) C @, then a € ¢ called as a soft F -interior
point.

Now, we take a soft subset (H,E) € Sp in (F,p,E). If there is 0 <% eR
that satisfies a € B(a,e) C SS(H,E), then the element a is a soft F -interior
point of (H, E).

The class of all soft F—interior points in (H, E) is show that inty(H, E). In
this case the soft F—interior is defined as SS(intr(H,E)) = (H, E)°.

DEFINITION 3.3. The set @, each element of which is a soft F—interior point,
is an open class in (F,p, E). So we can define the soft F—open set in (F,p, E), if
there is a class ¢ like above and (H,E) = SS (p).

REMARK 3.1. Obviously, in the soft F metric (F,p, E), (B, A) is a soft F
open set.

THEOREM 3.1. Assume that (F,p, E) is a soft F metric space. Therefore the
following azioms are provided,

(i) Sp, ® are two soft F—open sets,
(ii) Arbitrary elementary union of soft F—open sets is a soft F—open set,
(iil) Finite elementary intersection of soft F—open sets is a soft F—open set.

PROOF. (i) For every a € Sg there is a 0 < © € RT such that a €
B(a,e) C Sp. Thus Sp is a soft F—open set. Obviously, ® is a soft
F—open set.

(ii) Let for every ¢ € I, A is a soft F—open set that is for every a; € Al,
a; € B(az,el) c A Assume that we take any a € U A By definition

of union, there is an ig € I and a € Aio. Since Aio is a soft F—open set,
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there is a 0 < ¢ € Sp such that B(a,e) c A, c ‘UIAi' Consequently
1€
U A; is a soft F—open set.
i€l
(iii) Let for every i = 1,2,...,n, A; be a soft F—open set. Assume that ﬁlAi +
i=
® and we take any a € _rr'L)lAl-. By definition of intersection, a € A; for
1=

i=1,2,...,n. If we choose the smallest of this 0 <% eRtfori= 1,2,....n
and denote by ¢, then B(a,e) c ﬁlAi. Consequently ﬁlAi is a soft
1= 1=

F—open set.
O

THEOREM 3.2. A soft F—metric space is an elementary soft topological space.

PROOF. Suppose that 7x C S is the class of soft F—open sets in (F,p, E). From
above theorem 7r—is a topology on F'. O

DEFINITION 3.4. The topology Tr is called by the elementary soft F—metric
topology on F' and (F,7r, E) the elementary soft F—metric topological space.

DEFINITION 3.5. A soft set (H, A) € Sg is soft F—closed in the soft F— melric
space (F,p,E) if (H,A)° € Tx.

THEOREM 3.3. Assume that (F,p, E) is a soft F— metric space. Therefore the
following azioms are provided,

(i) Sp, ® are two soft F—closed sets,
(ii) Arbitrary elementary intersection of soft F—closed sets is a soft F—closed
set,
(iii) Finite elementary union of soft F—closed sets is a soft F—closed set.

DEFINITION 3.6. Suppose that {a,} is a sequence of soft points in (F,p, E) and
a € Sp.
(i) {an} is F—convergent to a, if there is a ng € N and p(ay, a) < € for any
5 <%ce RN"’. Then, we denote by an =7 a as n — oo.
(i) {an} is F—Cauchy in (F,p, E), if there is a ng € N and p(dn,dm) < ©

for all m,m > ng and any 0<7¢eRt.
(iii) (F,p, E) is F—complete, if any F — Cauchy sequence {a, } converges a soft
point in F.

PROPOSITION 3.1. Assume that (F,p, E) is a soft F— metric space and a, b €
Sr. Then,
(i) A sequence {aNn} of soft points of F' converges to a if and only if
p(an, @) =7 0, n — oo.
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(ii) Two sequence {ay} and {b,} of soft points of F with a, =5 a and b, —r
b, n — co. Then, p(dy,b,) —£ (a,b), n — co.

4. Fixed point theory in soft F—metric spaces

DEFINITION 4.1. Let (F,p, E) be a soft F—metric space and T : Sp — Sp
is a mapping. We call an ag is a soft fived point of T, if satisfies the condition
T(ao) = ao.

~N o~ N A~

DEFINITION 42 If there zs a soft real point k 0 < k < 1 and for each

a, b € Sr, p(Ta, Tb) < k?p(a, b) then T is called as a soft F—contractive mapping
on F.

THEOREM 4.1. Let (F,p, E) be a F—complete soft F—metric space and T :
Sr — Sg is a soft F—contractive mapping on F. Then, T has a unique soft fized
point.

PROOF. Let a € F, t € R* U {0} and

n—1

N

p(a, b) > 0= a(p(a,g)) al 3 p(si,8i41)) Y% Let take a soft fixed £ € R*.
i=1

From the condition aw, there exists § € RT and

~N o~ Y~ Y ~ ~ ~

02125=a(l)2a@) 1
Let aNO € Sr be an arbitrary element and the sequence {cﬂl} cSs F is an iterative
sequence. Assume that p(aNo, aNl) > 0. T is a soft F—contractive mapping on F), we

have for n € N, p(aNn,anNH) % kﬁfp(aNo,aNl).
Therefore for m > n,

~

P(an,dn) < p(T"a0, T)
= p(T"ao, T"T™ "ay)
% /fwz *p(ag, T™ "ag)
= kN%TP(Emar;—n)
S K p(E0d) T o § ol ara)]
R A e i LRl S
S WalEad)

1-k



SOFT F— METRIC SPACES AND THEIR FIXED POINTS 301

T o R e
Since ' 7p(a0.01) Sr () there exists some ng € N asn > ng, 0 < k" vplaga1) Z s
12% 2%

So, a(%zf’al)) < a?) Z % and from (1),
15k
m—1 ~
al 32 p(5i,8i01)) < a(%) < af€) =%, for m > n > no. Then, we get
i=n 1—-k

~ ~ ~ ~ m—1 ~ ~ ~ N~
P(an,am) >0, m>n2ng = a(p(an, am)) < a( 30 plai,air1)) +t < ale).
=n
From (1), p(@n, ) < 2, for m >n = ng.
That is, {a,} is a F—Cauchy sequence. Since (F,p, E) is F—complete, there
exists @ € Sy such that {a,} is F—convergent to a i.e. a, —r a.
Now, we show that a € Sg is a fixed point of T. From the condition (F3), we

~

get for n € N, a(p(Ta, a)) < a(p(Ta, Tay,) —|—p(Tan, )) ¥t
Hence a(p(Ta,a)) < a(k?p(a, an) +p(an+1, a)) s
Using « € F, oz(kNp(a aNn)JNrp(anNJrl, N))JNr t 57 —o0. This contradicts the fact

~

that p(Ta, a) 2o0. Consequently p(Ta a) = 0 that is Ta = @. Now let a,z € Sp
are two soft fixed points of T and a 7£ b. Then, p(a b) > 0 Ta = a, Tb = b. Thus
we have p(a, b) p(Ta, Tb) k p(a, b) < p(a, b) and this is a contradiction. O

REMARK 4.1. Note that the sequence {En} c Sp for any ay € Sp defined by
ans1 = Tay,, n € N is F—convergent to a.
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