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NEARNESS SUBTRACTION ALGEBRAS
Gilten Erol and Hasret Yazarh

ABSTRACT. Recently, algebraic structures have begun to move from classical
set theory to near set theory. Here we will apply subtraction algebras to near
set theory.

1. Introduction

B. M. Schein [21] considered systems of the form (®; o, \), where ® is a set
of functions closed under the composition “o” of functions (and hence (®; o) is
a function semigroup) and the set theoretic subtraction “\” (and hence (®; \) is
a subtraction algebra in the sense of [1]). Before these studies, Abbott invented
the concept of subtraction algebra in 1967. After that, in the year 1992, Schein
developed the concept of subtraction semi group by using the notion of subtraction
algebra. Later, in the year of 2007, on near subtraction algebra was developed
by Dheena. After that the ideals in near subtraction algebra and some of its
properties were studied by Jun et al ([5],[6],[7],[8]). In 2013, Peters introduced
to near set theory ([20]). Prior to this work, Peters has done a lot of work to
establish the background of near set theory ([16],[17],[18],[19]). Many researchers
have begun to move algebraic structures from classical set theory to near set theory
(([3],[4],[9],[10],[11],[12],[13],[14],[15]). Here we will apply subtraction algebras to
near set theory.

2. Preliminaries

We will give basic definitions and properties on subtraction algebras.

“ b2

An algebra (A4; —) with a single binary operation “—” is called a subtraction
algebra if the following conditions are provided:
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272 EROL AND YAZARLI

(i) for all u,v € A, u— (v —u) = u,

(ii) for all w,v € A, u — (u —v) =v — (v — u),

(iii) for all u,v,w € A, (u —v) —w = (u —w) — v.

The relation ©u < v <= u — v = 0 determines an order relation on A. Herein
0 = u — u is an element that doesn’t depend on the choice of u € A. The ordered
set (4; <) is a semi-Boolean algebra in sense of [1], that is it is a meet semilattice
with zero 0 in which ever interval [0, u] is a Boolean algebra with respect to induced
order. Here u A v = u — (u — v) and the complement of an element v € [0, u] is
u— .

DEFINITION 2.1. [5] Let A be a subtraction algebra and () # I subset of A.
Then I is called an ideal of A if it satisfies

(1)0el,

(2)u—vel=uecl foraluec A vel.

Let A be a subtraction algebra and I ideal of A. If u <vandwv € I, thenu €

for any u,v € A.
Let’s give the notation in Tablel about nearness sets,

SYMBOL MEANING
A a set of perceived objects
P set of probe functions
~B., indiscernibility relation
N, (B) collection of partitions
(A, P,~p,.,N.(B)) | A nearness approximation space
Table 1

Forall z,y € X, [z]_, O[yl., Clroy]l, istrue.

DEFINITION 2.2. For all x,y € X, if [z] . Oy, =I[r0Oy|l., , then "~p "
is called complete indiscernibility relation on X.

3. Nearness subtraction algebras

DEeFINITION 3.1. Let (A,P,~p, ,N.(B)) be a nearness approzimation space
where 0 be a constant on A, X # 0 and X C A. If all u,v,w € X, the follow-
ing properties in N, (B)e.’{ are provided, then X is called a nearness subtraction
algebra.

NS1)uo(wou)=u

NS)uo(uov)=vo (vou)

NS3) (uov)ow=(udw)owv
where © : A x A — A is a well-defined operation.

EXAMPLE 3.1. Let A = {0,u,v,w,z} be a set of perceived objects, r = 1,
B = {p1,p2} C P a set of probe functions, and X = {v,z} C A. Values of the
probe functions are given in Table 2.
pP1 A — Vl = {791,’[92,193},
P2 A — V2 = {19131927193}7
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‘ 0O v v w =z
P1 191 ’191 192 193 '192
p2 | V1 Y2 P2 U3 U

Table 2

We can write
0], ={z" € Al p1(2') = p1(u) = 1} ={0,u} = [u],, ,
], ={z" € Al p(a) = p1(2) = D2} ={v, 2} = 4], ,
[w],, ={2" € Al p1(2') = pr(w) = P3} = {w} = [w],,

Then we get £, = {[O]p1 o), s w], }

[0],, = {a" € A p2(a’) = p2(2) = ¥1} ={0,2} = [4] , ,
[u],, = {2 € A| pa(a) = p2(v) = ¥} = {u, v} = [v],,,
[w],, = {2" € A p2(2’) = p2(w) = V3} = {w} = [w] ,
Then we get £,, = {[O]pz [l ,[w]p2} .
Ni(B) = {&p1:€p, } and X = {v, z}

Nr(B)°x= |J [al, =1[0],, U], U[0]
[z],,N X0

Ulul,, ={0,u,v, 2}

7Q7” operation is given by following Table 3 on X

Olv =z
v |0 0
zlu O
Table 3

Since 0 ¢ X, X is not subtraction algebra. However X is a nearness subtrac-
tion algebra, because (N'S1), (NSa), (NS3) are provided on Nr(B)°Xwith "0
operation is given by Table 4.

@‘0 u vz
0]0 0 O O
ulu 0 uw O
viv v 0 0
z|lz v u 0
Table 4

EXAMPLE 3.2. Let A = {0,u,v,w,z} be a set of perceived objects, r = 1,
B = {p1,p2} C P be a set of probe functions and X = {u,v} C A. Values of the
probe functions are given in Table 5.
pP1 A — Vl = {791,’[92,193},
p2: A= Vo = {0,92,93},
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‘ 0 u v w
P1 U1 ¥y U1 U3
P2 U3 U1 Y2 Ua

Table 5

We can write

[0],, = {2’ € A| pi(2”) = p1(v) = V1} = {0,v}
[ul,, = {z" € A p1(2') = p1(u) = D2} = {u}
(z

[w],, ={z" € Al p1(2') = pr(w) = P3} = {w}

[0],, = {z" € A p2(a’) = p2(0) = 93} = {0}

[u],, ={a" € Al pa(') = pa(u) = W1} = {u}
[vl,, —{x €A|p2( ) = pa(w) =02} = {v,w} = [uw],,

Then we get &,, = {[O] , } { [ul,, - [’U]pz} .
Ni(B) = {£p17§/32}

N(B)x= | (], 0], Ul Ulul,, U], =0, e} {udofulofe, wh={0,u, v, w}=A

[z],,;NX#0
”©7 operation is given by following Table 6 on X

@‘0 U vw
00 0O 0 O
ulu 0 uw O
viv v 0 O
wlw w w 0
Table 6

(N'S1) is not provided on A. Because u© (w O u) =uOw =0 # u. And so
A is not subtraction algebra. Since A = Nr(B)°X, Nr(B)®X is not subtraction
algebra, too. On the other hand, "©” can be defined on X, as following

Olv =z
v |0 0
z|lu O
Table 7

Since 0 ¢ X, X is not subtraction algebra. Also,
(NSy) For all z,y € X, 20 (y © ) = x holds on Nr(B)®X,
(NS2)For all z,y € X, 20 (x ©y) =y O (y © ) holds on Nr(B)°X,
(NS3) For all z,y,2 € X, 20 (y© 2) = (x © 2) ©y holds on Nr(B)°X,

Thus, X is a nearness subtraction algebra.

REMARK 3.1. The relation ” <” on A, is defined as following;:

uLvsSuov=_0
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Herein u © w = 0 and 0 is an element that doesn’t depend on the choice of
u€ A Also, u Av =10 (u©wv) and the complement of an element v € [0, u] is
uU.

Since for all u,v € X,

(uAvV)OQu=(uo (uov))Ou
=(uwou) o (uowv)
=00 (wuowv)=0
and
(uAv)Ov= (UG (uOWV))Ov
=wov)o(uov)=0
we get u Av<uand uAv<v.Let z<wvand z<v, z€ X. Since z < v,
uGv<udz
and
uO(udz) <ud (udwv).
From here we get
20O (o) <20 wo (uo z))
=20(20((z0u)=20(:200=202z=0
Thus, we obtain that u A v is lower bound for u and v.
Let (A, P,~pg,,N.(B)) be a nearness approximation space §) # ¥ C A, and
©7” be a binary operation on A and 0 be a constant element of A. In this case 0

must be in Nr(B)®X and ” ©” must be a binary operation on Nr(B)®X for which
X be a nearness subtraction algebra.

R

LEMMA 3.1. In nearness subtraction algebra X, the following statements are
provided:
(1) (wov)ov=udwv
(2)ue0=uand00u=0
(3) (wov)ou=0
(4)uo (uov) <w
(5) (wov)O (Vou)=uov
(6)uo(uo(udov)=udv
(7) (W v)o (wov) Ludw

(8) u < v & For some w € Nr(B)°X, u=vOow

(9) u < v implies for allw € X, uow < vOw andwOv < WO U
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(10) u,v < w implies uO v =uA (wO ).

ProoF. (1) From (NS;), we have u © (v © u) = u. Replacing v © v by u, we
get
(uEV)O (WO (LOWV)=udv
Again by (NS1) we obtain (v ©v) ©v =u0O .
(2) From (NVS1), we have u © (v © u) = u. Replacing u by v, we get
u® (udu) =
That is, u© 0 = u. In (NS1), if we write 0 for u, then we get 00 (v©0) = 0. Since
v© 0 =wv, we obtain 0 ©v =0 for all v € X.

(3) For all v € X, we have 0 © v = 0 from (2) and for all u € X, we have
(u©u) = 0. Therefore (u ©u) ©v = 0 for all u,v € X. From (NS3), we get
(vov)ou=0.

(4) From (N'S3), we have (4 © (v ©v)) Ov = (uOv) O (u©v) = 0. Thus we
get uO (WO V) <V

(5) From (N'S3), we can write (uOv) O (vOu)=(uO (VO u)Ov=1uOw.
Thus we get u © (v ©v) < v by (NSy).

(6) From (N S3), we have (u© (uov)) = (vO(vow)) for all u,v € X. Replacing
u O v by v, we have

uwO (WO (uow) =(uov)o (uov)Ou)
=uov)o((uou)ov)
=wov)o(00wv)
=wov)o0=(uow).
(7) From (NS3) we get

( ) O (woOWV))O (udw)

(u©

= (o) O (uow)) O (wowv)
= ((u (u@w)) v) O (wOw)
= (wO (wou)ov)o (wow)
(wov) O (wou)o (wow)

=(wov)o(wov)owou) =00 (wou)=0.
Therefore (u©v) © (w O V) < ©O w.
(8) If u < v, then u©v = 0. If we take w = vOu, then u = ©vO0 = vO (vOV) =
vO (VOu)=vOow.
Let u = vOw for some w € Nr(B)®X. Since uGv = (vOw)Ov = (VOV)Ow =
0©w = 0, we obtain u < v.

(9) Let w < v. That is, u © v = 0. From (7),
(6ow) 6 @ow) 6 o v) =0
(vow)o(vow)o0=0
(vow)o(wow)=0
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Thus, we get w O v < w O u.

(10) Let u,v < w. Since u < w, we get w O v < u O w. On the other
hand, v © v < w. Since u A (w © v) is the lower bound for a and w © v, we get
uOv<uA(wov).

(uA (WO ) O (Low)
(A (wEv) ©0)O (o v)
=[uA(wov))of{ur(wov)o (uA(wowv))ov} o (uow)
=[(un(wowv)ov]o(uow)
(e (wo (uA(wov)))ov)] e (uow)
(vov)o (e (un(wow))) o (uow)
(vev)o (o) (ue (uA (wo))
=00 wo (uA(wow)))=0.

And so, u A(wOv < (uOwv). Hence u©v = u A (wOv). [(uA(wow)) O
[(uA(wow)ov]=(uA(wov)Av=0.] O

THEOREM 3.1. Let X be a nearness subtraction algebra We have u© (v Au) =
uwOv for all u,v € X.

PRrOOF. For u,v € X, u© (vAu) =ud (vO (vOu). From (NS3), we get
uQWAu)=u0 (uo (vowv)) = (uowv) by (6). O

THEOREM 3.2. Let X be a nearness subtraction algebra For u,v,w € X, u < v
and v < w imply u < w.

PRrROOF. Let u < v and v < w.We get u©v =0 and v © w = 0. From (NSs),
(NVS3)
vow=uwow)ol=(uow)o (udv)
=@wo(uov)ow
— (1O (WOu) Ow= (VOO (vOu)
=00 (wou)=0.
Thus, v < w. O

THEOREM 3.3. Let X be a nearness subtraction algebra For u,v,w € X, we
have that u© v < w implies u O w < v.

PRrROOF. Let u © w < v for all u,v,w € X. This means that (v ©v) @ w = 0.
From (N'S3), we get (u©w)© v =0. That is, we obtain that u © w < v. O

DEFINITION 3.2. Let X be a nearness subtraction algebra, and ) # S be a subset
of X. Ifuov € N, (B)e S forallu,v € S, then, S is called a nearness subtraction
subalgebra of X.

Besides, if 0 #U C X andu©v € N, (B)°U for all u,b € N, (B)°U, then
U is called an upper near subtraction subalgebra of X.
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EXAMPLE 3.3. Let A = {0,u,v,w,z} be a set of perceived objects, r = 1,
B = {p1,p2} C P be a set of probe functions and X = {u,v,w} C A. Values of the
probe functions are given in Table 8
pP1 - A — Vl = {19177-9277933194}
p2 A= Vo = {V1,02,93,04}
‘ 0 v v w =z

P91 Y1 P2 U3 U4
191 192 193 194 791

Table 8

We can write
0], ={z" € A|pi(2') = pr(u) = 1} = {0,u} = [u],, ,
[v],, ={2" € A[ p1(2') = p1(v) = D2} = {v}
[w],, ={z" € Al p1(2’) = pr(w) = U5} = {w}
[2],, ={a" € Al p1(2’) = p1(2) = s} = {2}

and
[0],, = {2 € A| p2(a) = p2(0) = V1} = {0, 2} = [2]
[u],, = {z" € A| p2(2') = p2(u) = ¥z} = {u}
[v],, = {z" € A| p2(2') = p2(v) = 3} = {v}
[w],, = {2 € A| p2(2’) = pa(w) = 194} = {w}
Hence &, = { (0], [0],,  [w],, . 2], } and &, = {10],, . [u],,, . ], . ], }
Nr(B)°x= |J [, =10],, U], Ulw], U, U], U[W]p2 ={0,u, v, w}
[@],, NX#0
”©7” operation is given by following Table 9 on X
©ol0 v v w =z
00 O O O O
vulu 0 w uw O
viv v 0 v 0
wlw w w 0 w
zlz v uwu z 0
Table 9

Since (NS1), (NS2) and (N'S3) are provided in X.
X is a nearness subtraction algebra. Let us take S = {u,v} C X. In this case,
we get Nr(B)®S = U [2],, = 10],, Uv], Ulul,, Ulv],, ={0,u,v} We can
[],,NS#0
easly check that for allu,v € S, u©v € Nr(B)®S. Thus S is nearness subtraction
subalgebra of X by Definition 3.2.
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EXAMPLE 3.4. Let A = {0,u,v,w,z} be a set of perceived objects, r = 1,
B = {p1,p2} C P be a set of probe functions and X = {u,v,z} C A. Values of the
probe functions are given in Tablel0
pP1 A — Vl = {791,792,193,’194}
P2 .A — ‘/2 = {191’1927193”194}
‘ 0O v v w =z

pP1 Y Py Y U3 U
P2 191 ’191 192 193 '194

Tablel0

We can write
[0],, = {2’ € A| pi(2”) = p1(v) = V1} = {0,0} =[], ,
[u],, ={2" € A| pr(2’) = pr(u) = ¥2} = {u}
[w],, ={z" € A|pi(2') = p1(w) = I3} = {w}
[2],, = {2’ € Al p1(a) = p1(z) = Va} = {2}

and
[0],, = {2’ € A| p2(2”) = p2(u) = V1} = {0, u}

[v],, = {z" € A| p2(2') = p2(v) = 2} = {v}
[w],, = {z' € A| pa(a’) = pa(w) = Us} = {w}
(2], = 12" € Al pa(a') = pa(2) = ¥} = {2}
Hence &5, = {[0],, ,[ul,,  [w],, . [2],, } and &, = {[0],, . [0],, . Tw],, . [4], }

Nr(B)°x= |J [z], =[0], Ulu
[2],,NX0

0£U C X, U={u,v} and according to Table 11 on X

10 v v w =z
0|0 O O 0 O
u|luw 0 u uw O
viv v 0 v O
wlw w w 0 w
z|lz v u z 0
Table 11
Nr(B)°U=|J [a], =1[0],, Ulul, V0], U[b], ={0,uv}

[‘T]Pi NX#D
Thus U is upper near subtraction subalgebra of X by Definition 3.2.
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DEFINITION 3.3. Let X be a mearness subtraction algebra on A, B, C P where
r <| B| and B C P, ~p, be indiscernibility relation on A. If forx,y € X , x ~p, vy,
implies (x © u) ~p, (yOu),and (vOx) ~p. (vOy) for allu,v € X, then ~p,_ is
called a congruence indiscernibility relation on X.

Let X be a nearness subtraction algebra. Let XOY = {z Oy |z € X andy € Y}
where X and Y are subset of X.

PrOPOSITION 3.1. Let P and @ be non-empty subsets of X. In this case we
have
(i) (Nr(B)°P) © (Nr(B)°Q) C Nr(B)°(P © Q)
(i) If ~p,is complete indiscernibility relation, then
(N7(B)oP) © (Nr(B)oQ) € Nr(B)o(P © Q).
PROOF. (i) Let w € (N7(B)°P)© (Nr(B)°Q) . Then, we can write
w=u0v,u€ (Nr(B)°P)
and
v € Nr(B)°Q.
Therefore
p€fulg NP andq€ v]p NQ.
Since p € [u]p_and q € [v]5 . We have
pOgEulg Olg Cluovy .
Thus we get
[uov]g N(POQ)#D.
That is,
w=u0vE Nr(B)®°(PoQ).
(ii) Let w € (Nr(B)gP) © (Nr(B)o®) . Then, there exist
u € Nr(B)oP and v € Nr(B)o@®
such that w = u © v. Since
u € Nr(B)oP and v € Nr(B)oQ,
we get [ulp C P and [v]p C Q. From hypothesis, we get
[uov]p, = lulp, Ol € POQ.
Thus we get w € Nr(B)o(P © Q). O
THEOREM 3.4. Let X be a nearness subtraction algebra, ~p_ be a congruence

indiscernibility relation on X and S C X. Ifuov e S for allu,v € S, the S is an
upper near subtraction subalgebra of X.

PROOF. Let us take u,v € Nr(B)®S. Therefore we get = € [u]p NS and
y € [vlg NS . Since x € [u]z and y € [v]y , we have x ~p, u and y ~p, v. From
hypothesis (z © y) ~p, (u© v). This means that z © y € [u©v|y . Also, since
uOwv €S we have [u©v]g NS #0. That is u©v € Nr(B)°S. O
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4. Nearness subtraction-ideals in nearness subtraction-algebras

DEFINITION 4.1. Let (X,0,0) be a nearness subtraction algebra, and § # T C

X. Then,
i) A setT is called a nearness subtraction ideal of X if it satisfies:
NZ;)0e Nr(B)°Z
NZy) uov e Nr(B)°Z and v € T imply u € T for all u,v € X,
1) A set T is called an upper near subtraction ideal of X if it satisfies:
UNT,)0 € Nr(B)°T
UNTIs) uov € Nr(B)°Z and v € T means u € I for all u,v € X,
UNTI3)u € Nr(B)°Z and v € Nr(B)°X means u©v € Nr(B)°ZL

EXAMPLE 4.1. Let A = {0,u,v,w,2} be a set of perceived objects, r = 1,
B = {p1,p2} C P be a set of probe functions, and X = {u,v,w} C A. Values of

the probe functions are given in Table 12.
p1: A= Vi ={01,02,03,94},
p2: A= Vo = {01,92,73,04},
‘ 0O v v w =z

p1 | Y1 Y2 U1 U3 U4
P2 191 191 792 193 194

Table 12
We can write
[0],, ={2" € A| p1(2') = pr(v) = ¥1} = {0, v} = [v],, ,
[u],, = {2 € A| p1(2’) = p1(u) = V2} = {u} = [u],,,
[w],, ={z" € A|pi(2') = p1(w) = V3} = {w} = [w],,
[2],, = {2’ € A| p1(2") = p1(2) = Va} = {2} =[],
Then €,, = {[O]pl ful,, [, [z}m} and
[0],, = {2" € A| p2(2’) = p2(0) = p2(u) = V1 } = {0, u} = [u] ,, ,
[v],, = {2’ € A| p2(2') = p2(v) = 2} = {v} =[], ,
[w],, = {2’ € A| p2(2') = p2(w) = U3} = {w} = [w]
[2],, = {2" € A| p2(2’) = pa(2) = Va} = {2} = [¢],,

/

N (B) I= MS ey = {0,u,v}.

Considering the Tablell of operation, then T := {u,v} C X is a nearness subtrac-
tion ideal of X by Definition 4.1 and T={u,v} C X is a upper near subtraction ideal

of X by Definition 4.1.
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EXAMPLE 4.2. Let A = {0,u,v,w,z} be a set of perceived objects, r = 1,
B = {p1,p2} C P be a set of probe functions, and X = {u,v,w} C A. Values of
the probe functions are given in Table 13.
pP1 A — Vl = {791,’(92,193},
p2: A — Vo = {01,702},
‘ 0 v v w =z

P1 U1 91 Yo Y3 U3
P2 Y Y U Yo Yy

Table 13
We can write
0], ={2" € A|p1(2') = p1(u) = 01} = {0,u} = [u],,
], ={2" € A|p1(2') = p1(v) =02} = {v} =[v],, ,

[w],, = {2’ € A|p1(2') = pi(w) = p1(2) =3} = {w, 2} = [2]
Then €,, = {[o]pl ol - [w]pl} and
0],, = {a’ € A| po(&’) = pa(0) = p(v) = pa(2) = 0} = {0,v,2} = [, =[],

[ul,, = {' € A| pa(a’) = pa(u) = pa(w) = 2} = {w,w} = [u],,
&9 = {101, 11l }

N1 (B)_x = [CC]pLj g]g?ﬁg = {O,U,U,w7z}.

and T :={u,w} C X
Ny (B) " I= Ulel,, {0, u, w, z}.

[x]pi N I#
Considering Tablell of operation, T := {u,w} C X is a nearness subtraction ideal
of X by Definition 4.1 but T={u,w} C X is not a upper near subtraction ideal of X
by Definition 4.1.

COROLLARY 4.1. Let (X,0,0) be a nearness subtraction algebra and T C X and
Z#0. I is an upper-near subtraction ideal of X then I is a nearness subtraction

ideal of X.

DEFINITION 4.2. Let X CA and (A,P.X,~ B,,N, (B)) be a nearness approzx-
imation spaces, B, C P where r <| B |and B C P, ~p_be an indiscernibility
relation on A. If [ulp © [v]g = [uOuv]g for all u,v € X, then, ~p, is called a
complete congruence indiscernibility relation on nearness subtraction X.

THEOREM 4.1. Let X be a nearness subtraction algebra, and T C X and T # ().
Then I is an upper near subtraction ideal of X, if ~p, be a complete congruence
indiscernibility relation on X, and T is a nearness subtraction ideal of X.
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PROOF. Let u,v € X so that v,u ©v € N, (B)QI. Then such that their
intersection is different from the empty set [u O v]z NZ # 0 and since ~p,is a
complete congruence indiscernibility relation , we have such that their intersection
is different from the empty set [u]p O[v]z NZ # 0 and [v]z NZ # . In that case,
there is w, 2 € 7 so that w € [u]g O [v]zp NZT#0 and z € [v], NZ # 0. In this
way, we get w = xOy; = € [u]p , y € [v]p , and thus we take u ~p_x and v ~p, y
and also v ~p, 2. From here, we have y ~p_z and so [y]p = [z]p . Since z € T,
we have y € Z. Joining w = z©y € Z and using y € Z, we have x € Z by hypotesis.
Therefore, [u]z NZ # () means u € N, (B)° Z. Similarly, UNZ3 is obtained. On

the other we have u© v =0 € N, (B)® 7 by hypotesis. (]
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